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PREFACE

The theory of relativity stands out as one of the greatest achievements in science.
The “special theory”, which did not include gravity, was put forward by Einstein
in 1905 to explain many troubling facts that had arisen in the study of electricity
and magnetism. In particular, his postulate that the speed of light in vacuum is the
same constant seen by all observers forced scientists to throw away many closely
held commonsense assumptions, such as the absolute nature of the passage of
time. In short, the theory of relativity challenges our notions of what reality is,
and this is one of the reasons why the theory is so interesting.

Einstein published the “general” theory of relativity, which is a theory about
gravity, about a decade later. This theory is far more mathematically daunting,
and perhaps this is why it took Einstein so long to come up with it. This theory is
more fundamental than the special theory of relativity; it is a theory of space and
time itself, and it not only describes, it explains gravity. Gravity is the distortion
of the structure of spacetime as caused by the presence of matter and energy,
while the paths followed by matter and energy (think of bending of passing light
rays by the sun) in spacetime are governed by the structure of spacetime. This
great feedback loop is described by Einstein’s field equations.

This is a book about general relativity. There is no getting around the fact
that general relativity is mathematically challenging, so we cannot hope to
learn the theory without mastering the mathematics. Our hope with this book
is to “demystify” that mathematics so that relativity is easier to learn and more
accessible to a wider audience than ever before. In this book we will not skip
any of the math that relativity requires, but we will present it in what we hope
to be a clear fashion and illustrate how to use it with many explicitly solved
examples. Our goal is to make relativity more accessible to everyone. Therefore
we hope that engineers, chemists, and mathematicians or anyone who has had
basic mathematical training at the college level will find this book useful. And

—&
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of course the book is aimed at physicists and astronomers who want to learn the
theory.

The truth is that relativity looks much harder than it is. There is a lot to learn,
but once you get comfortable with the new math and new notation, you will
actually find it a bit easier than many other technical areas you have studied in
the past.

This book is meant to be a self-study guide or a supplement, and not a full-
blown textbook. As a result we may not cover every detail and will not provide
lengthly derivations or detailed physical explanations. Those can be found in any
number of fine textbooks on the market. Our focus here is also in “demystifying”
the mathematical framework of relativity, and so we will not include lengthly
descriptions of physical arguments. At the end of the book we provide a listing of
references used in the development of this manuscript, and you can select books
from that list to find the details we are leaving out. In much of the material, we
take the approach in this book of stating theorems and results, and then applying
them in solved problems. Similar problems in the end-of chapter quiz help you
try things out yourself.

So if you are taking a relativity course, you might want to use this book to
help you gain better understanding of your main textbook, or help you to see
how to accomplish certain tasks. If you are interested in self-study, this book
will help you get started in your own mastery of the subject and make it easier
for you to read more advanced books.

While this book is taking a lighter approach than the textbooks in the field,
we are not going to cut corners on using advanced mathematics. The bottom
line is you are going to need some mathematical background to find this book
useful. Calculus is a must, studies of differential equations, vector analysis and
linear algebra are helpful. A background in basic physics is also helpful.

Relativity can be done in different ways using a coordinate-based approach
or differential forms and Cartan’s equations. We much prefer the latter approach
and will use it extensively. Again, it looks intimidating at first because there are
lots of Greek characters and fancy symbols, and it is a new way of doing things.
When doing calculations it does require a bit of attention to detail. But after a
bit of practice, you will find that its not really so hard. So we hope that readers
will invest the effort necessary to master this nice mathematical way of solving
physics problems.
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PREFACE

The theory of relativity stands out as one of the greatest achievements in science.
The “special theory”, which did not include gravity, was put forward by Einstein
in 1905 to explain many troubling facts that had arisen in the study of electricity
and magnetism. In particular, his postulate that the speed of light in vacuum is the
same constant seen by all observers forced scientists to throw away many closely
held commonsense assumptions, such as the absolute nature of the passage of
time. In short, the theory of relativity challenges our notions of what reality is,
and this is one of the reasons why the theory is so interesting.

Einstein published the “general” theory of relativity, which is a theory about
gravity, about a decade later. This theory is far more mathematically daunting,
and perhaps this is why it took Einstein so long to come up with it. This theory is
more fundamental than the special theory of relativity; it is a theory of space and
time itself, and it not only describes, it explains gravity. Gravity is the distortion
of the structure of spacetime as caused by the presence of matter and energy,
while the paths followed by matter and energy (think of bending of passing light
rays by the sun) in spacetime are governed by the structure of spacetime. This
great feedback loop is described by Einstein’s field equations.

This is a book about general relativity. There is no getting around the fact
that general relativity is mathematically challenging, so we cannot hope to
learn the theory without mastering the mathematics. Our hope with this book
is to “demystify” that mathematics so that relativity is easier to learn and more
accessible to a wider audience than ever before. In this book we will not skip
any of the math that relativity requires, but we will present it in what we hope
to be a clear fashion and illustrate how to use it with many explicitly solved
examples. Our goal is to make relativity more accessible to everyone. Therefore
we hope that engineers, chemists, and mathematicians or anyone who has had
basic mathematical training at the college level will find this book useful. And
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of course the book is aimed at physicists and astronomers who want to learn the
theory.

The truth is that relativity looks much harder than it is. There is a lot to learn,
but once you get comfortable with the new math and new notation, you will
actually find it a bit easier than many other technical areas you have studied in
the past.

This book is meant to be a self-study guide or a supplement, and not a full-
blown textbook. As a result we may not cover every detail and will not provide
lengthly derivations or detailed physical explanations. Those can be found in any
number of fine textbooks on the market. Our focus here is also in “demystifying”
the mathematical framework of relativity, and so we will not include lengthly
descriptions of physical arguments. At the end of the book we provide a listing of
references used in the development of this manuscript, and you can select books
from that list to find the details we are leaving out. In much of the material, we
take the approach in this book of stating theorems and results, and then applying
them in solved problems. Similar problems in the end-of chapter quiz help you
try things out yourself.

So if you are taking a relativity course, you might want to use this book to
help you gain better understanding of your main textbook, or help you to see
how to accomplish certain tasks. If you are interested in self-study, this book
will help you get started in your own mastery of the subject and make it easier
for you to read more advanced books.

While this book is taking a lighter approach than the textbooks in the field,
we are not going to cut corners on using advanced mathematics. The bottom
line is you are going to need some mathematical background to find this book
useful. Calculus is a must, studies of differential equations, vector analysis and
linear algebra are helpful. A background in basic physics is also helpful.

Relativity can be done in different ways using a coordinate-based approach
or differential forms and Cartan’s equations. We much prefer the latter approach
and will use it extensively. Again, it looks intimidating at first because there are
lots of Greek characters and fancy symbols, and it is a new way of doing things.
When doing calculations it does require a bit of attention to detail. But after a
bit of practice, you will find that its not really so hard. So we hope that readers
will invest the effort necessary to master this nice mathematical way of solving
physics problems.
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CHAPTER

tally, our commonsense intuition about how the universe works is tied
s about space and time. In 1905, Einstein stunned the physics world
cial theory of relativity, a theory of space and time that challenges
se closely held commonsense assumptions about how the world
epting that the speed of light in vacuum is the same constant value
for all observers, regardless of their state of motion, we are forced to throw away
basic ideas about the passage of time and the lengths of rigid objects.

This“book™is about the general theory of relativity, Einstein’s theory of
gravity. Therefore our discussion of special relativity will be a quick overview
of concepts needed to understand the general theory. For a detailed discussion
of special relativity, please see our list of references and suggested reading at
the back of the book.

The theory of special relativity has its origins in a set of paradoxes that were
discovered in the study of electromagnetic phenomena during the nineteenth

A Quick Review of
Special Relativity
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\e’_ CHAPTER 1  Special Relativity
century. In 1865, a physicist named James Clerk Maxwell published his famous
set of results we now call Maxwell’s equations. Through theoretical studies
alone, Maxwell discovered that there are electromagnetic waves and that they
travel at one speed—the speed of light c. Let’s take a quick detour to get a
glimpse into the way this idea came about. We will work in SI units.

In careful experimental studies, durlng the first half of the mneteenth century,
Ampere deduced that a steady current J and the magnetic field B were related by

V x B =poJ (1.1)

However, this law cannot be strictly correct based on simple mathematical
arguments alone. It is a fundamental result of vector calculus that the divergence
of any curl vanishes; that is,

v-(vXZ):o (1.2)
for any vector A. So it must be true that

v-(vmﬁ):o (1.3)

However, when we apply the divergence operator to the right-hand side, we
run into a problem. The problem is that the continuity equation, which is the
mathematical description of the conservation of charge, tells us that

ap >
—+V-J=0 1.4
o+ (1.4)

where p is the current density. Therefore, when we apply the divergence
operator to the right-hand side of (1.4), we obtain

- ap
V- (10d) = oV - J=-my, (1.5)

We can take this process even further. Gauss’s law tells us how to relate the
charge density to the electric field. In SI units, this law states

> 1
V-E=—p (1.6)
)
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This allows us to rewrite (1.5) as

dp 9 . IE
= = — —V-E):—V- — 1.7
ro M0808t< <M0808t> (1.7)
Putting our results together, we’ve found that
B, IE
V. (v x B) - _v. (MOSOE) (1.8)

when in fact it must be zero. Considerations like these led Maxwell to “fix up”
Ampere’s law. In modern form, we write it as

. - OE
V x B = o + ,U,oSOE (1.9)

-

The extra term MOSO% is called the displacement current and its presence led
to one of Maxwell’s most dramatic discoveries. Using simple vector calculus,
one can show that the electric and magnetic fields satisfy the following wave
equations:

V2E PE d V2B '3
= [o8o— an = UoE0—
Ho€o 972 Ho€o 972
Now, the wave equation is
1 92
Vif = 1o7
v2 0t?

where v is the velocity of the wave. Comparison of these equations shows that
electromagnetic waves in vacuum travel at speed

V= =3x108m/s =c¢

A/ H0€o

where ¢ is nothing more than the speed of light.

The key insight to gain from this derivation is that electromagnetic waves
(light) always travel at one and the same speed in vacuum. It doesn’t matter who
you are or what your state of motion is, this is the speed you are going to find.
It took many years for this insight to sink in—and it was Einstein who simply
accepted this result at face value.
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We can give a quick heuristic insight as to why this result leads to the “para-

doxes” of relativity. What is speed anyway (our argument here is qualitative, so
we are going to be a bit sloppy here)? It is distance covered per unit time:

Ax

y = —

At

The commonsense viewpoint, which is formalized mathematically in prerel-
ativistic Newtonian physics, is that distances and times are fixed—thus, how
could you possibly have a constant velocity that is the same for all observers?
That wouldn’t make any sense. However, the theoretical result that the speed
of light in vacuum is the same for all observers is an experimental fact con-
firmed many times over. If v is the constant speed of light seen by all observers
regardless of their state of motion

Ax
c=—
At

then distances and time intervals must be different for different observers. We
will explore this in detail below.

In many treatments of special relativity, you will see a detailed discussion
of the Michelson-Morley experiment. In a nutshell, the idea was that waves
need a medium to travel through, so physicists at the time made the completely
reasonable assumption that there was a medium that filled all of space, called
the luminiferous ether. It was thought that the ether provided the medium nec-
essary for the propagation of electromagnetic waves. The Michelson-Morley
experiment was designed to detect the motion of the earth with respect to the
ether—but it found nothing. This is one of the most famous “null” results in the
history of experimental physics.

This experiment is a crucial result in the history of physics, but the record
seems to indicate that Einstein based his derivations on an acceptance of
Maxwell’s equations and what they tell us more so than on the Michelson-
Morley experiment (in fact Einstein may not have even known very much, if
anything, about the experiment at the time of his derivations). As a result, while
the experiment is interesting and very important, we are going to skip it and
move on to the theoretical framework of special relativity.

Interestingly, other researchers, Lorentz, Fitzgerald, and Poincare, indepen-
dently derived the Lorentz transformations in order to explain the null results of
the Michelson-Morley experiment. The gist of these equations is that clocks slow
down and the lengths of rigid bodies contract, making it impossible to construct
an experimental apparatus of any kind to detect motion with respect to the ether.
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In addition to the arguments we have described here, Einstein used results
that came out of Faraday’s law and the studies of electromagnetic induction to
come up with ideas about relative motion. We won’t discuss those here, but the
interested reader is encouraged to explore the references for details.

The history of the discovery of the special theory of relativity is a good
lesson in the way science works—for it demonstrates the crucial interplay be-
tween theory and experiment. Careful experiments within the limits of technol-
ogy available at the time led to Ampere’s law and Faraday’s law. Later, purely
mathematical arguments and theoretical considerations were used to show that
Ampere’s law was only approximately correct and that electromagnetic waves
travel through space at the speed of light. More theoretical considerations were
put forward to explain how those waves traveled through space, and then the
dramatic experimental result found by Michelson and Morley forced those ideas
to be thrown away. Then Einstein came along and once again used mostly the-
oretical arguments to derive special relativity. The bottom line is this: Physics
is a science that depends on two legs—theory and experiment—and it cannot
stand on either alone.

We now turn to a quick tour of the basics of special relativity, and begin with
some definitions.

Frame of Reference

A frame of reference is more or less a fancy way of saying coordinate system.
In our thought experiments, however, we do more than think in mathematical
terms and would like to imagine a way that a frame of reference could really be
constructed. This is done by physically constructing a coordinate system from
measuring rods and clocks. Local clocks are positioned everywhere within the
frame and can be used to read off the time of an event that occurs at that location.
You might imagine that you have 1-m long measuring rods joined together to
form a lattice, and that there is a clock positioned at each point where rods are
joined together.

Clock Synchronization

One problem that arises in such a construction is that it is necessary to syn-
chronize clocks that are physically separated in space. We can perform the
synchronization using light rays. We can illustrate this graphically with a sim-
ple spacetime diagram (more on these below) where we represent space on the
horizontal axis and time on the vertical axis. This allows us to plot the motion of
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St reflected light ray
C returns to clock 1 at
time ¢,

reflected at clock 2, at
time ¢’

emitted light ray

Time of emission, #;

Fig. 1-1. Clock synchronization. At time ¢, a light beam is emitted from a clock at the

origin. At time #, it reaches the position of clock 2 and is reflected back. At time 5, the

reflected beam reaches the position of clock 1. If # is halfway between the times ¢; and
t5, then the two clocks are synchronized.

objects in space and time (we are of course only considering one-dimensional
motion). Imagine two clocks, clock 1 located at the origin and clock 2 located
at some position we label x; (Fig. 1-1).

To see if these clocks are synchronized, at time #; we send a beam of light
from clock 1 to clock 2. The beam of light is reflected back from clock 2 to
clock 1 at time #,, and the reflected beam arrives at the location of clock 1 at
time ¢,. If we find that

1
' =—-(t +t
2(1-|- 2)

then the clocks are synchronized. This process is illustrated in Fig. 1-1. As we’ll
see later, light rays travel on the straight lines x = ¢ in a spacetime diagram.

Inertial Frames

Aninertial frame is a frame of reference that is moving at constant velocity. In an
inertial frame, Newton’s first law holds. In case you’ve forgotten, Newton’s first
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z z'

Fig. 1-2. Two frames in standard configuration. The primed frame (F") moves at
velocity v relative to the unprimed frame F along the x-axis. In prerelativity physics,
time flows at the same rate for all observers.

law states that a body at rest or in uniform motion will remain at rest or in uniform
motion unless acted upon by a force. Any other frame that is moving uniformly
(with constant velocity) with respect to an inertial frame is also an inertial frame.

Galilean Transformations

The study of relativity involves the study of how various physical phenomena
appear to different observers. In prerelativity physics, this type of analysis is
accomplished using a Galilean transformation. This is a simple mathematical
approach that provides a transformation from one inertial frame to another. To
study how the laws of physics look to observers in relative motion, we imagine
two inertial frames, which we designate /' and F’. We assume that they are in
the standard configuration. By this we mean the frame F’ is moving in the x
direction at constant velocity v relative to frame F. The y and z axes are the
same for both observers (see Fig. 1-2). Moreover, in prerelativity physics, there
is uniform passage of time throughout the universe for everyone everywhere.
Therefore, we use the same time coordinate for observers in both frames.

The Galilean transformations are very simple algebraic formulas that tell us
how to connect measurements in both frames. These are given by

t=t, x =x"+vt, y=y, z=12 (1.10)

Events

An event is anything that can happen in spacetime. It could be two particles
colliding, the emission of a flash of light, a particle just passing by, or just
anything else that can be imagined. We characterize each event by its spatial
location and the time at which it occurrs. Idealistically, events happen at a single
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mathematical point. That is, we assign to each event £ a set of four coordinates
(t,x,y,z2).

The Interval

The spacetime interval gives the distance between two events in space and
time. It is a generalization of the pythagorean theorem. You may recall that the
distance between two points in cartesian coordinates is

d = (61 = %20 4 01 = 72 1 — 22 = (AN + (M) + (A2)?

The interval generalizes this notion to the arena of special relativity, where
we must consider distances in time together with distances in space. Con-
sider an event that occurs at £y = (ct;, x1, )1, z1)and a second event at £, =
(cty, x2, ¥2, z2). The spacetime interval, which we denote by (AS)Z,is given by

(ASY =P (1 — ) — (1 —x2) — (11 —12) — (21 — 22)°
or more concisely by
(AS)? = (A1) — (Ax)? — (Ay)? — (Az)? (1.11)

An interval can be designated timelike, spacelike, or null if (AS)? > 0,
(AS)? <0, or (AS)? =0, respectively. If the distance between two events is
infinitesimal, i.e., x; = x,x, = x + dx = Ax = x + dx — x = dx, etc., then
the interval is given by

ds? = 2dr* — dx? — dy? — dz? (1.12)

The proper time, which is the time measured by an observer’s own clock, is
defined to be

dr? = —ds? = =2 d® + dx? + dy? + dz? (1.13)

This is all confusing enough, but to make matters worse different physicists use
different sign conventions. Some write ds> = —c?dt?> 4 dx? + dy? + dz?, and
in that case the sign designations for timelike and spacelike are reversed. Once
you get familiar with this it is not such a big deal, just keep track of what the
author is using to solve a particular problem.
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The interval is important because it is an invariant quantity. The meaning
of this is as follows: While observers in motion with respect to each other will

assign different values to space and time differences, they all agree on the value
of the interval.

Postulates of Special Relativity

In a nutshell, special relativity is based on three simple postulates.

Postulate 1: The principle of relativity.
The laws of physics are the same in all inertial reference frames.

Postulate 2: The speed of light is invariant.
All observers in inertial frames will measure the same speed of light, regard-
less of their state of motion.

Postulate 3: Uniform motion is invariant.
A particle at rest or with constant velocity in one inertial frame will be at rest
or have constant velocity in all inertial frames.

We now use these postulates to seek a replacement of the Galilean transfor-
mations with the caveat that the speed of light is invariant. Again, we consider
two frames Fand F’ in the standard configuration (Fig. 1-2). The first step is to
consider Postulate 3. Uniform motion is represented by straight lines, and what
this postulate tells us is that straight lines in one frame should map into straight
lines in another frame that is moving uniformly with respect to it. This is another
way of saying that the transformation of coordinates must be linear. A linear
transformation can be described using matrices. If we write the coordinates of
frame F as a column vector

ct
X

y
z

then the coordinates of F” are related to those of F via a relationship of the form

ct ct
x’ X

, | =L 1.14
) ) (1.14)
z z
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where L is a 4 x 4 matrix. Given that the two frames are in standard
configuration, the y and z axes are coincident, which means that

Y=y and Z =z
To get the form of the transformation, we rely on the invariance of the speed of
light as described in postulate 2. Imagine that at time # = 0 a flash of light is
emitted from the origin. The light moves outward from the origin as a spherical
wavefront described by

cztzzxz—|—y2+z2 (1.15)
Subtracting the spatial components from both sides, this becomes

AP —xr—yP—z22=0

Invariance of the speed of light means that for an observer in a frame F’
moving at speed v with respect to F, the flash of light is described as

Czt/2 _ x/2 _ y/2 _ Z/2 =0
These are equal, and so
B N R RN
Since ' = y and z’ = z, we can write
A —x? =% —x? (1.16)

Now we use the fact that the transformation is linear while leaving y and z
unchanged. The linearity of the transformation means it must have the form

x' = Ax + Bcet

ct' = Cx + Dct (1.17)

We can implement this with the following matrix [see (1.14)]:

cowl
o om0
O = O O
—_o O O
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Using (1.17), we rewrite the right side of (1.16) as follows:

x”? = (Ax + Bet)? = A*x? + 24Bctx + B>t
ct”? = (Cx + Dct)* = C*x? 4+ 2CDctx + D*c*?

= ?t"? — x? = C*x2 + 2CDctx + D*c*t* — 4%°x* — 2ABctx — B*c2?
=c? (D2 — Bz) ? — (AZ — C2) x2 4+ 2(CD — AB)ctx

This must be equal to the left side of (1.16). Comparison leads us to conclude that

CD— AB =0
= CD = AB
D?—-B?=1
A2 —C? =1

To obtain a solution, we recall that cosh® ¢ — sinh® ¢ = 1. Therefore we make
the following identification:

A =D =cosh¢ (1.18)

In some sense we would like to think of this transformation as a rotation. A
rotation leads to a transformation of the form

x'=xcos¢ — ysing
y' = —xsing + ycos¢

In order that (1.17) have a similar form, we take
B =C = —sinh¢ (1.19)
With 4, B, C, and D determined, the transformation matrix is

coshg —sinh¢

0 0
—sinh¢p cosh¢g 0 O
1 0
0 1

L = (1.20)

0 0
0 0

Now we solve for the parameter ¢, which is called the rapidity. To find a
solution, we note that when the origins of the two frames are coincident;
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that is, when x" = 0, we have x = v¢. Using this condition together with
(1.17), (1.18), and (1.19), we obtain

x' =0 = xcosh¢ — ct sinh¢ = vt cosh¢ — ct sinh ¢
=t (vcosh¢ — csinh¢)

and so we have v cosh ¢ — ¢ sinh ¢ = 0, which means that

v cosh¢ = csinh ¢

sinh ¢ % (1.21)
=tanh¢ = —
= cosh ¢ anh ¢ c

This result can be used to put the Lorentz transformations into the form shown
in elementary textbooks. We have

x" = cosh¢x — sinh ¢pct
ct’ = —sinh ¢x + cosh ¢ct

Looking at the transformation equation for ¢" first, we have

_sinh
lct’ = — sinh ¢x + cosh ¢ct = cosh ¢ — (Px + ct
cosh ¢

= cosh ¢ (— tanh ¢px + ct)
=cosh¢ (ct — Kx)
C
v
= ccosh¢ <t — gx)
A%
/ B —_— —
= t' = cosh¢ (t czx)
We also find

x" = cosh ¢x — sinh ¢pct
= cosh ¢ (x — tanh ¢ct)
=cosh¢ (x — vt)
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Now let’s do a little trick using the hyperbolic cosine function, using

coshp = cosh ¢ _ cosh ¢ _ cosh ¢
1 V1 \/cosh2 ¢ — sinh® ¢
B 1 1
 (1/cosho) /cosh? ¢ — sinh? ¢
B 1
\/(1/ cosh? d)) (cosh2 ¢ — sinh® d))
1 1

B V1 — tanh? ¢ N J1—v2/c?

This is none other than the definition used in elementary textbooks:

1

Yy

And so we can write the transformations in the familiar form:

= cosh¢ (1.22)

=y (t —vx/cz), x'=y(x—vit), Vv =y, 7=z (1.23)

It is often common to see the notation 8 = v/c.

Three Basic Physical Implications

There are three physical consequences that emerge immediately from the
Lorentz transformations. These are time dilation, length contraction, and a new
rule for composition of velocities.

TIME DILATION

Imagine that two frames are in the standard configuration so that frame F’
moves at uniform velocity v with respect to frame F. An interval of time A¢’
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as measured by an observer in F” is seen by F to be

At = ——A =y Al

that is, the clock of an observer whose frame is F’ runs slow relative to the clock
of an observer whose frame is F' by a factor of /1 — 2.

LENGTH CONTRACTION

We again consider two frames in the standard configuration. At fixed time ¢,
measured distances along the direction of motion are related by

, 1
Ax' = —Ax

Jiop

that is, distances in F” along the direction of motion appear to be shortened in
the direction of motion by a factor of /1 — 2.

COMPOSITION OF VELOCITIES

Now imagine three frames of reference in the standard configuration. Frame
F' moves with velocity v with respect to frame F, and frame F” moves with
velocity v, with respect to frame F’. Newtonian physics tells us that frame F”
moves with velocity v = v| 4+ v, with respect to frame F', a simple velocity
addition law. However, if the velocities are significant fraction of the speed
of light, this relation does not hold. To obtain the correct relation, we simply
compose two Lorentz transformations.

EXAMPLE 1-1
Derive the relativistic velocity composition law.

SOLUTION 1-1
Using B8 = v/c, the matrix representation of a Lorentz transformation between

Fand F' is
1 —Bi
1-B7  1-B 00
I — =B 1 0 0
1= J1-8 1-2 (1.24)
0 0 1 0
0 0 0 1
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The transformation between F’ and F” is

1 —h
7 a0
—B 1
L=|Vr hix 0 (125)
0 0 10
0 0 01

We can obtain the Lorentz transformation between F and F” by computing
L, L using (1.25) and (1.24). We find

1 —pi 1 )
J1-B A1-8 00 1-53 1-53 00
—B1 1 —B 1
18} -7 00 1-53 1-83 00
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
1+818 —(B1+B2) 0 0
VO=-)(-8)  (-D)(1-53)
—(B1+B2) 1+B182 0 0
= | V-)(-8) J(-8)(1-5)
0 0 1 0
0 0 0 1

This matrix is itself a Lorentz transformation, and so must have the form

1 —B3
V1= 18 00
—Bs3 1 O 0
Ly=1 /i-p2 1-82
0 0 1 0
0 0 0 1

We can find 5 by equating terms. We need to consider only one term, so pick
the terms in the upper left corner of each matrix and set

1+ BB

\/(1_/91 ) (1= 83) \/1 B3
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Let’s square both sides:

(14 BiB2) _ 1
(1=-B0)(1-8) 1-58

Inverting this, we get

(=) (-8 _

_p2
(14 Bi ) Pi

Now we isolate the desired term fs:

(1-A) (1= 8)

2 =1—
Ps (14 BB

2
On the right-hand side, we set 1 = %, and rewrite the expression as

g (Epp?  (L=p)(=p)  (A+ppy—(1-p) (1= F)
TU4BB (BB (14 B18)

Now we expand the terms on the right to get

(L+ BBy — (1 - B7) (1-B3)

2 __
P = (14 BiB)
_ 142818+ BiB; — (1 — B — B3 + BiB3)
(14 BiB2)

This simplifies to

_ 2818+ BE+ B2 (B + By

Bs = 3
(I+ B1B2) (1+ B1B2)

Taking square roots of both sides, we obtain

Bt B

P =1 BB
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Now we use 8 = v/c to write

vi  vi/c+wn/c

c 1 +viva/ c?
Multiplication of both sides by ¢ gives the velocity composition law

Vi + vy

= - 1.26
1 +vivy/c? (1.26)

V3

Light Cones and Spacetime Diagrams

It is often helpful to visualize spacetime by considering a flash of light emitted
at the origin. As we discussed earlier, such a flash of light is described by a
spherical wavefront. However, our minds cannot visualize four dimensions and
it’s not possible to draw it on paper. So we do the next best thing and suppress
one or more of the spatial dimensions. Let’s start with the simplest of all cases,
where we suppress two spatial dimensions.

Doing so gives us a simple spacetime diagram (see Fig. 1- for the basic
idea). In a spacetime diagram, the vertical axis represents time while one or two
horizontal axes represent space. It is convenient to work in units where ¢ = 1.
The upper half plane where ¢ > 0 represents events to the future of the origin.
Past events are found in the lower half plane where # < 0. The motion of light in

Future

\

X

Light moves on
lines t =x

Past

Fig. 1-3. The division of spacetime into future and past regions. Light rays move on the
lines t = x and ¢ = —x. These lines define the light cone while the origin is some event £
in spacetime. The inside of the light cone in the lower half plane is the past of £, where
we find all events in the past that could affect £. The future of E, which contains all
events that can be causally affected by E, is inside the light cone defined in the upper
half plane. Regions outside the light cone are called spacelike.
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World line of a t
stationary
particle

Future (> 0)

\ .
\

Light moves on
Past (1 < 0) lines 1 =x

Fig. 1-4. The worldline of a stationary particle is a straight line.

such a diagram is then described by lines that make a 45°angle with the x-axis,
i.e., lines that satisfy

" =x

In the first quadrant, the paths of light rays are described by the lines t = x.

The motion of a particle through spacetime as depicted in a spacetime diagram
(Fig. 1-4) is called a worldline. The simplest of all particle motion is a particle
just sitting somewhere. To indicate the worldline of a stationary particle on a
spacetime diagram, we simply draw a straight vertical line that passes through
the x-axis at the spatial location of the particle. This makes sense because the
particle is located at some position x that does not change, but time keeps
marching forward.

timelike

spacelike

-~

X
»
»

Fig. 1-5. A light cone with two spatial dimensions.
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Special relativity tells us that a particle cannot move faster than the speed of

light. On a spacetime diagram, this is indicated by the fact that particle motion

is restricted to occur only inside the light cone. The region inside the light cone

is called timelike. Regions outside the light cone, which are casually unrelated

to the event £, are called spacelike.

More insight is gained when we draw a spacetime diagram showing two
spatial dimensions. This is shown in Fig. 1-5.

Four Vectors

In special relativity we work with a unified entity called spacetime rather than
viewing space as an arena with time flowing in the background. As a result, a
vector is going to have a time component in addition to the spatial components
we are used to. This is called a four vector. There are a few four vectors that are
important in relativity. The first is the four velocity, which is denoted by u and
has components

- dd dx dy dz
n=\—, —, —, —
dr’ d¢’ de’ dr

We can differentiate this expression again with respect to proper time to obtain
the four acceleration a. The norm or magnitude squared of v - v tells us if a vector
is timelike, spacelike, or null. The definition will depend on the sign convention
used for the line element. If we take ds? = c2d¢? — dx? — dy? — dz?, then if
v -V > 0 we say that v is timelike. If v - v < 0, we say v is spacelike. When
v - v = 0, we say that v is null. The four velocity is always a timelike vector.
Following this convention, we compute the dot product as

Vv =) = () = (n) = ()

The dot product is an invariant, and so has the same value in all Lorentz frames.
If a particle is moving in some frame F with velocity u, we find that energy and
momentum conservation can be achieved if we take the energy to be E = ymc?
and define the four momentum p using

p = ymyi (1.27)

where m is the particle’s rest mass and u is the velocity four vector. In a more
familiar form, the momentum four vector is given by p = (E /¢, Pxs Dy, pz).
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For two frames in the standard configuration, components of the momentum
four vector transform as

Py =vp:—BYE/c
Py =Dy

p; = P:

E'=yE — Bycpx

(1.28)

Using our sign convention for the dot product, we find
p-p=EC —pi—py—pl=EC—p’

Remember, the dot product is a Lorentz invariant. So we can find its value
by calculating it in any frame we choose. In the rest frame of the particle, the
momentum is zero (and so p?> = 0) and the energy is given by Einstein’s famous
formula E = moc?. Therefore

p-p=mic?
Putting these results together, we obtain
E* — p*c? = mic* (1.29)

Relativistic Mass and Energy

The rest mass of a particle is the mass of the particle as measured in the instanta-
neous rest frame of that particle. We designate the rest mass by m,. If a particle
is moving with respect to an observer O with velocity v then O measures the
mass of the particle as

mo

Jiowa

Now consider the binomial expansion, which is valid for |x| < 1,

m =

(1.30)

(14+x)"~1+nx
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N T 4
Forn = —1/2,

1
1-x)""~1+ >

Setting x = v2/c? in (1.30), we obtain

m lv2 1 v?
m=—— 1+ - =my+ —my—
2c¢ c?

V1= 2/c2 2

Multiplying through by ¢? we obtain an expression that relates the relativistic
energy to the rest mass energy plus the Newtonian kinetic energy of the particle:

1
me? = m0c2 + Emov2

[ ]
Quiz
1. Aninertial frame is best described by
(a) one that moves with constant acceleratlon
(b) a frame that is subject to constant forces
(c) a frame that moves with constant velocity
(d) a frame that is subject to galilean transformations

2. The proper time dr? is related to the interval via
(a) dr? = —ds?
(b) dr? = ds?
(c) dr? = —zc2 ds?
2

3. The principle of relativity can be best stated as
(a) The laws of physics differ only by a constant in all reference frames
differing by a constant acceleration.
(b) The laws of physics change from one inertial reference frames to
another.
(c) The laws of physics are the same in all inertial reference frames.

4. Rapidity is defined using which of the following relationships?
(a) tanh¢ = ~
(b) tangp = *
(c) tanh¢p = —
(d) vtanh¢ =

14
c
c
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5. Consider two frames in standard configuration. The phenomenon of

length contraction can be described by saying that distances are shortened
by a factor of

(@) T+ 52
(b) VT—F°

c2?
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CHAPTER

Vectors, One Forms,
and the Metric

ter we describe some of the basic objects that we will encounter in
relativity. While you are no doubt already familiar with vectors from
sic physics or calculus, we are going to be dealing with vectors in a
rent light. We will also encounter some mysterious objects called
;which themselves form a vector space. Finally, we will learn how a
escribed by the metric.

Vectors

A vector is a quantity that has both magnitude and direction. Graphically, a
vector is drawn as a directed line segment with an arrow head. The length of
the arrow 1s a graphic representation of its magnitude. (See Figure 2-1).

—&»
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—
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Fig. 2-1. Your basic vector, a directed line segment drawn in the x—y plane.

The reader is no doubt familiar with the graphical methods of vector addition,
scalar multiplication, and vector subtraction. We will not review these methods
here because we will be looking at vectors in a more abstract kind of way. For our
purposes, it is more convenient to examine vectors in terms of their components.
In the plane or in ordinary three-dimensional space, the components of a vector
are the projections of the vector onto the coordinate axes. In Fig. 2-2, we show
a vector in the x—y plane and its projections onto the x and y axes.

The components of a vector are numbers. They can be arranged as a list.
For example, in 3 dimensions, the components of a vector 4 can be written
as 4 = (Ax, Ay, Az). More often, one sees a vector written as an expansion in
terms of a set of basis vectors. A basis vector has unit length and points along the
direction of a coordinate axis. Elementary physics books typically denote the
basis for cartesian coordinates by (i, j, k), and so in ordinary three-dimensional

N I,

Fig. 2-2. A vector ¥ in the x—y plane, resolved into its components Wx and Wy These
are the projections of / onto the x and y axes.
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cartesian space, we can write the vector 4 as
A=A+ A4,]+ Ak
In more advanced texts a different notation is used:
A=AF+ A+ A2

This has some advantages. First of all, it clearly indicates which basis vector
points along which direction (the use of (i, j, k) may be somewhat mysterious to
some readers). Furthermore, it provides a nice notation that allows us to define
a vector in a different coordinate system. After all, we could write the same
vector in spherical coordinates:

A= A7+ 490 + Ay

There are two important things to note here. The first is that the vector 4 is a
geometric object that exists independent of coordinate system. To get its com-
ponents we have to choose a coordinate system that we want to use to represent
the vector. Second, the numbers that represent the vector in a given coordinate
system, the components of the vector, are in general different depending on
what coordinate system we use to represent the vector. So for the example we
have been using so far (A, 4,, A.) # (A, Ag, Ay).

New Notation

We are now going to use a different notation that will turn out to be a bit more
convenient for calculation. First, we will identify the coordinates by a set of
labeled indices. The letter x is going to be used to represent all coordinates, but
we will write it with a superscript to indicate which particular coordinate we
are referring to. For example, we will write y as x2. It is important to recognize
that the “2” used here is just a label and is not an exponent. In other words,

and so on. For the entire set of cartesian coordinates, we make the following
identification:

(x,v,2z) > (xl,xz,x3)
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With this identification, when we write x! we mean x, while x> means y and
so forth. This identification is entirely general, and we can use it to represent
another coordinate system such as cylindrical coordinates. What represents what
will be made clear from the context. Also, it will be convenient to move back
and forth between this representation and the ones you are used to.

When using more than one coordinate system, or more importantly when
considering transformations between coordinate system, we need a way to apply
this representation to two different sets of coordinates. One way to do so is to
put primes on the indices. As an example, suppose we are considering cartesian
and spherical coordinates within the context of the same problem. If we label
cartesian coordinates with (x, y,z) — (x', x%, x?), then we add primes to the
labels used for spherical coordinates and write

(r,0,¢) — (xl/,xz/,xy)

We will label the components of a vector in the same way, with a raise index.
In the current example, the components of a vector A4 in cartesian coordinates
would be given by

A= (4", 4%, 4)

While primed coordinates would represent the same vector in spherical coordi-
nates

A= (Al’, 42, A3’)

another useful notation change is to write partial derivatives in a succinct way.

We write
af
L _9
0x of
or, using indices, we write
a
e — 0,

There are two reasons for writing things in this apparently obscure fashion.
The first is that when you do relativity a great deal of writing is required.
Hey! Anything that can cut back on that is a good thing. But we will see that the
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placement of the indices (as shown in d, ) will prove to be more enlightening and

useful. Unfortunately, at this point we’re not ready to say why, so you’ll just have
to take my word for it and just keep in mind what the shorthand symbols mean.

Four Vectors

In many cases, we are not going to work with specific components of an ob-
jectlike vector, but will rather work with a general component. In this book we
will label components of objectlike vectors with lowercase Latin letters. For
example, we can refer to the vector 4 by

Aa

As we get involved with relativity, a vector will have space and time compo-
nents (it will be a four vector). In that case, the time component of the vector
will be labeled by the index 0, and so the components of a four vector V' will
be given by

V=% vl
Vector addition can be described in the following way:
A+B=(4"+B° 4" + B, 4 + B2, £* + BY)
while scalar multiplication can be written as
ad = (ad’ ad', ad?, ad?)

Keep in mind that some authors prefer to use (1, 2, 3, 4) as their indices, using
4 to label time. We will stick to using 0 to label the time coordinate, however.
Many authors prefer to use the following labeling convention. When all four
components (space and time) in an expression are used, Greek letters are used
for indices. So if an author writes
THY

the indices u, v, y can range over (0, 1, 2, 3). In this context, Latin indices are
reserved for spatial components only, and so in the expression

5
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the indices i, will range only over (1, 2, 3). Typing a lot of Greek symbols is
a bit of extra work, so we will stick to using Latin indices all the time. When
possible, we will use early letters (a, b, c, . . .) to range over all possible values

(0, 1, 2, 3) and use letters from the middle of the alphabet such as i, j to range
only over the spatial components (1, 2, 3).

The Einstein Summation Convention

The Einstein summation convention is a way to write sums in a shorthand
format. When the same index appears twice in an expression, once raised and
once lowered, a sum is implied. As a specific example,

3
> AiB'— 4;B' = 4,B' + 4,B> + 43 B’
i=1

Another example is that S 7, is shorthand for the expression

3
> ST
a=0

An index that is summed over is called a dummy index, and can be replaced by
another label if it is convenient. For example,

STy = ST
The index b in the previous expressions is not involved in the sum operations.
Such an index is known as a free index. A free index will typically appear on
both sides of an expression. For example, consider the following equation:

Aa/ — Aa’bAb

In this expression, b is once again a dummy index. The sum implied here means
that

AY = A AP = A A+ AY A+ A AP+ A AP

The other index found in this expression, @’, is a free index. If we elect to change
the free index, it must be changed on both sides of the equation. Therefore it
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would be valid to make the change a’ — &', provided that we make this change
on both sides; i.e.,

Ab’ — Ab'bAb

Tangent Vectors, One Forms,
and the Coordinate Basis

We will often label basis vectors with the notation ¢,. Using the Einstein sum-
mation convention, a vector ¥ can be written in terms of some basis as

V="V,

In this context the notation e, makes sense, because we can use it in the
summation convention (this would not be possible with the cumbersome
(i, j, k) for example).

In a given coordinate system, the basis vectors e, are tangent to the coordinate
lines. (See Fig. 2-3 and Fig. 2-4) This is the reason why we can write basis vectors
as partial derivatives in a particular coordinate direction (for an explanation, see
Carroll, 2004). In other words, we take

g =0, = aya
This type of basis is called a coordinate basis. This allows us to think of a vector
as an operator, one that maps a function into a new function that is related to its
derivative. In particular,

Vi =V, =V, f

A vector V' can be represented with covariant components V,. This type of
vector is called a one form. Basis one forms have raised indices and are often
denoted by @“. So we can write

We have used a tilde to note that this is a one form and not an ordinary vector
(but it is the same object, in a different representation). Later, we will see how to
move between the two representations by raising and lowering indices with the
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Fig. 2-3. A tangent vector to a curve.
metric. The basis one forms form a dual vector space to ordinary vectors, in the

sense that the one forms constitute a vector space in their own right and the basis
one forms map basis vectors to a number, the Kronecker delta function; i.e.,

' (ep) = 8y, (2.1)

where

54 — 1 a= b.
b 0 otherwise

In a coordinate representation, the basis one forms are given by
o’ = dx* (2.2)

With this representation, it is easy to see why (2.1) holds.
An arbitrary one form o, maps a vector ¢ to a number via the scalar product

o-V=o,V*
We can think of this either way: we can visualize vectors as maps that take one

forms to the real numbers via the scalar product. More generally, we can define
a (p, q) tensor as a function that takes p one forms and ¢ vectors as input and

Fig. 2-4. An admittedly crude representation.The blob represents a manifold (basically a
space of points). 7, is the tangent space at a point p. The tangent vectors live here.
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maps them to the real numbers. We can write a general tensor in the following
way:

T =Tpe" 0" Q" Q- e/ Qem ey

We will have more to say about one forms, basis vectors, and tensors later.

Coordinate Transformations

In relativity it is often necessary to change from one coordinate system to
another, or from one frame to another. A transformation of this kind is imple-
mented with a transformation matrix that we denote by A“,. The placement
of the indices and where we put the prime notation will depend on the particu-
lar transformation. In a coordinate transformation, the components of A“; are
formed by taking the partial derivative of one coordinate with respect to the
other. More specifically,

0x*

Ay = —
axb

(2.3)

The easiest way to get a handle on how to apply this is to simply write the
formulas down and apply them in a few cases. Basis vectors transform as

e = Alyey (2.4)

We can do this because, as you know, it is possible to expand any vector in terms
of some basis. What this relation gives us is an expansion of the basis vector
e, in terms of the old basis e;. The components of ¢, in the e, basis are given
by A%y. Note that we are denoting the new coordinates by primes and the old
coordinates are unprimed indices.

EXAMPLE 2-1
Plane polar coordinates are related to cartesian coordinates by

x=rcosf and y=rsinf

Describe the transformation matrix that maps cartesian coordinates to polar
coordinates, and write down the polar coordinate basis vectors in terms of the
basis vectors of cartesian coordinates.
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SOLUTION 2-1

Using A%y = g)%;, the components of the transformation matrix are
ax a
A*, = — =cos0 and AV, = Y sinf
ar ar
. 0x ) oy
Ag=—=—rsind0 and A’y =-= =rcosl
00 00

Using (2.4), we can write down the basis vectors in polar coordinates. We obtain

e, = Ae, + AN,e, =cosfe, +sinbe,

ep = ANpe, + Age, = —rsinfle, +rcosbe,

The components of a vector transform in the opposite manner to that of a basis
vector (this is why, an ordinary vector is sometimes called contravariant; it
transforms contrary to the basis vectors). This isn’t so surprising given the
placement of the indices. In particular,

/

ye — AV, pP = aa’;b yh (2.5)
The components of a one form transform as
0w = Ayoyp (2.6)
Basis one forms transform as
0¥ =dx? = AYpdx? (2.7)

To find the way an arbitrary tensor transforms, you just use the basic rules for
vectors and one forms to transform each index (OK we aren’t transforming the
indices, but you get the drift). Basically, you add an appropriate A for each index.
For example, the metric tensor, which we cover in the next section, transforms as

d
8a'ty = Aca/A b'8cd

The Metric

At the most fundamental level, one could say that geometry is described by
the pythagorean theorem, which gives the distance between two points (see
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Fig. 2-5. The pythagorean theorem tells us that the lengths of a, b, ¢ are related by

c=+va +b.

Fig. 2-5). If we call P, = (x1, y1) and P, = (x3, )»), then the distance d is given
by

d= \/(x1 —x2)" + (1 — »)

Graphically, of course, the pythagorean theorem gives the length of one side of
a triangle in terms of the other two sides, as shown in Fig. 2-3.

As we have seen, this notion can be readily generalized to the flat spacetime of
special relativity, where we must consider differences between spacetime events.
If we label two events by (¢, x1, y1, z1) and (t, X2, 2, z2), then we define the
spacetime interval between the two events to be

(As): = (t — ) — (x1 — x2)> — (11 — ) — (21 — 22)°

Now imagine that the distance between the two events is infinitesimal. That is,
if the first event is simply given by the coordinates (¢, x, y, z), then the second
event is given by (¢ + d¢, x + dx, y + dy, z + dz). In this case, it is clear that
the differences between each term will give us (d¢, dx, dy, dz). We write this
infinitesimal interval as

ds? = dr* — dx? — dy? — dz°

As we shall see, the form that the spacetime interval takes, which describes
the geometry, is closely related to the gravitational field. Therefore it’s going to
become quite important to familiarize ourselves with the metric. In short, the in-
terval ds2, which often goes by the name the metric, contains information about
how the given space (or spacetime) deviates from a flat space (or spacetime).
You are already somewhat familiar with the notion of a metric if you’ve
studied calculus. In that kind of context, the quantity ds? is often called a line
element. Let’s quickly review some familiar line elements. The most familiar is
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that of ordinary cartesian coordinates. That one is given by

ds? = dx? 4+ dy* +dz? (2.8)
For spherical coordinates, we have

ds? = dr? 4+ r?de? + r? sin O dg? (2.9)

Meanwhile, the line element for cylindrical coordinates is

ds? = dr? 4 r2de¢? + dz? (2.10)

We can write these and other line elements in a succinct way by writing the
coordinates with indices and summing. Generally, the line element is written as

ds? = gup (x) dx“dx?® (2.11)

where g, (x) are the components of a second rank tensor (note that we can write
these components as a matrix) called the metric. You can remember what this
thing is by recalling that the components of the metric are given by the coeffi-
cient functions that multiply the differentials in the line element. For a metric
describing ordinary three-dimensional space, these components are arranged
into a matrix as follows:

811 &2 &3
g = | &1 822 823
g1 &322 833

For example, looking at (2.8), we see that for cartesian coordinates we can write

8j =

SO =
S = O
— o O

When dealing with spacetime, we take the convention that the time coordinate
is labeled by x° and write the matrix representation of the metric as

goo 8o1 8oz 803
g 811 812 813
820 &21 82 23
830 &31 832 833

8ab =
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For spherical coordinates, we make the identification (r, 6, ¢) — (x', x?, x?)
and using (2.9) write

1 0 0
g =[0 0 (2.12)
0 0 r2sin’@

For cylindrical coordinates, the matrix takes the form

g = (2.13)

oo =
o 3,0
—_ o o

In many cases, like the ones we have considered so far, the metric has com-
ponents only along the diagonal. However, be aware that this is not always the
case. For example, a metric can arise in the study of gravitational radiation that
is called the Bondi metric. The coordinates used are (u,r, 6, ¢) and the line
element can be written as

ds? = 162/3 — g%r?e® ) du? + 2P dudr + 2gr?e**dudo
r
—r? (22d6? + =2 sin” 0dg?)

(2.14)

Here f, g, «, B are functions of the coordinates (u, r, 6, ¢). With these coordi-
nates, we can write the matrix representation of the metric as

Euu  ur 8Buo  Bu¢
gu Sr 8o Ero
8ou  Zor Lo Loy
Epu  Bor 8¢6 oo

8ab =

A good piece of information to keep in the back of your mind is that the
metric is symmetric; i.€., g,» = Z»,. This information is useful when writing
down components of the metric associated with the mixed terms in the line
element. For example, in this case we have

268 dudr = *P dudr + ¥ drdu = g, dudr + g, drdu
2gre®dudd = gr’e®dudd + gr’e**dodu = g,odudd + gy, d0du
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With this in mind, we write

;

762;3 _ gkl 2P grloa 0

B e 0 0 0

8ab = g’,.ZeZa 0 —p2o2e 0
0 0 0  —rlesin’0

The metric is a coordinate-dependent function, as can be seen from the examples
discussed so far. Furthermore, recall that different sign conventions are used for
space and time components. As an example, consider flat Minkowski space
written with spherical coordinates. It is entirely appropriate to use

ds? = d? — dr? — r*d6? — r?sin” 0d¢?
and it is equally appropriate to use
ds? = —d¢* + dr? + r2d6* + 17 sin” Ode*
The important thing is to make a choice at the beginning and stick with it
for the problem being solved. When reading textbooks or research papers, be

aware of the convention that the author is using. We will use both conventions
from time to time so that you can get used to seeing both conventions.

The Signature of a Metric

The sum of the diagonal elements in the metric is called the signature. If we
have

ds? = —df? 4+ dx? + dy? + dz?

then
1.0 0 0
o 100
g8b=1 0 01 0
0 0 0 1

The signature is found to be

—14+14+14+1=2
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The Flat Space Metric

By convention, the flat metric of Minkowski spacetime is denoted by 7,;. There-
fore

1.0 0 0
o 100
Mab=1190 0 1 0

0 0 0 1

provided that ds? = —d¢? + dx? + dy? + dz>.

The Metric as a Tensor

So far we have casually viewed the metric as a collection of the coefficients
found in a given line element. But as we mentioned earlier, the metric is a
symmetric second rank tensor. Let’s begin to think about it more in this light. In
fact the metric g, which we sometimes loosely call the line element, is written
formally as a sum over tensor products of basis one forms

g=gud’® dx?

First, note that the metric has an inverse, which is written with raised indices.
The inverse is defined via the relationship

28" =5 (2.15)

where §; is the familiar (hopefully) Kronecker delta function.

When the metric is diagonal, this makes it easy to find the inverse. For ex-
ample, looking at the metric for spherical coordinates (2.12), it is clear that all
components g,, = 0 when a # b. So using (2.15), we arrive at the following:

grrgrr =1 = grr =1

1
gy =2 =1 = g% — >
1

r2sin’ 6

8% gpp = g%0r? sinf =1 = g% =
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These components can be arranged in matrix form as

1 0 0
g?=10 3 0 (2.16)
0 0 2 sin® 0

Index Raising and Lowering

In relativity it is often necessary to use the metric to manipulate expressions via
index raising and lowering. That is, we can use the metric with lowered indices
to lower an upper index present on another term in the expression, or use the
metric with raised indices to raise a lower index present on another term. This
probably sounds confusing if you have never done it before, so let’s illustrate
with an example. First, consider some vector V'“. We can use the metric to obtain
the covariant components by writing

Ve=guV’ (2.17)

Remember, the summation convention is in effect and so this expression is
shorthand for

Va = 8ab Vb = 840 VO + 8al Vl + 8a2 V2 + 8a3 V3

Often, but not always, the metric will be diagonal and so only one of the terms
in the sum will contribute. Indices can be raised in an analogous manner:

Ve =gy, (2.18)

Let’s provide a simple illustration with an example.

EXAMPLE 2-2
Suppose we are working in spherical coordinates where a contravariant vector
X% = (1, r,0) and a covariant vector Y, = (0, —r2, cos? ). Find X, and Y.

SOLUTION 2-2

Earlier we showed that g, =g =1, gp =12 g" = %, g4y = r?sin’0,
g% = L _ Now

r2sin® 6

X, = g X”
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Xr = gerr - (l)(l) =1
Xy = gooX? = (r?) (r) =17
Xy = gpeX? = (r*sin®0) (0) = 0

Therefore, we obtain X, = (1,72, 0). For the second case, we need to raise
indices, so we write

Y4 — gabe
This gives

Y = @Y, = (1)(0) = 0
1= = (4) () =

cos2 6 B cot?
2

r2sin® 0

Y? = g%y :( 1 )cosZQ: =
£ ( ) r2sin® 0 r

and so Y¢ = (O, -1, C":#)

EXAMPLE 2-3
In this example, we consider a fictitious two-dimensional line element given by

ds? = x?dx? + 2dxdy — dy?

Write down g5, g% and then raise and lower indices on V, = (1, —1), W4 =
0, 1).

SOLUTION 2-3
With lowered indices the metric can be written in matrix form as

— 8xx gxy
8ab ( gyx gyy )
We see immediately from the coefficients of dx? and dy? in the line element

that

8xx = X2 and 8y = —1
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To obtain the terms with mixed indices, we use the symmetry of the metric to
write gy, = g, and so

2dxdy = dxdy + dydx = g, dxdy + g, dydx
Therefore, we find that

8xy = 8yx = 1

(X1
g(lb - 1 _1

To obtain the inverse, we use the fact that multiplying the two matrices gives
the identity matrix. In other words,

gr gv x? 1 (1 O

g g 1 —1)7\0 1
Four equations can be obtained by carrying out ordinary matrix multiplication
in the above expression. These are

In matrix form, the metric is

gxxx2 _|_gxy =1
gxx_gxy:() = gxy:gxx
gxxx2 +gyy =0

gyy — _x2gxx

gyx _gyy =1

In addition, the symmetry of the metric provides the constraint g*” = g**. Using
g = g™ in the first equation, we find

gxxxz +gxx — gxx(l +x2) =1
1
1 + x2

:>gxx:

and so
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Finally, for the last term we get
1 4x2

yx

g’ =-x’g

Now with this information in place, we can raise and lower indices as desired.
We find

ye = geby,
N2 :gbeb =gV, + gV, = 1—|—x2(1)+ 1+x2(_1) =0
V=g = g et gV = () - fxz(—n = 11—)’22 =1
= V*=(0,1)

In the other case, we have
Wa = gasW"
= Wi = g = gl 4 g W = O+ T () =

Wy =g wh = W™ + g’ =

= W, = : !
TN+ X271 4 a2

Loy (25 )y =
1+ x2 1 4+ x2 14 x2

Index Gymnastics

Often we raise and lower indices with the metric in a more abstract fashion.
The reason for doing this is to get equations in a more desirable form to derive
some result, say. We will be seeing more of this later, so it will make more
sense as we go along. Right now we will just provide a few examples that show
how this works. We’ve already seen a bit of this with an ordinary vector

X = gabXb

We can also apply this technique to a vector that is present in a more complicated
expression, such as

XY = gabXb ye
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or we can use it with higher rank tensors. Some examples are

ac

SZ =g Och
Tab — gac Tb — gacgba' Tcd
c
Rupea = gaeRch
In flat spacetime, the metric 7,, is used to raise and lower indices. When

we begin to prove results involving tensors, this technique will be used
frequently.

The Dot Product

Earlier we briefly mentioned the scalar or dot product. The metric also tells us
how to compute the dot or scalar product in a given geometry. In particular, the
dot product is written as

V.-w=Vw
Now we can use index raising and lowering to write the scalar product in a
different way:
VW=V, W' =g, Vowe=gv,w,
EXAMPLE 2-4

Consider the metric in plane polar coordinates with components given by

(1 0 w_ (10
on(38) m e (3 1)

Let V¢ = (1, 1) and W, = (0, 1). Find V,,, W4, and V - W.

SOLUTION 2-4
Proceeding in the usual manner, we find

Va=gap V"’

= V,=g, V" =) =1
Vo =goo V" = (r*) (1) = r?
¥, = (1,12
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In an analogous manner, we obtain

we — gab w,

W =g W = (1)(0) =0
1 1

W*=£%%:<7>ar:7
r r

1
= Wa = (0, —2)
r

For the dot product, we find
VW =guVWl =g, V"W + gogVOW?

= (1)(0) + (r?) (%) =0+1=1

As a check, we compute

V-W=VWe=VW 4V Wo=)O)+ (D)) =0+1=1

Passing Arguments to the Metric

Thinking of a tensor as a map from vectors and one forms to the real numbers,
we can think of the metric in different terms. Specifically, we can view the metric
as a second rank tensor that accepts two vector arguments. The output is a real
number, the dot product between the vectors

sV, W)=V -W

Looking at the metric tensor in this way, we see that the components of the
metric tensor are found by passing the basis vectors as arguments. That is

g(eq,ep) =eq-ep = gup (2.19)

In flat space, we have e, - e, = n4p.

EXAMPLE 2-5
Given that the basis vectors in cartesian coordinates are orthnormal, i.e.,
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with all other dot products vanishing, show that the dot products of the basis
vectors in spherical polar coordinates give the components of the metric.

SOLUTION 2-5
The basis vectors in spherical coordinates are written in terms of those of carte-
sian coordinates using the basis vector transformation law

€y = Aba’eb

where the elements of the transformation matrix are given by

B dxb
T x

AP,

The coordinates are related in the familiar way:

X =rsinfcosg, y =rsinfsing, z =rcosf
We have
5= Lo+ La 4+ Xy
Toax o dy Y 8z

= sinf cos ¢oy + sinf sinpd,, + cos 00
Therefore, the dot product is

2 = 0, - 0, = sin® 0 cos? ¢ + sin® O sin® ¢ + cos? §
= sin 6 (cos® ¢ + sin® ¢) + cos? 0
=sin’6 + cos?H = 1

The basis vector 0 is given by
dg = r cosf cos pox + 7 cos O sinpd,, — r sin 9.
and the dot product is

goo = 0p - Op
= r2 cos? 0 cos? ¢ + r2 cos? 0 sin® ¢ + r2 sin” 0

= r2[cos? ) (cos® ¢ + sin® ¢) + sin’ 0] = 72
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The last basis vector is
0y = —r sinf sin@a, + r sin6 cos ¢,
Therefore, the last component of the metric is

2pp = 9y - dp = r?sin” O sin® ¢ + 1% sin” § cos? ¢
= r2sin’ 0 (sin® ¢ + cos? ¢) = 2 sin’ 0

As an exercise, you can check to verify that all the other dot products vanish.

Null Vectors

A null vector V¢ is one that satisfies

g VeVt =0 (2.20)

The Metric Determinant

The determinant of the metric is used often. We write it as

g = det(gap) (2.21)

Quiz

1. The following is a valid expression involving tensors:
(a) STy = STy
(b) ST,y = STy
(C) SaTab = SCTCb

2. Cylindrical coordinates are related to cartesian coordinates via x =
rcos¢, y =rsin¢g, and z = z. This means that A”, is given by
(a) 1
(b) —1
(¢) 0
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If ds? = dr? + r? d¢? + dz? then

(a) &rr = dV, pp =T d¢7 and 82z = dz

(b) &rr = 19 opp = ],.2, and 8zz = 1

(C) &rr = 1» 8pp =7, andgzz =1

(d) &rr = dr27 oo = r2 d¢27 and 8z = d22

The signature of

I 0 0 0
10 -1 0 0
=10 o0 -1 0
0 0 0 -1
is
(a) =2
(b) 2
(c) 0
(d) 1
In spherical coordinates, a vector has the following components: X“ =
(r, rsi;ne’ @) The component X is given by

(a) 1/cos’@
(b) cos?0

(c) r’tan’0
(d) 2/ cos*6
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apter we continue to lay down the mathematical framework of relativity.
with a discussion of manifolds. We are going to loosely define only
anifold is so that the readers will have a general idea of what this
eans in the context of relativity. Next we will review and add to our
of vectors and one forms, and then learn some new tensor properties
ns.

I o

ved spacetime mathematically, we will use a mathematical con-
cept known as a manifold. Basically speaking, a manifold is nothing more than a
continuous space of points that may be curved (and complicated in other ways)
globally, but locally it looks like plain old flat space. So in a small enough
neighborhood Euclidean geometry applies. Think of the surface of a sphere or
the surface of the earth as an example. Globally, of course, the earth is a curved
surface. Imagine drawing a triangle with sides that went from the equator to

More on Tensors

Manifolds

—&

Copyright © 2006 by The McGraw-Hill Companies, Inc. Click here for terms of use.
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Fig. 3-1. The surface of a sphere is an example of a manifold. Pick a small enough
patch, and space in the patch is Euclidean (flat).

the North Pole. For that kind of triangle, the familiar formulas of Euclidean
geometry are not going to apply. But locally it is flat, and good old Euclidean
geometry applies.

Other examples of manifolds include a torus (Fig. 3-2), or even a more abstract
example like the set of rotations in cartesian coordinates.

A differentiable manifold is a space that is continuous and differentiable. It is
intuitively obvious that we must describe spacetime by a differentiable manifold,
because to do physics we need to be able to do calculus.

Generally speaking, a manifold cannot be completely covered by a single
coordinate system. But we can “cover” the manifold with a set of open sets
U; called coordinate patches. Each coordinate patch can be mapped to flat
Euclidean space.

Fig. 3-2. A torus is an example of a manifold.
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Flat
space

Image of U,

Fig. 3-3. A crude abstract illustration of a manifold. The manifold cannot be covered by
a single coordinate system, but we cover it with a set of coordinate patches that we
designate by U;. These patches may overlap. The points in each patch can be mapped to
flat Euclidean space. Here we illustrate a mapping for a coordinate patch we’ve called
Ui. A point p that belongs to the manifold M (say in U; ) is mapped to a coordinate
that we designate =“(p). (Houghston and Todd, 1992)

Parameterized Curves

The notion of a curve as the plot of some function is a familiar one. In the context
of relativity, however, it is more useful to think of curves in terms of parame-
terization. In this view, a point that moves through space traces out the curve.

The parameter of the curve, which we denote by A, is a real number. We
describe a curve by a set of parametric equations that give the coordinates along
the curve for a given value of A:

X = x()) (3.1)

In n dimensions, since there are n coordinates x“, there will be n such equations.

EXAMPLE 3-1
Consider the curve traced out by the unit circle in the plane. Describe a para-
metric equation for the curve.

SOLUTION 3-1

We call the parameter 6. Since we are in two dimensions, we need two functions
that will determine (x, y) for a given value of 6. Since the equation of a circle is
given by x? 4 y? = r2, in the case of the unit circle the equation that describes
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Fig. 3-4. A parabola with x > 0.

the curve is
2y yz —1

This is an easy equation to describe parametrically. Since we know that cos? 6 +
sin® @ = 1, we choose the parametric representation to be

x =cosf and y =sin6

EXAMPLE 3-2
Find a parameterization for the curve y = x? such that x > 0.

SOLUTION 3-2

The curve is shown in Fig. 3-4. To parameterize this curve with the restriction
that x > 0, we can take x to be some positive number A. To ensure that the
number is positive we square it; i.e.,

x =2

Since y = x2, it follows that y = A* will work.

Tangent Vectors and One Forms, Again

A curved space or spacetime is one that is going to change from place to place.
As such, in a curved spacetime, one cannot speak of a vector that stretches from
point to point. Instead, we must define all quantities like vectors and one forms
locally. In the previous chapter, we basically tossed out the idea that a basis
vector is defined as a partial derivative along some coordinate direction. Now
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let’s explore that notion a bit more carefully. We can do so with parameterized
curves.

Let x“ (A) be a parameterized curve. Then the components of the tangent
vector to the curve are given by

dx¢
dA

(3.2)

EXAMPLE 3-3
Describe the tangent vectors to the curves in Examples 3-1 and 3-2.

SOLUTION 3-3

In Example 3-1, we parameterized the curve traced out by the unit circle with
(cos @, sinf). Using (3.2), we see that the components of the tangent vector to
the unit circle are given by (—sin@, cos#). Calling the tangent vector T and
writing the basis vectors in cartesian coordinates as e, and e, we have

T = —sinfe, +cosbe,

Now we consider Example 3-2, where the given curve was y = x2. We found
that this curve could parameterize the curve with (Xz, A4). Using (3.2), we obtain
the tangent vector v = (21, 41?). Let’s invert the relation used to describe the
curve. We have

=.x
Therefore, we can write v as
Vv =2xe, +4x%e,

Now that we’ve found out how to make a vector that is tangent to a parameter-
ized curve, the next step is to find a basis. Let’s expand this idea by considering
some arbitrary continuous and differentiable function f. We can compute the
derivative of f in the direction of the curve by %. Therefore, L is a vector that

> da
af

maps f to a real number that is given by 2. The chain rule allows us to write

this as

df dfox®  dx of
dr  droxe  da 9xe
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The function f is arbitrary, so we can write

d dx¢ 0
dr  dx 9xe

In other words, we have expanded the vector -4 in terms of a set of basis vectors.

a dx . )
The components of the vector are % and the basis vectors are given by aiﬂ'
This is the origin of the argument that the basis vectors e, are given by partial

derivatives along the coordinate directions.

EXAMPLE 3-4

The fact that the basis vectors are given in terms of partial derivatives with
respect to the coordinates provides an explanation as to why we can write the
transformation matrices as

AY = %
b fxt
SOLUTION 3-4

This can be done by applying the chain rule to a basis vector. We have, in the
primed coordinates,

d 3 (oxb axb 9 b
ea’ = 7 = ; —_— = — T = A a’eb
dx¢ oxa \ 9xb x4 9x?

Similarly, going the other way, we have

9 a [ox?\ ax¥ 9 A<
e, = — == —— = = ea/
"7 axb  axb \ axe dxb ax« ’

Now let’s explore some new notation that is frequently seen in books and the
literature. We can write the dot product using a bracket-type notation ( , ). In
the left slot, we place a one form and in the right side we place a vector. And so
we write the dot product p - v as

p-v={(p,v)=pv* (3.3)

Here p is a one form. Using this notation, we can write the dot product between
the basis one forms and basis vectors as

(@, ep) =65,
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This can be seen easily writing the bases in terms of partial derivatives:

9 > axe
:8b

w?, ep) =(dx?, — ) =
(o, = (', 55 ) = 5
This type of notation makes it easy to find the components of vectors and one

forms. We consider the dot product between an arbitrary vector /" and a basis
one form:

(", V)= (0, Vley) = V{0, &) = VP8 = V*

Since the components of a vector are just numbers, we are free to pull them
outside of the bracket ( , ). We can use the same method to find the components
of a one form:

(0, ep) = (0,0, ep) = 0, (0", &) = 0,8} = oy

Now we see how we can derive the inner product between an arbitrary one form
and vector:

(o, V) = (Gaa)“, Vbeb) e (a)“, eb> =0, Vbéz =0,V
These operations are linear. In particular,

(o,aV +bW)=alo,V)+blo, W)
(ac +bp, VYy=alo,V)+b{p, V)

where a, b are scalars, o, p are one forms, and V', W are vectors.

Tensors as Functions

A tensor is a function that maps vectors and one forms to the real numbers. The
components of a tensor are found by passing basis one forms and basis vectors
as arguments. For example, we consider a rank 2 tensor 7'. If we pass two basis
one forms as argument, we get

T (Cl)a, C()b) — Tab
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A tensor with raised indices has contravariant components and is therefore
expanded in terms of basis vectors; i.e.,

T =T%,® e

We have already seen an example of a tensor with lowered indices, the metric
tensor

gaba)a ®a)b = gu dx? ®d.xb

(in a coordinate basis). A tensor is not fixed with raised or lowered indices; we
recall from the last chapter that we can raise or lower indices using the metric.
We can also have tensors with mixed indices. For each raised index we need a
basis vector, and for each lowered index we need a basis one form when writing
out the tensor as an expansion (the way you would write a vector expanding in
a basis). For example

S=58. ¢e,e @

We get the components in the opposite way; that is, to get the upper index pass
a one form, and to get the lower index pass a basis vector:

s =5 (a)“, o, ec)

We can pass arbitrary vectors and one forms to a tensor. Remember, the com-
ponents of vectors and one forms are just numbers. So we can write

S(o,p,V)=S8 (aaa)“, b’ Vcec) =o,pp VS (a)“, o, ec) = 0,0 VS,

The quantity o, V¢S, is a number, which is consistent with the notion that
a tensor maps vectors and one forms to numbers. Note that the summation
convention is used.

Tensor Operations

We now summarize a few basic algebraic operations that can be carried out with
tensors to produce new tensors. These operations basically mirror the types of
things you can carry out with vectors. For example, we can add two tensors of
the same type to get a new tensor:

Rabc — Sabc 4+ Tabc
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It follows that we can subtract two tensors of the same type to get a new tensor
of the same type:

Ta
Q=8 ——b
a

We can also multiply a tensor by a scalar a to get a new tensor
Sab = aTy
Note that in these examples, the placement of indices and number of indices are
arbitrary. We are simply providing specific examples. The only requirement is
that all of the tensors in these types of operations have to be of the same type.
We can use addition, subtraction, and scalar multiplication to derive the sym-

metric and antisymmetric parts of a tensor. A tensor is symmetric if B,, = Bj,
and antisymmetric if 7, = —Tp,. The symmetric part of a tensor is given by

1
Tap) = 3 (Tap + Tpa) (3.4)

and the antisymmetric part of a tensor is

1
T[ab] = 5 (Tab - Tba) (35)

We can extend this to more indices, but we won’t worry about that for the time
being. Often, the notation is extended to include multiple tensors. For instance,

1
ViaWp) = 3 VaWp + Wi V,)

Tensors of different types can be multiplied together. If we multiply a tensor
of type (m, n) by a tensor of type (p, q), the result is a tensor of type (m + p,
n + ¢q). For example

RabSCde — Tabcde

Contraction can be used to turn an (m, n) tensor into an (m— 1, n— 1) tensor.
This is done by setting a raised and lowered index equal:

Rab = Rcacb (36)

Remember, repeated indices indicate a sum.
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The Kronecker delta can be used to manipulate tensor expressions. Use the
following rule: When a raised index in a tensor matches the lowered index in

the Kronecker delta, change it to the value of the raised index of the Kronecker
delta. This sounds confusing, so we demonstrate it with an example

SZ Tbcd — Tacd

Now consider the opposite. When a lowered index in a tensor matches a raised
index in the Kronecker delta, set that index to the value of the lowered index of
the Kronkecker delta:

52 Tabc — Tabd

EXAMPLE 3-5
Show that if a tensor is symmetric then it is independent of basis.

SOLUTION 3-5
We can work this out easily using the tensor transformation properties. Consid-
ering B,p = Bp,, we work out the left side:

ax< ax9

By = A yAY yBoy = — —— B
a a C axa axb C

d/
For the other side, since we can move the derivatives around, we find

! / / !
ax? dxe¢ ax< ax?
ax? e 1 G g ¢

Ba:Ad/ AC/aB — e —
b b ¢ x4 dxb

Equating both terms, it immediately follows that B,y = By .
It is also true that if B,, = B,,, then B¢ = B9, Working this out,

Bcd — gcaBad — gcagdeab — gcagdeba — gcaBda — Bdc

EXAMPLE 3-6
Let 7% be antisymmetric. Show that

1
S[aTbc] = g (SaTbc — SpTae + ScTab)



CHAPTER 3  More on Tensors _\@’
SOLUTION 3-6

Since 7% is antisymmetric, we know that T,;, = —T},. The expression Afaber
is given by

1
A[abc] = g (Aabc + Abca + Acab - Abac - Aacb - Acba)
Therefore, we find
1
S[aTbc] = g (SaTbc + Scha + ScTab - SbTac - Sach - Scha)
Now we use the antisymmetry of 7', T,, = —Tp,, to write
1
S[aTbc] = g (SaTbc - SbTac + ScTab - SbTac + SaTbc + ScTab)
1
= g (ZSaTbc — 285, T, + 2ScTab)
1
= 5 (SaTbc — SpTye + ScTab)

EXAMPLE 3-7
Let 0% = Q% be a symmetric tensor and R*> = —R"? be an antisymmetric
tensor. Show that

QabRab -0

SOLUTION 3-7
Since R*> = —R"*, we can write

1 1
Ry = = (R, Rup) = = (Ryp — Rpg
b= (Rap + Rap) 7 (Rap — Rpa)
Therefore, we have

(QabRab _ QabRba)

N —

1
Q" R,y = EQ“[’ (Rap — Rpa) =

Note that the indices a, b are repeated in both terms. This means they are dummy
indices and we are free to change them. In the second term, we make the switch
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a <> b, which gives

(QabRab _ QbaRab)

| —

(QabRab _ QabRba) —

M| —

Qab Rab —

Now use the symmetry of O’ to change the second term, giving the desired
result:

1
(Q*Rap — O“ Rap) = EQ”Z’ (Rap — Rap) =0

N | —

(QabRab - QbaRab) =

N | —

EXAMPLE 3-8
Show that if 0% = Q% is a symmetric tensor and 7, is arbitrary, then

1
T, 0% = EQab (Tup + Tpa)

SOLUTION 3-8
Using the symmetry of O, we have

Taanb — (Qab + Qab) — ab (Qab + Qba)

Now multiply it by 7', which gives

(Tab Qab + Tab Qba)

N —

Tab% (Qab + Qba) =

Again, the indices a, b are repeated in both expressions. Therefore, they are
dummy indices that can be changed. We swap them in the second term a < b,
which gives

(T 0" + T, 0") = = (T 0" + T3, Q) = Q“b (Tup + Tha)

N —
N —
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The Levi-Cevita Tensor

No book on relativity can really give you a good enough headache without
mention of our friend, the Levi-Cevita tensor. This is

+1 for an even permutation of 0123
€abed = 1 —1 for an odd permutation of 0123 3.7)
0 otherwise

We will see more of this in future chapters.

Quiz
1. If 7% = —T% then
(a) QabTab — % (Qab + Qba) T,
(b) QabTab — % (Qab _ Qba) Tab
(©) QabTab = % (Qab - Qba) Tap
(d) QabTab = %(Qab - Qba) Tap
2. Let x“ (%) be a parameterized curve. The components of the tangent
vector to this curve are best described by
(a) dr/dx
(b) f=x(®)
(c) dx“/dx
(d) x= /@)
3. Atensor with components 7,”, has an expansion in terms of basis vectors
and one forms, given by
@ T=Tl0"Qw® o
b)) T =Tl 0"®e,® f
(C) T = Tabcea b2 w’ X ec
4. The symmetric part of V, W}, is best written as
@) ViaWoy = 5 (VaWy = Wy Va)
(b) VW =3 VW, + WPV,)
(©) ViaWpy =3 (VaWy + W, V)
5. The Kronecker delta acts as
(a) 84Ty = —T
(b) SZ Tbcd = Tacd
(c) 84Ty =T,°,
(d) 84T, = T,



‘o

CHAPTER

Tensor Calculus

In this chapter we turn to the problem of finding the derivative of a ten
curved space or spacetime, this is a bit of a thorny issue. As we will see,
finding the derivative of a tensor, which should give us back a new
going to require some additional mathematical formalism. We will
this works and then describe the metric tensor, which plays a central
study of gravity. Next we will introduce some quantities that are i
Einstein’s equation.

Testing Tensor Character

As we will see below, it is sometimes necessary to determine
object is a tensor or not. The most straightforward way to determineswhether
an object is a given type of tensor is to check how it transforms. There are,
however, a few useful tips that can serve as a guide as to whether ornot a given
quantity is a tensor.

The first test relies on the inner product. If the inner product

o, Vi=¢

p—

Copyright © 2006 by The McGraw-Hill Companies, Inc. Click here for terms of use.
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where ¢ is a scalar and is invariant for all vectors /¢, then o, is a one form. We
can carry this process further. If

T, V¢ =U,
such that U, is a one form, then 7} is a (0, 2) tensor. Another test on 7, is
Ty VWP = ¢

where V¢ and W? are vectors and ¢ is an invariant scalar, then 7, is a 0, 2)
tensor.

The Importance of Tensor Equations

In physics we seek invariance, i.e., we seek laws of physics written in an invariant
form that is true for all observers. Tensors are a key ingredient in this recipe,
because if a tensor equation is true in one coordinate system then it is true in
all coordinate systems. This can greatly simplify analysis because we can often
transform to a coordinate system where the mathematics will be easier. There
we can find the form of a result we need and then express it in another coordinate
system if desired.

A simple example of this is provided by the vacuum field equations. We will
see that these can be expressed in the form of a (0, 2) tensor called the Ricci
tensor, where

Rap =0

It is immediately obvious that this equation is true in any coordinate system.
Let’s transform to a different coordinate system using the [Lambda] matrix
discussed

9x¢ ox?

— AC Ad —
Rab—A aA bRc’d/ - Oxd 8xb

Rc’d’
On the right-hand side, the transformation of 0 is of course just 0, so we have

ax¢ axd/R —0
axa axb 4T
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S—

We can divide both sides by 0x” ox? \hich gives

axd 9xb

Rc’d’ = 0

The Covariant Derivative

Consider the problem of taking the derivative of a vector. In ordinary cartesian
coordinates, this is not really that complicated of an issue because the basis
vectors are constant. So we can get the derivative of a vector by differentiating
its components. However, in general, things are not so straightforward. In curved
spaces the basis vectors themselves may vary from point to point. This means
that when we take a derivative of a vector, we will have to differentiate the basis
vectors as well. .

Consider some vector A. To compute the derivative, we expand the vector in
a basis and then apply the Leibniz rule (fg) = f'g + g'f to obtain

4 0, , 94 , 0
— = A
ox4  ox¢ ( eb) x4 et x4

(ep)

In cartesian coordinates, we could just throw away the second term. But this
isn’t true in general. To see how this works in practice, we turn to a specific
example.

We start with something familiar—the spherical polar coordinates. Cartesian
coordinates are related to spherical coordinates in the following way:

X = rsinf cos ¢
y =rsinfsing (4.1)
z =rcost

The first step in this exercise will be to work out the basis vectors in spherical
coordinates in terms of the cartesian basis vectors. We’ll do this using the
procedures outlined in Chapter 2. This means we will need the transformation
matrices that allow us to move back and forth between the two coordinate
systems. Again, we denote the transformation matrix by the symbol A%, , where
an element of this matrix is given by

dx*

ax?
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We will consider the unprimed coordinates to be (x, y, z) and the primed

coordinates to be (», 6, ¢). In that case, the transformation matrix assumes the
form

0x ay 9z

ar or ar

a _ | &x 9y 9z

Ay = a0 90 90 (4.2)
x By 9z
ap A9 3P

Using the relationship among the coordinates described by (4.1), we obtain

sin @ cos ¢ sin @ sin ¢ cosf
A% = | rcosfcos¢p rcosfsing —rsinf 4.3)
—rsinfsing rsinf cos ¢ 0

Now we have the machinery we need to work out the form of the basis
vectors. We have already seen many times that the basis vectors transform as
ey = N%e,. So let’s write down the basis vectors for spherical coordinates as
expansions in terms of the cartesian basis using (4.3). We get

e, = Alrep = ASe, + Ale, + Ae,
=sinf cosp e, +sinfsing e, + cosb e,
eg = Ayey = Aye, + Nge, + A pe.
=rcosfcosge, +rcosfsinge, —rsinbe; (44)
ep = Nypep = N ye, + A ge, + A ge,

= —rsinfsing e, +rsinfcospe,

Now let’s see what happens when we differentiate these basis vectors. As an
example, we compute the derivatives of e, with respect to each of the spherical
coordinates. Remember, the cartesian basis vectors {ex, ey, ez} are constant,
so we don’t have to worry about them. Proceeding, we have

de, a . . .
¢ =—(sm@cosd)ex—|—sm651n¢ey+coséez)=0
ar ar
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Our first attempt hasn’t yielded anything suspicious. But let’s compute the 6
derivative. This one gives

de, a . . .
869 =5 (sinf cos ¢ ex + sinf sin e, + cos 6 e:)
= cosf cosge, + cosfsinge, —sinb e;
1
B

Now that’s a bit more interesting. Instead of computing the derivative and getting
zero, we find another basis vector, scaled by 1/7. Let’s go further and proceed
by computing the derivative with respect to ¢. In this case, we get

2: = % (sinf cos ¢ ex + sinf sin e, + cos 6 e.)
= —sinfsing e, +sinf cosp e,
1

Again, we’ve arrived at another basis vector.

It turns out that when differentiating basis vectors, there is a general relation-
ship that gives the derivative of a basis vector in terms of a weighted sum. The
sum is just an expansion in terms of the basis vectors with weighting coefficients

denoted by I'%..

de, .
Ixb =T"uwec (45)

The 'Y}, are functions of the coordinates, as we saw in the examples we’ve
calculated so far. Looking at the results we got above, we can identify the results
in the following way:

de, 1 _

= —€, ro = —
a6  r "’ o
de, 1 _

= —e ré — —
ap  r Y ¢



CHAPTER 4 Tensor Calculus

Consider another derivative

8e¢ . d
30 30
= —rcosfsing e, +rcosf cosgpe,

(—r sinf sin¢ e, + r sinf cos ¢ ey)

= cosf (—r sing e, +r cos¢ey)

cosf ) . .
= —— (—rsinfsing e, +rsind cospe,)
sin 6

= cotf ey

Comparison with (4.5) leads us to conclude that
F¢¢9 = cotf

The coefficient functions we have derived here are known as Christoffel symbols
or an affine connection.

Basically, these quantities represent correction terms. A derivative operator
needs to differentiate a tensor and give a result that is another tensor. In partic-
ular, the derivative of a tensor field that has valence ('Z ) should give a tensor
field of valence (n:fl ). We have seen one reason why we need the correction
terms: outside of ordinary cartesian coordinates, the derivative of a vector is
going to involve derivatives of the basis vectors as well. Another reason for
introducing the Christoffel symbols is that the partial derivative of a tensor is
not a tensor. First let’s remind ourselves how the components of a vector trans-
form:
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ax? a foax _,
-2 7 X

ax< 9xd \ axb
Cooxd 9% 0x? 0x” 0X?
~ 9x< 9x99xb ax< 9xb 9xd

—

Now how does a (1, 1) tensor transform? It does so like this:

o 0x 9
" axe ax?

c

d

That’s the kind of transformation we got from the partial derivative above, in
the second term on the last line:

o ox? e, N ax? 9x” 0.X?
 9x¢ dxdxb dx< 9xP 9x9

9 X

But the first term leaves us out of luck as far as getting another tensor—thus the
need for a correction term. Let’s go back and look at the formula we had for the
derivative of a vector 4:

04 0 0
= Ab Ab_
0x¢4 dx4 ( )eb + 0x¢ ()

Now let’s use (4.5) to rewrite the second term. This gives
b 9 b e
A (eb) = A" T e,
ax4

Putting this into the formula that gives the derivative of a vector, we have

94
e = (4") ey + Ty, A e

We rearranged the order of quantities in the second term for later convenience.
Now, recall that any repeated indices that are both up and down in an expression
are dummy indices, and so can be relabeled. In the second term, we swap b <> ¢
to change 'y, 4% e. — I'’., A€ e}, and the expression for the derivative of a
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vector becomes

8A 8 (Ab) + Fb AC aAb + Fb Ac
= — e caAep = — o e
ax4 0x4 b b dx4 b

The expression in parentheses is the covariant derivative of a vector 4. We de-
note the covariant derivative by V, A%:

Y C
Vpdt = S T A (4.6)
axb

It can be verified that this objectis a (1, 1) tensor by checking how it transforms.
To see how the Christoffel symbols transform, we look at (4.5). Writing this in
primed coordinates, we have

dey

Py (4.7)

Fca/b’ ec/ =

Now, the basis vectors transform according to e, = A ey = %ed. The left-
hand side then becomes

/ J / axd
d
Fca’b’ € = re a/b’A ced = I a'b’ 9xC €d (48)

Now let’s tackle the right-hand side of (4.7). We obtain

dey 0 0 aox™
- (A" yen) = ( - e)

axt  ox? ax? \ axe "
ax" o ax™
=——|—e
ax? axn \ axa "

ox" ( 9%x™ ox"™ 8em>

= / /em /
axt \ 9xnoxa axa 9xn

de,,
ax"

dey ax" 92 x" n ox™ rl
== € 71 mné€
axt 9x? \ axnox« x4 !

Now we know that

gives another Christoffel symbol, so we write this as
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In the first term inside parentheses, we are going to swap the dummy indices.
We change m — d and now write the expression as

dey ax" 9%x? n ax™ r
= € mn
axt — ox? \oxnoxe ! 9xa “

In the second term, there is a dummy index / that is associated with the basis
vector. We would like to factor out the basis vector and so we change / — d,
which gives

dey 8x”< 9%x¢ ax" )
eq + r mn€d

ax?  9x? \oxmoxe 4T oxe
ax" 92x4 ax™
~ oax? \ axnox? + Bx“/r mn ) €d (4.9)

ax"  9%x? n ox" ax™ rd
= mn | €
axt 9xnoxa  9xb 9x« d

We started out with (4.7). Setting the result for the left side of (4.7) given in
(4.8) equal to the result found in (4.9) gives us the following:

. 0x? <8x” 3%x? ox" ox" _, )
mn | €d

FC /b/—ed =
“7 9xc axP 9xnoxa  9xb 9x«

The basis vector e, appears on both sides, so we drop it and write

ooooxd x93 ox" ox™
r ab’ T = 7 -+ 7 7
ax¢ axt axnoxa  9xb 9xa

mn

Finally, we obtain the transformation law for the Christoffel symbols by
dividing both sides through by gxil This gives

re. ax¢ ax"  9%x4 ax< 9x" Ix™ rd (4.10)
@ ok axt 3xnoxe | axd ax? axa ™" ’

Now we see why the Christoffel symbols act as correction terms. The first
piece of this can be used to cancel out the extra piece found in the transformation
of a partial derivative of a tensor. That way, the covariant derivative transforms
as it should, as a (1, 1) tensor.
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Of course we are going to differentiate other objects besides vectors. The
covariant derivative of a one form is given by

V)0, = 0304 — T upoe 4.11)

This suggests the procedure to be used for the covariant derivative of an arbitrary
tensor: First take the partial derivative of the tensor, and then add a I"“,; term
for each contravariant index and subtract a I'“,;, term for each covariant index.
For example,

Vel = 0.1 + T9qT% — T T
VeTuy = 8cTup = TacTap = T s Taa
V.T% = 3,7% 4 1%, T4 4 T, T%
The covariant derivative of a scalar function is just the partial derivative:
Vo = 0.9 (4.12)

EXAMPLE 4-1

Consider polar coordinates. Find the covariant derivative V,V“ of V=

r?cosf e, — sinf ey.

SOLUTION 4-1
The summation convention is in effect. Writing it out explicitly, we have

V V=V, V" +V, 1

Using (4.6), we have

r ar’ r c v’ r r r 0
V.V = + I, Ve = + I,V + T,V
or ar
6 8V9 0 c aVH 0 r [% 0
VQV :W_'_FCGV =W+F,9V +F99V

One can show that the Christoffel symbols for polar coordinates are
(Exercise)

1
Ferg = Fegr =— and Frgg = —r
r
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while all other components are zero, and so we obtain

v’ r r r 0 v’
+ I,V + T V7 =
ar or

VoV = 8—Ve+r9 oV 4+ T, 10 = ﬁJerr
90 " 0 r

V.V =

The sum then becomes

arr 1 e
VoV =V V" +Vyl? = + oV —
or r 20

For VV = r?cos 6 e, — sin6 ey, this results in

LA ) 4

v, Ve + —V'+—— =2rcosf +rcosd —cos® = 3rcost — cosf
ar r 20
=cos6(3r—1)
EXAMPLE 4-2

Suppose that for some vector field U?, U*U, is a constant and V, U, — V,U, =
0. Show that U“V,U? = 0.

SOLUTION 4-2
Since U U, is a constant, the derivative must vanish. We compute the derivative
of this product as

v, (UU,) =U*V,U, + U, V,U"

Now we use V,U, — V,U, = 0 to rewrite the first term on the right-hand side,
and then use index raising and lowering with the metric to write U, = g5 U*,
which gives

v‘v,u, + U,V,u* =U*v,U, + U,V,U*

=U,g, .U + U,V,U"

=UUV,gpe + .UV, U+ U, V, U

=g UV, U+ U,V,U"



CHAPTER 4 Tensor Calculus _\QI
To obtain the last line, we used V,g5. = 0. We now concentrate on the second
term. Touse V,U, — V,U, = 0 to change the indices, first we need to lower the

index on U“ inside the derivative. Remember, we are free to pull g,, outside
the derivative since V,g5. = 0. So we get

g UV, U+ U, VpU? = g, UV, U 4+ U, Vpg* U,
=g UV, U + g*“ U, VU,

= gchaVaUc + gacUaVcUb

The first term is already in the form we need to prove the result. To get the
second term in that form, we are going to have to raise the indices on the U'’s.
We do this and recall that g% g, = 8¢, which gives

2 UV, U + g“U,VeoUy = gpe UV, UC + g2 UV gpa U?
= 8o U VoU* + 8% 8uegpaU V.U
= gy UV, U + 8gpa UV, U?
= g UV, U* + gy UV U?

To obtain the last line, we used the Kronecker delta to set e — c¢. Now note that
c is a dummy index. We change it to a to match the first term

2o UV, U + gpqUV U = g, UV, U 4 g,qUV,U?

Now we focus on the other dummy index d. We’re free to change it so we set it
equal to ¢ and have

2, UV, U + g,qUV, U = g, UV, U + g, UV, U°¢
= g4 (U*V,U° 4+ U*V,U°)

= 22, UV, U*

We started by taking the derivative of a constant, which is zero, V, (U*U,) = 0,
and so this result must vanish. We divide the above expression by 2 and get

25 UV, U =0
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There are two possibilities: If g, = 0, then the equation is trivially zero. If it is
not zero, we can divide both sides by g,. and get the desired result

u'v,uc=0

The Torsion Tensor

The torsion tensor is defined in terms of the connection as
Tabc = 1—‘abc - 1—‘acb = 21—1a[lJc] (413)

It is easy to show that even though the connection is not a tensor, the
difference between two connections is a tensor. In general relativity, the tor-
sion tensor is taken to vanish, which means that the connection is symmetric;
ie.,

M. =T%, (4.14)

In some theories of gravity (known as Einstein-Cartan theories), the tor-
sion tensor does not vanish. We will not study such cases in this
book.

The Metric and Christoffel Symbols

In n dimensions there are n® functions called Christoffel symbols of the first
kind, T 4. In a coordinate basis (see Chapter 5) these functions can be derived
from the metric tensor using the relationship

1 ( agbc 8gca agab )

1ﬂabc - D)

4.15
dx¢ dxb ax¢ ( )

More generally,

1 agbc agca 8gab
Fac:_ - Cac Cac _Cca
) <8x“ axb  oxe et Car =G

where the C,. are called commutation coefficients (see Chapter 5).
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EXAMPLE 4-3
Show that

agab
0x¢

:Fabc+Fbca

SOLUTION 4-3
This is a simple problem to solve. We simply use (4.15) and permute indices,
which gives

1 agbc agca agab
Fa c— A -
T2 <8x” * axb  oxc¢

1 (g | 0%  0gbe
FbcaZE(g +gb_gb)

axb ox¢ x4

Adding, we find

dx¢ dxb dx¢

l—‘abc + l_‘bca =

2

1 8gbc agca agab 1 8gca 8gab 8gbc
2( * + ox? + ax¢  Ox?

axa dx4 axb axb dx¢ dx¢
— l 28gca — agca
2\ oxb dx?b

We can obtain the Christoffel symbols of the second kind (which are usually
referred to simply as the Christoffel symbols) by raising an index with the
metric

1 ( agbc agbc 8gca 8gca 8gab agab )

I = g“Tape
Using this we can write (4.15) in a more popular form:

1 e (3gbd' 08cd 3gab)

re,, — b
b 2 dxa axb oxd

(4.16)
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EXAMPLE 4-4
Find the Christoffel symbols for the 2-sphere of radius a

ds? = a® d6? + & sin® 6 d¢?

SOLUTION 4-4
The metric is given by

B a? 0
g =\  42sin20

2 5in” 6. The inverse metric is

1
ab __ a2 0
& = 0o -1
a?sin’ 0

1
a’sin’ 60’

and so ggs = a® and ggp = a

Therefore, g"? = aLZ and g% =

The only nonzero derivative is

0 0
8¢ _ O ( 2 sin? 9) = 2a*sinf cos O (4.17)
00 00

We find the Christoffel symbols using (4.16). Considering the first nonzero term
of g%, we seta = d = 6 in (4.16) and obtain

1 0gpe . 086 0Zpe 1 0gbe
e, — —gf n _ _ _ 1 o0 (98
be =38 <axc axb 90 2% 90

We set %ﬁ“ﬁ = '%gx"j" = Obecause ggy = gpo = 0, go9 = a°, \fvhe.req isa constant,
and so all derivatives of these terms vanish. The only possibility is

1 0 1 /1
T = —Eg‘g‘g (%) =3 (—2> (2a2 sin @ cos 9) = —sin6 cos 6
a

The only other nonzero possibility for this metric is the term involving g#?, and
sowe seta = d = ¢ in (4.16). This gives

1 08pp . 08cp  08pe
[é, — Lgbo _
be =38 (axc Tt T g
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Only a derivative with respect to 6 is going to be nonzero. Therefore we drop
the first term and consider

1 ag. dg8pe
[ = —g% (20 _
2 ax ¢

First we take b = 6, ¢ = ¢, which gives

%y = 1g¢¢( 09 _ 99 >:l 00 9849

2 dg0s  Oggs)  2° 00
1 1 6

= - —— | (2% sinf cos 0) = 87 _ ot
2 \a?sin“ 0 sin 6

A similar procedure with b = 0, ¢ = ¢ gives '?44 = cot6. All other Christof-
fel symbols are zero.

EXAMPLE 4-5

A metric that is used in the study of colliding gravitational waves is the Kahn-
Penrose metric (see Fig. 4-1). The coordinates used are (u, v, x, y). With
u > 0and v < 0, this metric assumes the form

ds®> =2dudv — (1 — u)* dx? — (1 +u)* dy?

Find the Christoffel symbols of the first kind (using (4.15) for this
metric.

Region 4

Time

Region 2 Region 3

u=0 Region 1

Fig. 4-1. The division of spacetime for the Kahn-Penrose solution used in the study of
gravitational waves. We consider the metric in region 2.
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SOLUTION 4-5 [
In this problem, we use the shorthand notation 9, = % and so write (4.15) as

1
1—‘abc = 5 (aagbc + abgca - acgab)

We can arrange the components of the metric in a matrix as follows, defining
(x% x', x%, X)) = (u, v, x, )

0 1 0 0
1 0 0 0
[gab] — 0 O . (1 . M)2 0
0 0 0 —(14u)
and so we have
guv:gvuzla gxx:_(l_u)zv gyy:_(1+u)2

One approach is to simply write down all of the possible combinations of co-
ordinates in (4.15), but we can use the form of the metric to quickly whittle
down the possibilities. First we note that

8aguv = aagvu =0
The only nonzero derivatives are

ugex = du[— (1 —u)’] = 2(1 — u)
dugyy = du[— (1 +u)’1 = —2(1 +u)

Consider terms involving x first. Looking at I'yp. = % (0a8pe + 0pGea—
0:24p), the possible combinations of a,b,c that will give a term involving 9, g, .
are
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Taking the first of these possibilities, we have

_d 21 —u)]l=—1+u

1 1
Fxxu - 5 (axgxu + axgux - 8ug)cx) - __augxx = 5 [

2

In the second case, we obtain

1 1 1
Fuxx:_ au XX ax xu_ax ux :_au xx:_21_ =1-
5 (Ougx + 0:8 8ux) = S0ugex = 5 [2(1 —u)] u

You can write down the third permutation and see that it gives the same result
as this one. The next step is to consider the terms involving d,g,,. A similar
exercise shows that

Lypy=—1—-u
Lypu=14u
It is easy to see that if the components of the metric are constant, all of the
Christoffel symbols vanish. Note that the Christoffel symbols of the first kind
are symmetric in their first two indices:

I‘Iabc - lﬁbac

EXAMPLE 4-6
Show that if the metric is diagonal, then

. 0 (1,
I ab = w E N Zua
SOLUTION 4-6

If the metric is diagonal then the inverse components of the metric are easily
found to be g** = gL. Using (4.15), we obtain

1 1 (1024 9 (1
Faa = acrac: aaFaa:_Faa:_ = =—|=zln aa
b=8& b 8 b 2on b Zon (2 axb) 9xb (2 8 )

We say a connection 'y, is metric-compatible if the covariant derivative of the
metric vanishes:

Vegab =0 (4.18)
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EXAMPLE 4-7
Show that V.g,;, = 0 using (4.16).

SOLUTION 4-7
The covariant derivative of the metric tensor is

chab = 8cgab - gdbrdac - gadrdbc

Now we apply (4.16) to rewrite the Christoffel symbols in this equation in terms
of the metric. We have

r¢ _! 4 (DuZec + 0eLeqa — DoLac)
ac — 2g agec cgea egac

1
dec = Egde (abgec + 8cgeb - aegbc)

We now insert these terms in the covariant derivative of the metric:

1
chab = 3cgab — 8db |:§gd€ (aagec + 8cgea - aegac):|

1
—8ad [Egde (abgec + acgeb - aegbc)]

1 1 |
= 0cQub — Egdbgdeaagec —~ Egdbgdeacgea + igdbgdeaegac

1

1 1
_Egadgdeabgec - Egadgdeacgeb + Egadgdeaegbc

Now we use the fact that g,,g” = 8¢ to make the following changes

2 gde =3, = e— b where gdbgde appears

28" =8 = e— a where g,4g" appears
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— &

The above expression then reduces to

1 1 1 1 1
chab = 8cgab - Esiaagec - Ea[facgea + Eazaegac - 5323bgec - Easacgeb
1
—8%008be
+2 a9e8b
=0 ! 1) ! 1) + : %) : %) : %) + : %)
= 0c8ab > a8bc > c8ba 2 b8ac 2 b8ac 2 c8ab 2 a8bc
1 1 1
= 8cgab + E [(aagbc - aagbc) + (abgac - 8bgac)] - Eacgba - Eacgab
=4 ! 0 ! )
= 0c8ab 2 c8ba 2 c8ab

Now we use the symmetry of the metric to write g,, = g5, and we see that the
result vanishes:

1

1 1 1
Ve&ab = 0:8ab — =0c8ba — 50c8ab = 0c8ab — =0c8ab — 5 0c8a
&ab 8ab > &b B 8ab Eab ) 8ab 2 &ab

= acgab - 8cgab =0

The Exterior Derivative

So far we have talked a bit about one forms, i.e., (0, 1) tensors. It is possible to
have p forms, i.e., a (0, p) tensor. One way to produce higher forms is by using
the wedge product. The wedge product of two one forms «, B is the two form
that we denote by

AAf=a®p—PRa (4.19)

One sees immediately from the definition that

aANB=—-BAua (4.20)
This implies that

aAa=0 (4.21)
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We can obtain yet “higher order” forms by taking more wedge products. For
example we can construct a three form using the one forms «, 8, y by writing

a A B A y. An arbitrary p form can be written in terms of wedge products of
basis one forms w“ as follows:

1
o= —'0(,,1az...apcz)“1 AP N A (4.22)
V4

The wedge product is linear and associative, and so (ax A bB) Ay = aa Ay +
bB AY.

One use of the wedge product is in calculation of exterior derivatives, some-
thing we are going to be doing extensively in the next chapter. The exterior
derivative is denoted by the symbol d and it maps a p form into a p + 1 form.
As the symbol indicates, the way we calculate with it is simply by taking differ-
entials of objects. Since it maps a p form into a p + 1 form, one might suspect
that the result will involve wedge products.

Luckily in relativity we won’t have to move too far up the ladder (as far as p
goes). So we can consider just a few cases. The first is the exterior derivative of
an ordinary function, which we take to be a “O-form.” The exterior derivative
of a function f is a one form given by

df = ;Tfadx“ (4.23)

Note that the summation convention is in effect. For general forms, let « be a
p form and B be a ¢ form. Then we have

d@np)=darnB+(—D’andB (4.24)

If these are both one forms, then d (o A B) = da A B — a A dB. A nice result
is that d*> = 0, and so

d(da) =0 (4.25)

One application that will be seen frequently is the exterior derivative of a one
form that we loosely view as a function multiplied by a differential

d(fodx®) = df, A dx (4.26)

A closed form « is one for which do = 0, while an exact form « is one for
which o = df (where « isa p form and B isa p — 1 form).
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EXAMPLE 4-8
Find the exterior derivative of the following one forms:

o=e/Ddr and p = e?") cos(0)sin(¢) dr

SOLUTION 4-8
In the first case, we obtain

do =d(e/dt) = ai (/) dr ndt = f(r) e’ dr A dt

r

For the second one form, we get

dp = d (5 cos (0) sin (¢) dr)
= g'(r)e¢") cos (0) sin (¢) dr A dr — €2 sin (0) sin (¢) dd A dr
+e2) cos (0) cos (¢) dop A dr
= —e2 sin (0) sin (¢) do A dr + 27 cos () cos (¢) do A dr
= ¥ sin (0) sin (¢) dr A dF + €4 cos (9) cos (¢) dp A dr

Note that we used dr A dr = 0, and on the last line we used (4.20) to eliminate
the minus sign.

The Lie Derivative

The Lie derivative is defined by
LyW =vViv,we — whv, v (4.27)
The Lie derivative of a (0, 2) tensor is
LyTyp = VVSap + SepVaVE + Sac Vi V© (4.28)
In Chapter 8, we will study Killing vectors, which satisfy

Lggar =0 (4.29)
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S
The Absolute Derivative and Geodesics

Consider a curve parameterized by A. The absolute derivative of a vector V' is
given by

Dve  dpe

o m + Ve (4.30)

where u is a tangent vector to the curve. The absolute derivative is of interest
in relativity because it allows us to find geodesics. We will see later that rela-
tivity theory tells us that free-falling particles (i.e., particles subject only to the
gravitational field) follow paths defined by geodesics.

A geodesic can be loosely thought of as the “shortest distance between two
points.” If a curve is a geodesic, then a tangent vector u satisfies

Dl _ e (4.31)
o = .
where the tangent vector is defined by u“ = ‘3‘7” and « is a scalar function of A.
Using u® = % with (4.30), we obtain
d*x? dxbdx¢  dxe

4Ty —— = 4.32
TR TR TR TY (4.32)

We can reparameterize the curve and can do so in such a way that o = 0.
When we use a parameter for which this is the case we call it an affine parameter.
If we call the affine parameter s, then (4.32) becomes

d*x L dx? dx¢
ds? ds ds

=0 (4.33)

Geometrically, what this means is that the vector is “transported into itself.” (see
Figure 4-2). That is, given a vector field u, vectors at nearby points are parallel
and have the same length. We can write (4.33) in the more convenient form:

d?xe dx? dx¢
< Jrrf*l,cg i =0 (4.34)
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— &

=y

=y

Fig. 4-2. A vector u is parallel transported along a curve if the transported vector is
parallel to the original vector and is of the same length.

The solutions to this equation, which give the coordinates in terms of the affine
parameter, x* = x“ (s), are the geodesics or straightest possible curves for the
geometry.

EXAMPLE 4-9
Find the geodesic equations for cylindrical coordinates.

SOLUTION 4-9
The line element for cylindrical coordinates is

ds® = dr? +r*d¢? + d2°
It is easy to show that the only nonzero Christoffel symbols are
Fr¢¢ = —r

1
,,=r%, =—-
¢ ¢ -

Using (4.34), we find the geodesic equations. First we set the indicesa = r, b =

¢, c = ¢ to get
d*r do\?
— —r|—) =0
ds? ds

Now takinga = ¢, b =r, ¢ = ¢, we find

d? 1
_¢+_gd_¢:()
ds?2  rdsds
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Finally, since I'?,;, = 0 for all possible indices, we obtain

d’z

&2 =Y
The geodesics are obtained by solving for the functions r =r(s), ¢ =
¢(s), and z = z (). Since we are in flat space we might guess these are straight
lines. This is easy to see from the last equation. Integrating once, we get

where « is a constant. Integrating again we find
z(s)=as + B

where $ is another constant. Recalling y = mx + b, we see this is nothing other
than your plain old straight line.

The geodesic equation provides a nice shortcut that can be used to obtain
the Christoffel symbols. Following D’Inverno (1992), we make the following
definition:

1 b

K = —gabx”x

: (4.35)

where we are using the “dot” notation to refer to derivatives with respect to the
affine parameter s. We then compute

K d (9K
- = 436
ax¢  ds (ax) (4.36)

for each coordinate and compare the result to the geodesic equation. The
Christoftel symbols can then simply be read off. We demonstrate the technique
with an example.

EXAMPLE 4-10
The metric for Rindler space (see Fig. 4-3) can be written as

ds? = g2 dr* — d&?

Use the geodesic equation and (4.35) to find the Christoffel symbols.
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SOLUTION 4-10
For the Rindler metric, using (4.35) we find

K = % (871% — &%) (4.37)

Now we wish to find (4.36), which for the coordinate 7 gives

oK
ot

d (9K
- (¥> =0 (4.38)

Using this result together with (4.37), we obtain

0

and so we have

d (KN .. ..
5(5)_2‘5&4@: (4.39)

Setting this equal to zero (due to (4.38)) and comparing with the geodesic
equation, we find

t 4 2Et =0
T —&ET =
§
T 2 T
:}FST:E:FTS

A similar procedure applied to K using the & coordinate shows that

ré,, =¢ (4.40)

The Riemann Tensor

The final piece of the tensor calculus puzzle that we need to find the curvature
for a given metric is the Riemann tensor (sometimes called simply the curvature
tensor).

In terms of the metric connection (Christoffel symbols) it is given by

Rbea = 0.1 q — 04T e + T%al e — T eq (4.41)
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—
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\ 4
=

Fig. 4-3. Rindler coordinates describe the motion of observers moving in Minkowski
spacetime that have constant acceleration. In the solved example, we consider an
observer undergoing constant acceleration in the +x direction. The metric shown

is the metric for region 1.

We can lower the first index with the metric, which gives
Rabea = ae Ry
This allows us to write (4.41) as
Rupea = 9cTbaa — 34T bea + Cadel “pe — Cacel pa (4.42)

Using (4.15), it follows that we can write the Riemann tensor in terms of the
metric as

po V(P %a | P P Vgn
abed =5 \ 9xbaxc ' axa9x?  axboxd  9x99xc

+ Fader[e;c - 1ﬁacel—webd (443)

The Riemann tensor has several important symmetries. We state them without
proof (they are easy, but tedious to derive using the definitions)

Rabcd = Rcdab = _Rabdc = _Rbacd

Rabcd + Racdb + Radbc =0 (444)
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The Riemann tensor also satisfies the Bianchi identities

Va Rdebc + chdeab + VbRaVeca =0 (445)

All together, in n dimensions, there are n? (n2 — 1) /12 independent nonzero
components of the Riemann tensor. This fact together with the symmetries in
(4.44) tells us that in two dimensions, the possible nonzero components of the
Riemann tensor are

Ri210 = Ro121 = —Rioo1 = —Roin2

while in three dimensions the possible nonzero components of the Riemann
tensor are

Ri212 = Rizi3 = Rz = Ripiz = Rz = Rons, Ri323 = R3132

Computation of these quantities using a coordinate basis is extremely tedious,
especially when we begin dealing with real spacetime metrics. In the next chap-
ter we will introduce noncoordinate bases and a preferred way of calculating
these components by hand. Calculations involving (4.41) are very laborious and
should be left for the computer (using GR tensor for example). Nonetheless, it
is good to go through the process at least once, so we shall demonstrate with a
simple example.

EXAMPLE 4-11
Compute the components of the Riemann tensor for a unit 2-sphere,
where

ds? = d0? + sin? 0 d¢?

SOLUTION 4-11
The nonzero Christoffel symbols are

l"9¢¢ = —sinf cos 6

Fd)d)g = F¢9¢ = cotf
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Using the fact that the nonzero components of the Riemann tensor in two diz-
mensions are given by Ri12 = Ry121 = —Ri221 = — Ry112, using (4.41) we cal-
culate

) R ) T s L T
= 09149 + T9sT%0 + T 3T g9 — T40T %09 — T040T% 44

= 051" 4p — T30 T 09 — T 467" 44

Since I'%44 = 0, this simplifies to

Rg0p = 3T 49 — T %30T g
= 0y (—sin6f cos) — (coth) (— sinb cos )

COos

0
=sin’6 — cos’ 0 + ( 5 ) (sin6 cosf)

= sin’ 6 — cos? 6 + cos’ 6
= sin’ 0

The other nonzero components can be found using the symmetry Rizj;p =
Roi21 = —Rio1 = —Rain.

The Ricci Tensor and Ricci Scalar

The Riemann tensor can be used to derive two more quantities that are used
to define the Einstein tensor. The first of these is the Ricci tensor, which is
calculated from the Riemann tensor by contraction on the first and third indices:

Ryp = Rcacb (446)

The Ricci tensor is symmetric, so R,, = Rp,. Using contraction on the Ricci
tensor, we obtain the Ricci scalar

R = g*R,, = R, (4.47)
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Finally, the Einstein tensor is given by

1
Gab = Rab - ERgab (448)

EXAMPLE 4-12
Show that the Ricci scalar R = 2 for the unit 2-sphere.

SOLUTION 4-12
In the previous example, we found that R9¢9¢, = sin®#. The symmetry condi-
tions of the Riemann tensor tell us that

Ropop = Rpogs = —Rogppo = —Ryooe
The components of the metric tensor are

¢d _
sin®

gw=g"=1, Gpp = SN 0, g
Applying the symmetry conditions, we find

R¢9¢9 = sin2 0
R9¢¢9 = — Sil’l2 0

R¢99¢ = — SiIl2 0

Now we need to raise indices with the metric. This gives

1 )
R?50 = g%? Ryopo = ( — > sin® @ = 1
sin” 6

R€¢¢9 = g99R9¢¢9 = — Sil’l2 0

>(—sin26) =—1

R?%04 = %% Ryooy = ( —
sin” 6
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The components of the Ricci tensor are given by

Rog = R0 = R%09 + R%g40 = 1
Ryp = Rgep = R’ 49 + R% g9y = sin® 6

Rop = Rgp = R9cp = R%pp + R%9pp = 0

Now we contract indices to get the Ricci scalar

1
R :gabRab :gegRgg +g¢¢R¢¢ =1 —+ <Sin29>8in29 =1 + 1=2

The Weyl Tensor and Conformal Metrics

We briefly mention one more quantity that will turn out to be useful in later
studies. This is the Weyl tensor that can be calculated using the formula (in four
dimensions)

1
Cabcd == Rabcd + 5 (gadRcb + gbcRda - gacRdb - gbdRca)
1
te (8ac8ab — 8ad&cb) R (4.49)

This tensor is sometimes known as the conformal tensor. Two metrics are con-
formally related if

gab = a)z (x)gab (450)

for some differentiable function w (x). A metric is conformally flat if we can find
a function w (x) such that the metric is conformally related to the Minkowski
metric

8ab = a)2 (X) Nab (451)

A nice property of the Weyl tensor is that C?;., is the same for a given metric
and any metric that is conformally related to it. This is the origin of the term
conformal tensor.
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For Questions 1-6, consider the following line element:
ds? = dr? + 2 do* + r* sin* 0 d¢?

1. The components of the metric tensor are
(@) g =7, goo =7 sinb, gy =r? sin’f
(0) g =7, goo =17, pp =1’ sin’ 0
©) gr =1, gg9 =12, Zop = r? sin 6
(d) Err =T, 800 :r2’ 8o :7.2 sin29

2. Compute the Christoffel symbols of the first kind. I'y4 is
(a) 7? sinf cos 6
(b) r siné cosH
(c) r? sin @
(d) sin® cosf

3. Now calculate the Christoffel symbols of the second kind. I'? 44 is
(@ !
(b) 1 cosf

r sinf
(c) coté
d) —%
4. Calculate the Riemann tensor. R,gg4 18
(a) sinf
(b) 73 sinf
(C) cosf

7 siné
(d) 0
5. The determinant of the metric, g, is given by
(a) 2 sin* 6
(b) r* sin’6
(c) r* sin*6

) 0

Now let w? = (r, sinf, sin6 cos¢)and v* = (r, 72 cosf, sing).

6. The Lie derivative u = L,w has u? given by
(a) 7% cos?6 cos¢ — sin6
(b) r cos’> 6 cos¢ — sinb
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(c) 7% cosf cos’> ¢ — siné
(d) r2 cos?6 cos¢ — sin’ 0

For Questions 7 and 8, let ds? = 2du dv — (1 — u)* dx? — (1 + u)* dy?.

7.

[V, is
(@) 1+u
(b) —1+u
() 1—v
(d 1—u

The Ricci scalar is
(@ 1
(®) 0
(c) u?
(d) v?

For Questions 9 and 10, let ds?> = y? sin(x) dx? 4 x? tan(y)dy? .

9.

10.

'V, is given by
(@) 0
(b) cos®x

I+tan? y
(C) 2 tany

1+tan? x
(d) 2 tany
The Ricci scalar is
(a) 0
sin? x+y sin® x tan® y+x cosx tan®
(b) Y Y Y Yy
x2y2 sin’ x tan? y

(C) x2 sin? x4y sin® x tan® y+x cosx tan? y
2 sin’ x tan? y

(d) y sin’x + y sin’x cot? y 4+ x cosx tan? y
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CHAPTER

Cartan’s Structure
Equations

Introduction

basis is one for which the basis vectors are given by e, = 9/9x*.
ption of cartesian coordinates, a coordinate basis is not orthonor-
is possible to calculate using a coordinate basis, it is often not
iest way to approach a problem. An alternative exists and this is
orthonormal or “nonholonomic” basis. Physically, this means
Wworking in an observer’s local frame. To express results in the global coordi-
nates, we use a transformation that can be constructed easily by looking at the
metric.

In this chapter we will begin by introducing this concept and then show how
to transform between the two. Once we have this concept in place, we will
develop a new set of equations that can be used to find the Riemann tensor for a

—&»
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CHAPTER 5 Cartan’s Structure Equations

given metric. This procedure appears a bit daunting at first but is actually much
nicer to use than the methods we have discussed so far.

Holonomic (Coordinate) Bases

The most natural choice of a basis that comes to mind is to define the basis
vectors directly in terms of derivatives of coordinates. Given coordinates x¢, we
define basis vectors and basis one forms in the following way:

0
e, =0, = and o? = dx* (5.1)
axd

When a basis set is defined exclusively in terms of derivatives with respect
to the coordinates, we call it a holonomic basis or a coordinate basis. A given
vector V' can be expanded in this basis as

V ="V,
As an example, consider spherical polar coordinates
ds? = dr? 4 r2d6? + r? sin” 0d¢?
The coordinate basis vectors are

a 5 a 9 a
ey = = —, = = —
0 % ] a¢

= —, e
or 06 v
The important thing to notice here is that not all of these basis vectors are of unit
length. In addition, they do not have the same dimensions. These considerations
will lead us to a different basis that we will examine below.
In a coordinate basis, the basis vectors satisfy the following relationship:

er:ar

€y e = Zab (5.2)
Furthermore, we can write
vew = gapviw? (5.3)

Above, we briefly mentioned a problem with a coordinate basis. If we choose
a coordinate basis, it may not be orthonormal. We can see this in the case of
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spherical polar coordinates using (5.2). Looking at the line element
ds? = dr? 4 r2d6? + r? sin® 0d¢p?

we see that the components of the metric are g, = 1, ggo = r2, and Zop =
2 sin® 6. Now let’s compute the lengths of the basis vectors. Using (5.2), we
obtain

er'erzl = Ier|:\/grr:1
eop-eo =r> = legl = /oo =r
e¢-e¢:r25in26 = }€¢‘=‘/g¢¢:l"5il’16

Since two of these basis vectors do not have unit length, this set which has been
defined in terms of derivatives with respect to the coordinates is not orthonormal.
To choose a basis that is orthonormal, we construct it such that the inner product
of the basis vectors satisfies

g(eq, ep) = Nap

This is actually easy to do, and as we will see, it makes the entire machinery of
relativity much easier to deal with. A basis defined in this way is known as a
nonholonomic or noncoordinate basis.

Nonholonomic Bases

A nonholonomic basis is one such that the basis vectors are orthonormal with
respect to the chosen metric. Another name for this type of basis is a noncoor-
dinate basis and you will often hear the term orthonormal tetrad (more below).
This type of basis is based on the fundamental ideas you are used to from fresh-
man physics. A set of orthogonal vectors, each of unit length, are chosen for the
basis. We indicate that we are working with an orthonormal basis by placing a
“hat” or carat over the indices; i.e., basis vectors and basis one forms are written
as
ey, &

An orthonormal basis is of interest physically and has use beyond mere
mathematics. Such a basis is used by a physical observer and represents a basis
with respect to the local Lorentz frame, while the coordinate basis represents
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the global spacetime. As we move ahead in this chapter, we will learn how
to transform between the two representations. We can expand any vector V' in

terms of a coordinate or a noncoordinate basis. Just like any expansion, in terms
of basis vectors, these are just different representations of the same vector

V="V, = Vi,

Since this basis represents the frame of the local Lorentz observer, we can use
the flat space metric to raise and lower indices in that frame. As usual, the signs
of the components can be read off the metric. For example, with a metric with
the general form ds* = dr* — dx?, we have n,; = diag(1, —1, —1, —1).

The basis vectors of a nonholonomic basis satisfy

e - e; =N, (54)

In a nutshell, the basic idea of creating a nonholonomic basis is to scale it by the
coefficient multiplying each differential in the line element. Let’s illustrate this
with an example. In the case of spherical polar coordinates, a noncoordinate
basis is given by the following:

1 1
r = aV’ j — _8 ) 5 = B a
€ “ r v % 7 sinf ¢

An easy way to determine whether or not a given basis is holonomic is to
calculate the commutation coefficients for the basis. We do this for the case of
spherical polar coordinates in the next section.

Commutation Coefficients
The commutator is defined to be
[A, Bl = AB — BA

From calculus, we know that partial derivatives commute. Consider a function
£ (x, y). Itis true that

f _ 0 B0
axdy  dydx axdy  dydx
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Let’s rewrite this in terms of the commutator of the derivatives acting on the
function f (x, y):

?f  Pf (39 90 f_a af
axdy 9ydx \oxdy odyox/)’ "9

a 9]
ax’ ay|

Looking at the holonomic basis for spherical polar coordinates, we had

So we can write

0 0 0 0 0
e}" =0 = —, Ep = = —, e = = —
ar Y PT84

From the above arguments, it is clear that

[er, 69] = [e}” e¢] = [ee, e¢] =0
Now let’s consider the nonholonomic basis we found for spherical polar coor-
dinates. Let’s compute the commutator [e;, eé]. Since we’re new to this process
we carry along a test function as a crutch.
1 1 1
ler ez /=0 =0 | /=0 | =80f ) — =06 (3 /)
r r r
1 1 1
= ——239f + _86 (arf) - _89 (8rf)
r r r

1
= —ﬁaef

Using the definitions given for the nonholonomic basis vectors, the end result
is
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The test function is just being carried along for the ride. Therefore, we can drop
the test function and write

1
[eﬁ, eé] = —;eé

This example demonstrates that the commutators of a nonholonomic basis do
not always vanish. We can formalize this in the following way:

[61‘, ej] = Cl'jkEk (55)

The C; J-k are called commutation coefficients. The commutation coefficients are
antisymmetric in the first two indices; i.e.

Cf=—Cf
If the following condition is met, then the basis set is holonomic.
Cij*=0 Vi, jk

We can also compute the commutation coefficients using the basis one forms,
as we describe in the next section.

Commutation Coefficients and
Basis One Forms

Itis also possible to determine whether or not a basis is holonomic by examining
the basis one forms. A one form ¢ can be expanded in terms of a set of coordinate
basis one forms w® as

o =o,0% = o,dx?
In the same way that we can expand a vector in a different basis, we can also
expand a one form in terms of a nonholonomic basis. Again using “hats” to

denote the fact that we are working with a nonholonomic basis, we can write

0 = 0w
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Both expansions represent the same one form. Given a particular set of basis
one forms, it may be desirable to determine if it is holonomic. Once again
we do this by calculating the commutation coefficients, but by a different
method.
Given a set of basis one forms w?, the commutation coefficients can be found

by calculating dw”. This quantity is related to commutation coefficients in the
following way:

1
do® = —Ecbc“wb A of (5.6)

Now recall that for a coordinate basis, the basis one forms are given by
o = dx*

In the previous chapter, we learned that the antisymmetry of the wedge prod-
uct leads to the following result for an arbitrary p form «:

d(da) =0

This means that for a coordinate basis, dw® = 0. For spherical polar coordinates,
if we choose the nonholonomic basis, the basis one forms are given by

o =dr, o =rds,  @®=rsindde (5.7)

Using (5.6), we can compute the commutation coefficients for this basis. For
example,

dw® = d (r sin0dg) = sinOdr A dg + r cos 00 A dgp

Using the definitions given in (5.7), we can rewrite this expression in terms of
the basis one forms. First, notice that

1 1 . 2
sinfdr A dg = dr Asinfdg = —dr Arsinfdg = -’ A ?
r r
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For the second term, we find

cosf cos
rcosfdd Adep = (rdd) Ardp = —— (rdf) A rsinfde
r rsinf
cotf 4 2
=—o Ao?
-
Putting these results together, we obtain
A »cotf 2
do? = -0 A ? + —0 A 0?

r r

The antisymmetry of the wedge product means we can write this expression as

. 1 . . cotl .
do? = -0 A 0? + —af A 0?
r r
1/1 . [ . 1 to ; 2 to 5
=— (- "? — - A& ) + = co a)e/\a)‘f’—co o? A o’
2 \r r 2 r r

Now we compare with (5.6) to read off the commutation coefficients. We find

cotd

r

. . 1 . .
qu;‘b = —Cd”);q) = —; and C%(ﬁ = —Céézp = —

Remember, if the commutation coefficients vanish, then the basis is holo-
nomic. As we mentioned at the beginning of the chapter, it is often convenient
to do calculations using the orthonormal basis but we may need to express re-
sults in the coordinate basis. We now explore the techniques used to transform
between the two.

Transforming between Bases

We can work out a transformation law between the coordinate and noncoordinate
basis vectors by using the coordinate components of the noncoordinate basis
vectors. These components are denoted by (e;)° and known as the fetrad. The
meaning of these components is the same as we would find for any vector. In
other words, we use them to expand a noncoordinate basis vector in terms of
the basis vectors of a coordinate basis:

ei = (e)” e (5.8)
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For example, we can expand the noncoordinate basis for spherical polar
coordinates in terms of the coordinate basis vectors as follows:

e =(e;)" en=(e;) e, +(er) eg+(e7)” ey
es = (e)" en = (eg) e + (e5) €0 + ()" ey

b r 0 ¢
ey = (eés) e, = <e¢g> e + <e¢;) ey + (%) ey

Earlier we stated that the noncoordinate basis vectors were

1 1
f:ar, A:_a’ = . 0
¢ % 7 v % rsinf ¢

Comparison with the above indicates that

N | =

( >¢ 1
%) T Fsine

All other components are zero. The components (e;)° can be used to construct a
transformation matrix that we label A;” as this matrix represents a transforma-
tion between the global coordinates and the local Lorentz frame of an observer.
In the case of spherical polar coordinates, we have

1 0 0
AP=]0 1 0
1

0 0 rsinf

Expressing the transformation relation in terms of the matrix, we have
e; = Ai'ep
The matrix Az’ is invertible. The components of the inverse matrix represent

the reverse situation, which is expanding the coordinate basis vectors in terms
of the noncoordinate basis. This expansion can be written as follows:

b
€ = (ea) €;
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We use the components (ea)b to construct the inverse matrix that we write as
(A‘l) »“. In terms of the components, we have

()’ () =85 and  (eq)” (en) = &
Moreover, we have

(ea) (ep)s = Nab

In the case of spherical polar coordinates, the inverse matrix is given by

(1 0 0
(A =0 r 0
0 0 rsind

It is also possible to derive a transformation relationship for the basis one
forms. Once again, we recall the form of the basis one forms when using a
coordinate basis. In that case they are exact differentials:

o’ = dx*
The noncoordinate basis is related to the coordinate basis in the following way:
a)[z — a)&b dxb

In the case of the basis one forms, the components of the transformation
matrix are given the label w“;. To work this out for spherical coordinates, we
consider a single term; i.e.,

w? = w"sb dx’ = a)‘i’r dr + a)‘ﬁg do + w‘73¢d¢ = r sinfd¢

We conclude that the only nonzero component is given by

w®y =rsing
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It is a simple matter to show that the transformation matrix, which this time is
denoted by A“, is given by

This is just the inverse matrix we found when transforming the basis vectors.
To express the coordinate basis one forms in terms of the noncoordinate basis
one forms, we use the inverse of this matrix; i.e.,

dx? = (Afl)aéa)l;

In the case of spherical polar coordinates, this matrix is given by

1 0 0
_1\a 1
(= [0 ¢ 0
0 0 rsinf

These transformation matrices are related to those used with the basis vectors
in the following way:

A= (A", and Ax2=(A"")4

A Note on Notation

Consider a set of coordinates [x°, x!, x?, x*]. Suppose that we are working in

a coordinate basis, i.e., e, = d/0x“. In this case, the metric or line element is
written as

gzdszzgabdxa@)dxb

If we are working with an orthonormal tetrad, we write the metric in terms of
the basis one forms. In other words, we write

dS2=g=775,;;0)&®60b
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In many cases, the inner product (as represented by 7,;) is diagonal. If we have
n,; = diag (1, —1, —1, —1), then we can write the metric in the following way:

ds2:g:a)o@)a)()—a)i(XJa)i—a)ﬁ@)a)i—a)g@)a)§

= (o) - (@) = () - ()

We will be using this frequently throughout the book in specific examples. We
now turn to the task of computing curvature using the orthonormal basis. This
type of calculation is sometimes referred to by the name fetrad methods. The
equations used to perform the calculations are Cartan s structure equations.

Cartan’s First Structure Equation and the
Ricci Rotation Coefficients

The first step in computing curvature, using the methods we are going to out-
line in this chapter, is to find the curvature one forms and the Ricci rotation
coefficients. The notation used for this method makes it look a bit more math-
ematically sophisticated than it really is. In fact you may find it quite a bit less
tedious than the “straightforward” methods used to find the Christoffel symbols
and Riemann tensor in the last chapter.

The main thrust of this technique is given a set of basis one forms w?, we wish
to calculate the derivatives dw?. These quantities satisfy Cartan's first structure
equation, which is

dof = —T%; A ol (5.9)

Note that we are using hattgd indices, which indicates we are working in the
noncoordinate basis. The I'?; are called curvature one forms, and they can be
written in terms of the basis one forms w“ as follows:

=19, o (5.10)

We have introduced a new quantity, T'%;;, which are the Ricci rotation coef-
ficients. They are related to the Christoffel symbols but are, in fact, different.
We use them to obtain the Christoffel symbols by applying a transformation to
the coordinate basis. We will illustrate this below.
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The curvature one forms satisfy certain symmetry relations that will be useful
during calculation. In particular

r,;=-T; (5.11)
rf =ri; and I';=-TI/; (5.12)

Here i and j are spatial indices and i # j. To see how these relations work,
we can raise and lower indices with the metric in the local frame. If n,; =
diag (1, —1, —1, —1), then using (5.11) we have

'=n"T:: = —F;.]f = l_‘]c;- = 77]1]11—‘]; =-I';
This works because the elements of 7,; are only on the diagonal, so we must
have equal indices. Moreover, since we are dealing only with spatial components
in this case, each instance of 7;; introduces a minus sign. Of course the signs
used here are by convention. Try working this out with n,; = diag(—1, 1,1, 1)
to see if things work out differently.

When calculating dw?, it is helpful to recall the following. Let o and j be
two arbitrary forms. Then

d(da) =0
(5.13)
dcANB=—-BA«
So we recall (selecting the coordinate » only for concreteness) that d (dr) = 0
and dr A dr = 0.
The Christoffel symbols can be obtained from the Ricci rotation coefficients
using the transformation matrices that take us from the orthonormal basis to
the coordinate basis. In particular, we have

M = (A7) T, ;A% A7, (5.14)

where I'?;. are the Christoffel symbols. Remember, a plain index indicates
that the coordinate basis is being used, while the hatted index indicates that
an orthonormal basis is being used. In this book when we write 'Y, 7> We are
referring to the Ricci rotation coefficients in the orthonormal basis.

The techniques used in this chapter are far less tedious than using the coordi-
nate methods for calculating the connection. In the next section, we will carry
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the method forward and see how we can calculate the Riemann tensor. The pro-
cedure used here will be to calculate both sides of (5.9) and compare to make
an educated guess as to what the curvature one forms are (this is sometimes
called the guess method). Once we have done that, we can use the symmetry

properties in (5.12) to see if we can find any more of the curvature one forms.
Let’s apply this method to an example.

EXAMPLE 5-1
Consider the Tolman-Bondi-de Sitter metric, given by

ds? = dr* — e 2YENdr? — R%(¢,r)d6? — R(t, r) sin 0d¢> (5.15)

This metric arises, for example, in the study of spherical dust with a cosmological
constant. Find the Ricci rotation coefficients for this metric.

SOLUTION 5-1

First we need to examine the metric (5.15) and write down the basis one forms.
Since we are asked to find the Ricci rotation coefficients, we will work with the
noncoordinate orthonormal basis. Writing (5.15) as

N2 2 N\ 2 N\ 2
el CORICOR COR Co
we identify the noncoordinate basis one forms as

o =dt, o =e V", o = R(t,r)d0, ® = R(t,r)sin0dep
(5.16)

As we proceed, at times we will denote differentiation with respect to time
with a “dot” (i.e., d f/d¢ = f) and differentiation with respect to » with a prime

(ie.,df/dr = f).
Now we apply (5.9) to each basis one form. The first one does not give us
much information, since

do' =d(dr) =0
Let’s move on to the second one form. This one gives us

: W W
do” =d(e7"""dr) = —Ee*‘l’(’”dr Adr — a—e*‘p(t”)dr A dr
p
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Since dr A dr = 0, this immediately simplifies to

. oW
do’ = —Ee_q'(”’)dt A dr

The next step is to rewrite the expression we’ve derived in terms of the basis
one forms. When doing these types of calculations, it is helpful to write the
coordinate differentials in terms of the basis one forms. Looking at (5.16), we
quickly see that

. X 1 A 1 .
dt =o', dr =¥, 49 = o, dp= ——0?
R(t,r) R(t,r)sinf
(5.17)
Therefore, we obtain
R v ow A
do" = ——e YNt Adr = ——e V00! A dr
ot ot
— _ﬂe—\l/(t,r)wf A e\ll(t,r)wf
ot
N ;o
=——o ANw
ot
Now we use (5.13) to write this as
N ov . R
do' = —o" Ao (5.18)
ot
Now let’s use (5.9) to write out what de’ should be. We find
do’ = —Ff;)/\a)é :—Ff;Awf—Ff;Aw;—F;é/\wé —qug/\w‘i’
Comparing this expression with (5.18), we guess that
5 owv
;= " (5.19)

o
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Moving to the next basis one form, we get

do? = d(R(t,7)d0)
= Rdt A dO + R'dr A d6

/

R R
= Edt A RdO + Ee‘p (e“l’dr) A Rdf

. R
= —o' Ao + —e¥0 A’
R R

Let’s reverse the order of the terms using (5.13). The result is

Using (5.9), we have

do’ = —T%; A o

:—F(’;/\w’—FQ;/\a)V—Feé/\a)e—l"gdg/\a)‘b

Comparing this with the result we found just above, we conclude that
R R :
;= —w’ and I = =%y’ (5.20)
R R

Finally, we tackle @?. This term gives

dw? = d(R sin0de)
= Rsin@dr A d¢p + R'sinOdr A dp + cosO RO A d¢
R R’
= Edt A R sinfd¢ + ;e‘l’(”) (e7*@"dr) A Rsin6dg

0
€37 Rd6 A Rsin6de

Rsin6
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Writing the differentials in terms of the basis one forms, and then reversing the
order of each term, we get

cotd

. R . . R R R
do? = Ea)’ Ao+ —eV 0" A 0 +

N
. ) A )
= —Ea)"5 N ie‘p(”)a)‘p N @a)‘ﬁ A ?
R R
Using (5.9), we have
dw? = —l"";;/\a)f— I Ao —F‘;}é Ao — F%/\a)é’

Comparing this with the result we obtained above, we conclude that

” ; R’ ; ; cotf 4
w?,  T=—e""? T ="—0 (5.21)
R 7 R

Earlier we noted that we could obtain no information by calculating dw’. For
the other terms, we have basically gone as far as we can using the “guess”

method. Now we can use the symmetry properties shown in (5.12) to find the
other curvature one forms. Specifically, we have

th — rt — _Ew}?
;R
Ind :FG — .0
6 i R“)
. R
. =1r% =—0?
¢ t R

Now paying attention only to spatial indices, we conclude that

R/

Ffé — —Fé,: — _;e\ll(t,r)wé
/
Fﬁ@ _ —an; — _}ew(t,r)a)&
5 ; cotfd
ngg = —F¢é = — a)"’

R
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Now that we have calculated the curvature one forms, we can obtain the Ricci
rotation coefficients using (5.10), which we restate here:

Q. _pa. @
', =T

We start by considering I' 4- It turns out that I'; = 0, and so we can skip this
term. Moving on, we have

i, = Ffﬁwf F T 0 + Ffféwé i F’"M;a)";

o) 7

We noted above that I'); = 5 —o". Comparing the two expressions, we

conclude that

()

Ty =
rr at

(5.22)

In addition, we conclude that T/ = ri o= ri #¢ = 0. Moving to the next co-
ordinate, we have

My =0 =0 + Tl + Fz"ééwé I Fféqga)dg

Above we found that ri 5= Fég = %wé, and so the only nonzero term is that

involving w’, and we conclude that

I = R (5.23)
00 — R :
Similarly, we find
. — R 5.24
=R (5-24)

Now we move on to terms of the form ' ;- First we have

F;f = Ff;t"a)f + F;”a); + F;;éwé + l_‘rAM;a)(£
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Now, in (5.19), we found that I'; = —W (¢, ) @’ . Comparison of the two leads
us to conclude that

. oW
M= ——
ot

Next, skipping the I'*; term since it vanishes by (5.12) (set i = /), we go to

Comparison with our earlier result, where we found that I' 6= —Fé; =
—%e‘l’(’ N’ leads us to conclude that

Finally, we have

R L . A ;5 X .
Frqg = l—qu%wc = Fr&a) + Frqy);a)r + Fragéa) + Frag(z,a)(p

Earlier we found that I j = — &% M ew?. Comparing this to the above, it must
be the case that
. _Ke\IJ(t,r)
9= "R

A similar procedure applied to terms ofthe form r? ;and re ; gives the remaining
Ricci rotation coefficients

; ; R . R’ .
— . — 0 . — R w(z, R
w9 =T% = R’ [0 =T%4 = RE ¢, T

cotd

b, — _ 7
T =—7%

(ﬁ =
We have finished calculating the Ricci rotation coefficients, which can be used to
obtain the Christoffel symbols or as we will see later, to compute the curvature.
At this point, we can demonstrate how to transform these quantities to the
coordinate frame to give the Christoffel symbols. This is not strictly necessary
but it may be desired. Let’s consider a simple example; the procedure is the

same when applied to all terms. We repeat the formula we need here, namely
(5.14):

T = (A7) T A% A
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First, we need to construct the transformation matrix. This is easy enough to

do; we just read off the coefficients of the metric. To keep you from having to
flip back several pages we restate it here:

ds? = d? — e 2Y01dr2 — R2(t,r)dO? — R*(t, r) sin® 0dg?

The diagonal elements of the matrix can just be read off the metric. Therefore,
the transformation matrix is

1 0 0 0
P 0 e Yo 0 0
Av=10 0o Rt 0 (525)
0 0 0 R(t,7r)sin6
and the inverse is
1 0 0 0
0 e¥er o 0
—1\4
A)%=1o 0o I o (5.26)
0 0 0 RslinQ

In this case, finding the Christoffel symbols is rather easy since the matrix is
diagonal. As an example, let’s compute I'?4,. Using the formula, this is

TR I S R S 1 cotd )
TP9p = (A7) jT?500 A% = (Rsin@) (— 7 (R) (R sin®)
= —cotf

This example has shown us how to carry out the first step needed to compute cur-
vature, getting the Christoffel symbols. Usually, we will carry our calculations
further in the local frame using the Ricci rotation coefficients. The procedure
used to do so is explored in the next section.

Computing Curvature

Working in a coordinate basis to find all the components of the affine connection
and then calculating an endless series of derivatives to get the Riemann tensor is
a hairy mess that one would like to avoid. Thankfully, a method was developed
by Cartan that is a bit more sophisticated but saves a great deal of tedium.
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To get the curvature and ultimately the Einstein tensor so that we can learn

about gravitational fields, we need the Riemann tensor and the quantities that
can be derived from it. Previously we learned that

Rabcd = acrabd - adl—wbc + 1—‘ebdl—waec - 1—‘ebcl—‘aed

This is a daunting formula that seems to ooze airs of tedious calculation. Only
a person who was completely insane would enjoy calculating such a beast.
Luckily, Cartan has saved us with a more compact equation that is a bit easier
on the mind once you get the hang of it. The key insight is to notice that we obtain
the Riemann tensor from the Christoffel symbols by differentiating them. In the
previous section, we calculated a set of curvature one forms, which contain the
Ricci rotation coefficients as their components in the local frame. So it makes
perfect sense that we should differentiate these things to get the curvature tensor.
We do so in a way applicable to forms and define a new set of quantities called
the curvature two forms which we label by Q¢; in this book. They are given by

Q% =dr%, + 1% ATY; (5.27)
It turns out that they are related to the Riemann tensor in the following way:

. 1 . . 5
d
QY = ERHBEQC‘)C A ® (5.28)
Now, notice that the Riemann tensor in this equation is expressed in the orthonor-
mal basis (there are “hats” on the indices). That means we need to transform to
the coordinate basis if we need or want to work there. This is done by using the
following handy transformation formula:

Ripea = (A1) oR® 15 Ay A2 A" (5.29)

Let’s do a few calculations to see how to use these quantities. We start with a
very simple case and then consider one that’s a bit more complicated.

EXAMPLE 5-2
Perhaps the simplest metric for which we have nonzero curvature is the unit
sphere, where

ds? = d0? + sin? Hd¢?

Find the Ricci scalar using Cartan’s structure equations.
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SOLUTION 5-2

This is a very simple metric. The basis one forms (for the orthonormal basis)
are given by

o' =do and ? = sin 0de

In the quiz, you will show that the nonzero Ricci rotation coefficient for this
metric is given by

F‘?A’é = cotOw?
= Fdsé(/g = cotf
In this case, (5.27) becomes
Qéé = dl—";)é + F‘i’g A Féé = dl—"ﬁé + l—qué A Féé + F¢¢ A Fdaé
= dF"A’é =d <cot0aﬁ3>

—d (Cf’sg sin9d¢> — d(cos 6dg)

sSin

Moving from the first to the second line, we used r? 5= ré 4 = 0. Moving on,
we obtain

Q% = d(cos0dg) = — sin0do A dg

The next step is to rewrite the differentials in terms of the nonholonomic basis
one forms. Looking at our definitions 0’ = df and w? = sinfd¢, we see that
we can write dp = Siﬁw"’, and so we obtain

Q% = —sin0do A dp = -0’ Ao = Ao (5.30)

This result can be used to obtain the components of the Riemann tensor via
(5.28). Since there are only two dimensions, this equation will be very simple,

because the only nonzero terms are those that contain w? A w” where @ # b.
This gives

. | X o1 . 5 S A 5
Qd’é = §R¢ééé'wc Ao = §R¢éééw9 Aw? + ERQD%éa)(p Nk
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Now, we use @ A B = —f A « to rewrite this as

. 1 A . P .
Q¢é = 5 (R¢éé<ﬁ — R¢ég£é> w N a)¢

To get this into a form where we can read off the components of the Riemann
tensor from (5.30), we need to use the symmetries of the Riemann tensor. First
we need to lower some indices. Since the metric is ds> = d§? + sin> 0d¢?, n;;
is nothing but the identity matrix:

1 0
Nab =\ 0 1

Now recall the symmetries of the Riemann tensor:

Rabcd = _Rbacd = _Rabdc

These symmetries still apply in the local frame where we are using the nonholo-
nomic basis. Therefore, we can write

R%355 = 1" Rig35 = Risi = —Rgang = —135R% 565 = —R” g3
This allows us to rewrite the following:

1/ : 1/ 4 ; ;
3 <R¢éé<73 - R¢éq3é> =5 (R¢éé<¢3 + R¢éé¢3> = R%344

With this change, we get
. . 5 .
Q¢é = R%éd;a) AN a)¢
Comparison with (5.30) gives
R¢éé b= —1
Another application of the symmetries of the Riemann tensor shows us that

b 0
R¢é¢3é = R4 = +1
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6 6
R4 = Rogog = —Rogog»  Rgog =0

The second line holds true because Rypeq = —Rpaca and if a = —a = a = 0.
This also holds for R? ;5

At this point, we can calculate the Ricci tensor and the Ricci scalar.
Since the latter quantity is a scalar, it is invariant and it is not neces-
sary to transform to the global coordinates. From the previous argument,
we find

A é It
Rjj = Rjs5 = R334+ R%;55 =0
The other terms are

Ryp = Riss=R0ss+ R%;55 =0+ 1=1
00 6a6 066 ¢€¢€ (531)
Rij = Rigap = R g5+ RO =1+ 0=1

From this, it is a simple matter to calculate the Ricci scalar
ab 66 b
R=n"Ry; =n""Ryg+ 1’ Ry3 = Rjs+ Ry =1+ 1=2

The Ricci scalar can be used to give a basic characterization of the intrin-
sic curvature of a given geometry. The value of the Ricci scalar tells us
what the geometry “looks like” locally. If the Ricci scalar is positive, as it
is in this case, the surface looks like a sphere. If it is negative, then the sur-
face looks like a saddle. We can think about this in terms of drawing a tri-
angle. If R > 0, then the angles add upto more than 180 degrees, while if
R < 0 they add up to less than 180 degrees. These observations lead to the
designations of ‘positive curvature’ and ‘negative curvature’. Now, if R = 0,
then the geometry is flat and the angles of a triangle add upto the expected

180 degrees.
EXAMPLE 5-3
The Robertson-Walker metric
2 2 a*(1) 5 oo a2 2
ds® = —dt* + ———=dr* 4+ a“(t)r-do” + a“(¢)r" sin” 6d¢

1 —kr?

describes a homogeneous, isotropic, and expanding universe. The constant k =
—1, 0, 1 depending on whether the universe is open, flat, or closed. Find the
components of the Riemann tensor using tetrad methods.
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SOLUTION 5-3

Looking at the metric, we see that we can define the following orthonormal
basis of one forms:
i : a(t) : P ,
o =dt, o =-—r=dr, o =ra(t)dd, o? =ra(t)sinfde

V1 —kr?
(5.32)

From this point on to save a bit of writing we will write a(¢) = a. Using (5.9)
to calculate the curvature, one forms gives

do’ =d(dr)=0

o =d| —— =—=—0 Ao
V1 —kr? V1 —kr? a

do’ = d(radd) = radt A d0 + adr A d6

~ /1_k2
=—a)’/\w9+ugdr de
a V1 —kr? ra
V1 —kr? o
=——w9/\w’+7rw’/\a)9
a ra
j - 1 — kr? .
=2 ne— PN
a ra

do? = d(ra sinfdg)
=rasinfdt A d¢p + asinfdr A dp + ra cos0do A d¢

a g ; V1 = kr? ¥ ; cotf é 6
= —w N — —w NWw — w” N\ w
a ra ra

Using the following relations found by writing out the right-hand side of (5.9)
do’ :—F;;/\a)f—l";;/\af—1";@/\(1)65—F;(Z)/\aﬂ3
dof = —Fé;/\a)f—ré; Ao —Féé N4 —l—‘éqg/\a)‘i5

da)95:—I"fS;/\a)’h—1""3;/\ce);—F%/\wé—F‘i(z;/\a)‘f3
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we read off the following curvature one-forms:

: JT=k?2
' =-o, r‘, = —o, r‘: = A o’
ra
(5.33)
g Yy ) )
N IR R S L el A ) ré, — coto 5

a ra ra

We can raise and lower indices using 7,;. Notice the form of the metric, which
indicates that in this case we must set 1,; = diag(—1, 1, 1, 1). Let’s see how
this works with the curvature one forms:

I =0Ty =Ty = —Tjp = =T =T
MY = 0"l = Tg = —Tpy = —nu75 = =Ty

Now we calculate the curvature two forms using (5.27). We explicitly calculate
QY

Qé,: = dFé; + Fé@ A Fé;
= dFé; + Fég A Ff; + Fé; A F;,: + Féé A Fé,: + Féé A Fé,:
=dr% + 1% AT 4T ATY;

Now, for the first term in this expression we have

r;

. VT=k? , Tk
_ " = " (rad6) = V1 — kr2do
ra

ra

Therefore

5 kr
0, _ 2 —
dr; —d(\/l kr d9> = : krzdr/\dG

= ——za)r N
a

For the other two terms, we obtain

. . .2

5 a5 oa . at g ;

M AT = -0 A —0 = —2a)9 Ao
a a a
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cotf 5 N1— kr?
w’” N

ra ra

a)‘{S:O

0 ¢ _
F¢AFF—

Therefore, the curvature two form is

Pk (5.34)

Using (5.28), we can obtain the components of the Riemann tensor. First, using
the symmetries of the Riemann tensor together with n,; = diag(—1,1, 1, 1),
note that

6

6 _ 66bp. _ p. . _ o o pb A
Rio =07 Ryppg = Rpppg = —Rpppr = Mo R por = — R 345

and so
6 _Llos 4 & N
Q rZER 270" N+ =R 50" N
Lo 6, 5 T
=§R s;0" N — =R 507 A @
1 0 6 6 7 1 0 6 0 7

Comparison with (5.34) leads us to conclude that

P d2+k
R”;pp = 7




\®’_ CHAPTER 5 Cartan’s Structure Equations
Similar calculations show that (check)

R, ;=R .. =R.. = a
oi6 = 1 i = fopir =

; at+k
Rigig=—73—
. -2 ) -2
Remzﬂ, R4
o) a? rrg a?

Quiz

Consider spherical polar coordinates, where ds?> = dr? +r2d6> +
2 sin? 0 d¢?. Calculate the Ricci rotation coefficients.

1. Fi% is
(a) —;
(b) r sin’6
(c) —r sin6 cosf
(d) —r sin® ¢

2. F9¢;¢; is given by
(a) tan6
(b) —sin® sin¢
(c) —e

(d) r?sinf cos 6

3. Applying the appropriate transformation matrix to the Ricci rotation
coefficients, one finds that I'” 4 1s
(a) r sin® @
(b) —r sin® ¢
cotf
() =5~

(d) 5

4. Consider the Rindler metric, ds? = u? dv? — du?. One finds that nonzero
Ricci rotation coefficients are
() [V =T = —1
(b) The space is flat, so all the Ricci rotation coefficients vanish.

() T =TV = —%
u,, v, — 1
(d)F\W—FuV— u
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5. In spherical polar coordinates, the commutation coefficients C,%,
Cr¢¢, and C@¢‘7’ are

(a) Cr99 - Cr¢¢ - _%, C6¢¢ =0

(b) Cro” = Crp? = =1, Cyy? = —tan6
(C) Cr90 = Cr¢¢ = _%, C9¢¢ = _g
(d) Crp” = Cry? = =%, Cpy? = -2

6. Consider the Tolman metric studied in Example 5-1. The Ricci rotation
coefficient l""’;qg is given by
(a) _%’ ()
(b) % e\ll(t,r)
(C) _e\ll(t,r)
(d) —<-
7. The G, component of the Einstein tensor for the Tolman metric is given
by
(a) Gy = o ]
(b) Gy= % [-Re®Y 2R’V +2R"+ R7'R? —2RVR + 1 + R?)]
(©) Gy= 2 [Re* 2RV +2R"+ R7'R? —2RVYR + 1 + R?)]
(d) Gy= [-Re* 2RV +2R"+ R'R? —2RVYR + 1 + R?)]
8. For the Robertson-Walker metric in Example 5-2, using 1n,; =
diag(T 1, 1, ln 1) to raise and lower indices, one finds that

(@) [’ =T
(b) T =-T"%
(©) I = -T7%
(d) I =T7%

o
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CHAPTER

The Einstein Field
Equations

The physical principles that form the basis of Einstein’s theory
tion have their roots in the famed Tower of Pisa experiments co
Galileo in the seventeenth century. Galileo did not actually drop ba
famed leaning tower, but instead rolled them down the inclined
the experiments were actually conducted is not of importance here;
is only with one fundamental fact they reveal—that all bodies
tional field experience the same acceleration regardless of their
composition.

It is this fundamental result that allows us to arrive at our first principle of
equivalence. In basic newtonian physics, a quantity called mass shows up in
three basic equations—those that describe inertial forces, the force on a body
due to a gravitational potential, and the force that a body produces when it is the
source of a gravitational field. There is not really any a prioti reason to assume
that the mass that shows up in the equations describing each of these situations

By—
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is one and the same. However, we will show that Galileo’s results prove that this
is the case.

Equivalence of Mass in Newtonian Theory

In newtonian theory, there are three #ypes of mass. The first two types describe
the response of a body to inertial and gravitational forces, while the third type
is used to describe the gravitational field that results when a given body acts as
a source. More specifically,

e [nertial mass: The first appearance of mass in an elementary physics
course is in the famous equation ' = ma. Inertial mass is a measure of the
ability of a body to resist changes in motion. In the following, we denote
inertial mass by m!'.

e Passive gravitational mass: In newtonian theory, the force that a body
feels due to a gravitational field described by a potential ¢ is given by
F = —mV¢. The mass m in this equation, which describes the reaction of
a body to a given gravitational field, is called passive gravitational mass.
We denote it by m?P.

e Active gravitational mass: This type of mass acts as the source of a grav-
itational field.

It is not obvious a priori that these types of masses should be equivalent.
We now proceed to demonstrate that they are. We begin by considering the
motion of two bodies in a gravitational field. Galileo showed that if we neglect
air resistance, two bodies released simultaneously from a height # will reach
the ground at the same time. In other words, all bodies in a given gravitational
field have the same acceleration. This is true regardless of their mass or internal
compositions.

We consider the motion of two bodies in a gravitational field. The gravitational
field exerts a force on a body and so we can use Newton’s second law to write

Flzmllal
F,=mla
2 — IMyl)

Now the force on a body due to the gravitational field can be written in terms of

the potential using F' = —m V¢, where in this case m is the passive gravitational
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mass of the body. And so we have
Fi = mllal = —m?Vd)

I
F, =mya; = —mEVd)
Using the second equation, we solve for the acceleration of mass 2:

I p

myay = —my Ve
m}

= a=-—2V¢
m;

However, the experimental results obtained by Galileo tell us that all bodies in
a gravitational field fall with the same acceleration, which we denote by g. This
means that a; = a, = g, and we have

p
o= _My
B=g=—"1 ¢
2

Since a; = a; = g, we canrewrite F| = mllal = —m‘l’quinthe following way:

I I p
Fi=ma =mg=-mV¢

my m}
ny my

Canceling V¢ from both sides, we get

p p
m_m

I — 1
my m;

Masses m and m, used in this experiment are completely arbitrary, and we
can substitute any body we like for mass m, and the result will be the same.
Therefore, we conclude that the ratio of passive gravitational mass to inertial
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mass is a constant for any body. We can choose this constant to be unity and
conclude that
mt = m?

That is, inertial mass and passive gravitational mass are equivalent (this result
has been verified to high precision experimentally by the famous E6tvos ex-
periment). We now show that active gravitational mass is equivalent to passive
gravitational mass.

Consider two masses again labeled m; and m,. We place mass m; at the

origin and m is initially located at some distance » from m; along a radial line.
The gravitational potential due to mass m; at a distance » is given by

A
¢ = Scpal
r

where G is Newton’s gravitational constant. The force on mass m, due to mass
m is given by

Fy = —mbVe,

Since we are working with the radial coordinate only, the gradient can be written
as

P A A
F, = —mhVe¢, = —m) [87 <—Gm—l> f] — _pc1™2

Similarly, the force on mass m; due to the gravitational field produced by mass
my 1S

To understand the difference in sign, note that in this case we have —7 since
the force points in the opposite direction. Now, Newton’s third law tells us that
Fy = —F,; therefore, we must have

p A, D
1_Gm1””2
- 2

A
mym

G 2

r r
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We cancel the common terms G and 72, which give

AP _ A P
mymy = mym,
This leads to
p
mo_my
A A
ny n;

Again, we could choose any masses we like for this experiment. Therefore, this
ratio must be a constant that we take to be unity, and we conclude that

m® = mP

that is, the active and passive gravitational mass for a body are equivalent. We
have already found that the passive gravitational mass is equivalent to inertial
mass, and so we have shown that

where we have used the single quantity m to represent the mass of the body.

Test Particles

Imagine that we are studying a region of spacetime where some distribution of
matter and energy acts as a source of gravitational field that we call the back-
ground field. A test particle is one such that the gravitational field it produces
is negligible as compared to the background field. In other words, the presence
of the test particle will in no way change or alter the background field.

The Einstein Lift Experiments

The Einstein lift experiments are a simple set of thought experiments that can
be used to describe the equivalence principle. In Einstein’s day, he used “lifts”
or elevators to illustrate his points. We will do so in a more modern sense using
spaceships. In all of these experiments, we consider scenarios with no rotation.
We begin by considering a spaceship that is deep in interstellar space far from
any source of gravitational fields. Furthermore, the spaceship is designed such
that the astronaut inside has no way of communication with the outside universe;
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in particular, there are no windows in the spacecraft so he cannot look outside to
determine anything about his state of motion or location in the universe. When
reading through these experiments, remember Newton’s first law: A particle at

rest or in uniform motion remains at rest or in uniform motion unless acted
upon by an external force.

Case 1. In the first experiment, consider a spaceship that is not accelerating but
is instead moving uniformly through space with respect to an inertial observer.
The astronaut is holding a small ball, which he subsequently releases. What he
will find is that, in accordance with Newton’s first law, the ball simply remains
at rest with respect to the astronaut where he released it. (see Fig. 6-1)

Case 2. We now consider an accelerating ship. The spaceship is still located
deep in space far from any planets, stars, or other source of gravitational field.

Fig. 6-1. Art the astronaut in an unaccelerated spaceship in deep space, far from any
gravitational fields. He releases a ball in front of him, and it remains there at rest with
respect to the astronaut.
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Fig. 6-2. An accelerating spaceship. This time when the astronaut releases the ball, it
falls straight to the floor as he sees it.

But this time, the spaceship is accelerating with a constant acceleration a. For
definiteness, we take the acceleration to be identical to the acceleration due
to gravity at the surface of the earth; i.e., a = g = 9.81 m/s’. If the astronaut
releases the ball in this situation, he will find that from his perspective, it falls
straight to the floor. (see Fig. 6-2)

Case 3. Turning to a third scenario, we now imagine a spaceship on earth that
sits comfortably on the launchpad. The dimensions of the spacecraft are such
that the tidal effects of gravity cannot be observed and that the rotational
motion of the earth has no effect. We all know what happens when the astronaut
releases the ball in this situation; it falls straight to the floor, just like it did in
the previous situation. (see Fig. 6-3)

The situation inside the spacecraft on the launchpad is the same as the space-
craft with acceleration g in deep space.
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Fig. 6-3. Spaceship on the launchpad, resting on the surface of the earth. Drop a ball,
and it falls straight to the floor.

Case 4. Finally, we consider one more situation: a spacecraft in free fall on
earth. Let’s say that the spaceship is in a mineshaft falling straight down. In
this case, when the astronaut releases the ball, he will find a situation to that he
encountered deep in space when not accelerating. When he releases the ball, it
remains stationary where he released it. (see Fig. 6-4)

The point of these experiments is the following: In aregion of spacetime that is
small enough so that the tidal effects of a gravitational field cannot be observed,
there are no experiments that can distinguish between a frame of reference that
is in free fall in a gravitational field and one that is moving uniformly through
space when no gravitational field is present.

More specifically, Cases 2 and 3 are indistinguishable to the astronaut. As-
suming he cannot look outside, he can in no way differentiate whether or not
he is accelerating deep in space with acceleration g or if he is stationary on the
surface of the earth. This implies that any frame that is accelerated in special
relativity is indistinguishable from one in a gravitational field, provided that the
region of spacetime used to make measurements is small enough; that is, tidal
forces cannot be observed.

Cases 1 and 4 illustrate that there is no experiment that can distinguish
uniform motion through space in the absence of a gravitational field from
free fall within a gravitational field. Again, to the astronaut—provided that
his environment is completely sealed—these situations seem identical. Cases
1 and 4 are illustrations of the weak equivalence principle.
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Fig. 6-4. A spaceship on earth, in free fall down a mineshaft. Art the astronaut releases a
ball and finds to his astonishment that it remains at rest in front of him.

The Weak Equivalence Principle

The weak equivalence principle is a statement about the universal nature of the
gravitational field. Galileo found that all matter responds to the gravitational
field in exactly the same way regardless of mass or internal composition.
Moreover, special relativity teaches us about the equivalence of mass and en-

ergy. Combining these two lessons of physics leads us to the weak equivalence
principle.

Weak Equivalence Principle. The gravitational field couples in the same
way to all mass and energy. The gravitational field is universal. This is a formal
statement of the result—we obtained in the first part of the chapter—inertial
and gravitational masses are equivalent.

The Strong Equivalence Principle

Cases 2 and 4 in our thought experiments involving the spaceship illustrate the
strong equivalence principle. This principle states that the laws of physics are the
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same in an accelerated reference frame and in a uniform and static gravitational
field.
Note that an experiment that takes place over a large enough time interval
or large enough region of space will reveal the tidal effects of gravity. Under

these conditions, the equivalence principle would no longer apply. For example,
consider two balls released from rest over the surface of the earth.

The Principle of General Covariance

In Chapter 4 we noted that if an equation involving tensors is true in one coor-
dinate system, it is true in all coordinate systems. This leads to the principle of
general covariance, which simply states that the laws of physics, which should
be invariant under a coordinate transformation, should be stated in tensorial
form. Note that this principle is controversial. We merely state it here because
it led Einstein in the development of his theory.

Geodesic Deviation

In ordinary flat space, parallel lines always remain parallel. Now consider a
more general space where the “straightest possible lines” are geodesics. What
happens to geodesics that start off parallel in a curved space? You can get a
hint by taking a look at the nearest map of the earth, you can find, showing the
curved longitude lines that run from the North Pole to the South Pole. At the
equator, these lines are parallel, but as you move North or South, neighboring
lines begin to move together, or start off at the North Pole. Lines that emerge
from the same point diverge as you move toward the equator. (see Fig. 6-5)

This behavior is typical of any curved geometry. In fact, in a curved space
geodesics that start off parallel will eventually cross. Since gravity is just ge-
ometry, we expect to find this kind of behavior in the motion of particles on
geodesics in spacetime.

In a gravitational field, the convergence of initially parallel geodesics is noth-
ing more than an expression of gravitational tidal effects. Physically, this is
exhibited in the shared acceleration between two particles in free fall in a grav-
itational field. Release two particles from some height # above the earth. While
the particles start off moving initially on parallel lines toward the ground, since
they are on radial paths to the earth’s center they will be seen to move toward
each other if % is large enough. This is a manifestation of the tidal effects of
gravity. We study this phenomenon with equation of geodesic deviation. In your
studies of gravity, you will often see the term congruence. A congruence is a
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Flat space-
parallel lines

remain parallel /l‘ K parallel converge
S g
\‘ D‘ g

Lines that were

Lines start out
parallel

Fig. 6-5. In flat space, as seen on the left, lines that start off parallel remain parallel. In a
curved space, however, this is not true. As shown on the right, lines that start off parallel
end up converging on the sphere as you move from the equator to the North Pole.
This type of “deviation” from being parallel is true in a general curved space or
in a curved spacetime.

set of curves such that each point p in the manifold lies on a single curve. To
study geodesic deviation in spacetime, we consider a congruence of timelike
geodesics. If we call the tangent vector to the curve u“, then the congruence
will represent a set of inertial worldlines if u,u® = 1.

We define the connecting vector as a vector that points from one geodesic to
its neighbor. More specifically, it joins two points on neighboring curves at the
same value of the affine parameter. This is illustrated in Fig. 6-6.

v
&

A4

Fig. 6-6. Two curves y and u in a manifold. Suppose each curve is parameterized by an
affine parameter 7. The deviation vector } connects the curves at two points p and ¢
such that y (1) = p and u (t;) = ¢ for some value of the affine parameter T = 1.
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Now, consider a connecting vector n“,which points from the geodesic of an
inertial particle to the geodesic of another, infinitesimally close inertial particle.

We say that n“ is Lie propagated if its Lie derivative with respect to #“ vanishes;
ie.,

Lun® = u’'Vpn®* —n’Vyu' =0

We will also use the following result.

EXAMPLE 6-1
Show that

VoV Ve = VpV, V¢ = RV
SOLUTION 6-1
Recall from Chapter 4 that the covariant derivative of a vector is given by
a

a aV a C
VoVt = o A TV

Also note that
Vel = 9.7 + Ta T — T T (6.1)
Proceeding, we have
VoV Ve =V, 0V + T V)

We can easily calculate the second derivative by treating d, V< + ', V¢ as a
single tensor. Let’s call it §¢, = 0, V¢ 4+ I'“,;, V¢. Then using (6.1), we have

VaS% = 0aS% + TuaShy — T95aS°
Back substitution of S, = 9, V¢ 4+ ', V¢ in this expression gives
Va (@ VE+T V) =3 0V + T V) 4+ T (V4 + T V)
—T4 04V + T V)
A similar exercise shows that
VoVa Ve = 3 (V' + T V) + T (3, V4 + T, V)

—T9 (0 VE 4+ T V)
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Let’s calculate V,V, V¢ — V,V, V¢ term by term. Since partial derivatives

commute, and therefore 0,0, V¢ — 0,0, V¢ = 0, subtraction of the first terms
gives

8a (8b Ve + 1—‘Ceb Ve) - ab (ab Ve+ 1—wea Ve) = aa (Fceb Ve) - 8b (Fcea Ve)
=V (aarceb - abrcea) + Fceb Ve — Fcea 8b ye (62)

For the remaining terms, we use the fact that we are using a torsion-free con-
nection, and therefore I'?;, = "%, so we find

T BV + T V) =T 34V + T V)
T (3 V) + T V) + T (34VC + T V)
=T (V! + T V) =T (3aV + T V°)
% (3 V? + T V) + T, (34V + T V)
=T (V7 + T V) = T% (3, V! + T, V°)
=TV = T8,V 4+ T qT e VO =TT VE
We can go further by relabeling dummy indices and again using the fact that

the Christoffel symbols are symmetric in the lower indices to rewrite this term
as

1—waa!ab Vd - 1—‘cbdaa Vd + l—wcléil—‘deb Ve — Fcbdrdea Ve
= Fcaeab Ve — Fcbeaa Ve + 1—‘Cadl—‘deb Ve — 1—‘Cba'l—‘dea ye
= 1—weaab Ve — 1—webaa ye + 1—wawll_‘deb Ve — 1—wbdl_‘dea ye

To get the final result, we add this expression to (6.2). However, notice that
[€eq0p V¢ — T'¢.p0, V€ will cancel similar terms in (6.2), and so we are left with

Vo ViV = VNV = V(3T — 85T a) + Tual%ep V¢ = Thalea V'
= (aarceb — 0% + l—‘ctm’l—‘deb - 1—‘del—‘dea) Ve
= (aarcdb — 0 + T el ap — Fcbereda) ye

In the last line, we swapped the dummy indices d <> e. From (4.41), we see
that

R%ea = 0.1 pq — 0qlpe + Tpa e — Ty
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and therefore we conclude that
Vo VpVE = VypV, V¢ =R, V¢ (6.3)
Furthermore, since the Lie derivative vanishes, we can write
ubVin® = n’Vyu (6.4)

Now 7°¢ is a measure of the distance between two inertial particles. From ele-
mentary physics, you recall that velocity is the time derivative of position, i.e.,
v = dx/dt and acceleration is a = d*x/dr%. For inertial geodesics with tan-
gent vector #“ and parameter 7, by analogy, we define the relative acceleration
between two geodesics by

DZTI(I

D12

= u"V, uVen®)
=u"Vy (n°Veu)
= u” (VpnVeu +1°VsVeu®)
= u’Vyn° Vo + uPnV,v.u

We can use (6.3) to write the last term as V, V.u® = V.V,u + R ,.u? to obtain

DZna
Dt2

= u’ VvV + uln° (VCVbu“ + R“dbcud)

= u’Vyn Vo + nub V. Vyu® + nu’u? R 4.

= " Vou Vo + nub V. Vyu® + nu’u? R 4.
Relabeling dummy indices, we set n°u’V.V,u® = nu¢V,V.u® and we have

D2na

D2 = °VouVeu + nPuVy Vo + nuu Ry,

Now the Leibniz rule V, (u“V.u?) = VouVeu® + uV,V.u® and so this be-
comes

Dzna
Do? = n’VouVvoau® + nbuCVbVCu” + ncubudR“dbc
= nb (VpuVeu® +uVyVou) + ncubudR”d,,c

= 1" (Vp V")) + n°ulu’ R 4y,
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However, since is the tangent vector to a geodesic u“V.u* = 0. We can rearrange

and then relabel dummy indices on the last term setting n¢u’u? R 4. = R 4y,

ubudn® = R, ubun?, and so we obtain the equation of geodesic deviation

Dzna
Dt2

a b, c. d
= R%qu"un

We can summarize this result in the following way: Gravity exhibits itself
through tidal effects that cause inertial particles to undergo a mutual accel-
eration. Geometrically, this is manifest via spacetime curvature. We describe
the relative acceleration between two geodesics using the equation of geodesic
deviation.

The Einstein Equations

In this section we introduce the Einstein equations and relate them to the equa-
tions used to describe gravity in the newtonian framework.

Newtonian gravity can be described by two equations. The first of these
describes the path of a particle through space. If a particle is moving through a
gravity field with potential ¢, then Newton’s second law gives

F=ma=—-mV¢p

Canceling the mass term from both sides and writing the acceleration as the
second derivative of position with respect to time, we have

d’x R
dr2
This equation is analogous to the equation of geodesic deviation, for which we
found
DZ a
D:2 = Rabcdubucnd

And so we have one piece of the puzzle: we know how to describe the behavior
of matter in response to a gravitational field, which makes itself felt through the
curvature. However, now consider the other equation used in newtonian gravity.
This equation describes how mass acts as a source of gravitational field, i.e.,
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Poisson’s equation
V2 =4nGp

Einstein’s equation will have a similar overall form. On the right-hand side,
the source term in Newton’s theory is the mass density in a given region of
space. The lesson of special relativity is that mass and energy are equivalent.
Therefore, we need to incorporate this idea into our new theory of gravity, and
consider that all forms of mass-energy can be sources of gravitational fields.
This is done by describing sources with the stress-energy tensor 7. This is a
more general expression than mass density because it includes energy density
as well. We will discuss it in more detail in the next and following chapters.

On the left side of Newton’s equation, we see second derivatives of the po-
tential. In relativity theory, the metric plays the role of gravitational potential.
We have seen that through the relations

1 2 (08bc | 08ca  08ab
2g oxd dxb 0x¢
Rpea = 0. Tpq — 0aT % pe + Tpa e — T e

lﬁabc =

The curvature tensor encodes second derivatives of the metric. So if we are going
to consider the metric to be analogous to gravitational potentials in Newton’s
theory, some term(s) involving the curvature tensor must appear on the left-hand
side of the equations. The equation V2¢ = 47 Gp actually relates the trace of
V:V ;¢ to the mass density; therefore, we expect that the trace of the curvature
tensor, which as we learned in Chapter 4 gives the Ricci tensor, will serve as
the term on the left-hand side. So the equations will be something like

Rab X Tab

An important constraint on the form of Einstein’s equations imposed by the
appearance of the stress-energy tensor on the right side will be the conservation
of momentum and energy, which as we will see in the next chapter is expressed
by the relation

Vv, 7% =0

This constraint means that R, o T,, will not work because V,R® £ 0. The
contracted Bianchi identities (see problem 1) imply that V,R® = % g°V,R,
where R is the Ricci scalar. Therefore, if we instead use the Einstein tensor
on the left-hand side, we will satisfy the laws of conservation of energy and
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momentum. That is, we set

1
Gu = Ry — EgabR

and then arrive at the field equations
Gu =«Tu

where « 1s a constant that turns out to be 87 G.

The vacuum equations are used to study the gravitational field in a region of
spacetime outside of the source—i.e., where no matter and energy are present.
For example, you can study the vacuum region of spacetime outside of a star.
We can set 7, = 0 and then the vacuum Einstein equations become

Ry =0 (6.5)

The Einstein Equations with
Cosmological Constant

The cosmological constant was originally added to the equations by Einstein
as a fudge factor. At the time, he and others believed that the universe was
static. As we shall see Einstein’s equations predict a dynamic universe, and so
Einstein tinkered with the equations a bit to get them to fit his predispositions
at the time. When the observations of Hubble proved beyond reasonable doubt
that the universe was expanding, Einstein threw out the cosmological constant
and described it as the biggest mistake of his life.

Recently, however, observation seems to indicate that some type of vacuum
energy is at work in the universe, and so the cosmological constant is coming
back in style. It is possible to include a small cosmological constant and still
have a dynamic universe. If we define the vacuum energy of the universe to be

A
871G

then including this term, Einstein’s equations can be written as

Py

1
Ry — EgabR + guA =8 GT, (6.6)
or

Gab + gabA = 87TGTab
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Therefore with this addition the Einstein tensor remains unchanged, and most

of our work will involve calculating this beast. We demonstrate the solution of
Einstein’s equations with a cosmological constant term in the next example.

An Example Solving Einstein’s Equations
in 2+1 Dimensions

We now consider an example that considers Einstein’s equations in 2+1
dimensions. This means that we restrict ourselves to two spatial dimensions
and time. Models based on 2+1 dimensions can be used to simplify the analysis
while retaining important conceptual results. This is a technique that can be
used in the study of quantum gravity for example. For a detailed discussion,
see Carlip (1998).

In this example, we consider the gravitational collapse of an inhomogeneous,
spherically symmetric dust cloud 7, = pu,u; with nonzero cosmological
constant A < 0. This is a long calculation, so we divide it into three exam-
ples. This problem is based on a recently published paper (see References), so
it will give you an idea of how relativity calculations are done in actual cur-
rent research. The first example will help you review the techniques covered in
Chapter 5.

EXAMPLE 6-2
Consider the metric

ds? = —d* 4+ ® dr? + R(t, r)dep?

and use Cartan’s structure equations to find the components of the curvature
tensor.

SOLUTION 6-2
With nonzero cosmological constant, Einstein’s equation takes the form

Gu + gabA = 8 Ty
For the given metric, we define the following orthonormal basis one forms:
o =dt, o =edr,  o® = R(t, r)de (6.7)

These give us the following inverse relationships which will be useful in
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calculations:

dt =i, dr=e Iy do ¢ (6.8)

With this basis defined, we have

-1 0
=10 1
0O O

—_ o O

which we can use to raise and lower indices.

We will find the components of the Einstein tensor using Cartan’s methods.
To begin, we calculate the Ricci rotation coefficients. Recall that Cartan’s first
structure equation is

dof = —T%; A o (6.9)
Also recall that
M, =10 (6.10)

The first equation gives us no information, since we have

do' =d(dt) =0
Moving to o, we find
; ab ab
do" =d (eb(t’r) dr) = — I dr Adr + — PE dr A dr
ot ar (6.11)
ob :
=—e"dr A dr
ot

Using (6.8), we rewrite this in terms of the basis one forms to get
. 0b b : b ;
do' = —e""dtAdr = —o' Ao = ——o Ao (6.12)
ot ot ot
Explicitly writing out Cartan’s first structure equation for dw’, we find that

dwf:—F;l;Awé
S A (6.13)
:—F’;/\a)f—l“”;/\a)’—l‘”és/\a)‘f’
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Comparing this with (6.12), which has only basis one forms ' and o' in

the expression, we guess that the only nonzero term is given by I'"; A o' and
conclude that

.= —o 6.14
f atw ( )

Using (6.10), we expand the left-hand side to get
F;f = F;;;a)f + Ff;;a)f + F;féwé

Comparing this with (6.14) shows that the only nonzero Ricci rotation coefficient
in this expansion is

- 0b
tr_at

7

We now proceed to find other nonzero Ricci rotation coefficients that are related
to this one via symmetries. Recall that

Uy ==L, FG; = F;(), ri.—=—r/. (6.15)
This means that I[V; = I'/; = ab o’ . Expanding I';, we have
Fff _ Ffﬁwf n Ffﬁa)f n F’A;éwé’

This tells us that T = %—[t’. Moving to the final basis one form, we have

do?® = d(R(t, r)do) = a—dl/\d¢+ a—dr A dg

19R . . 10R .
=~ A+ S e b ) A (6.16)
R ot R or
1 9R

1 0R
LOR _b(t,r) 6 o
R ot R or
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Using Cartan’s structure equation, we can write
do? = T Ao/ — TP Ao — T3 no? (6.17)
Comparing this with (6.16), we conclude that

. 1 0R ; 2 1 oR ;
F¢; =——w and F¢; = —— e Mg? (6.18)
R ot R or

Using (6.10) to expand each term, we find the following nonzero Ricci rotation

coefficients:
; 1 OR ; 1 0R
M*:=—— and I'%;=——e " 6.19
= Rt T Rar € (6.19)
As an aside, note that I';,; = —TI';;;. This means that any terms that match on

the first two indices must vanish. For example,

¢, — .. —rr — —
[ =" Tg4e = Tggp = —T

%

Now let’s apply the symmetries listed in (6.15) to find the other nonzero terms.
For the first term, we get

M9 =0Ty =Ty = Ty = -l =T
LaR - (6.20)

=T =——o
7 R ot

This leads us to the conclusion that

P 19R
T R ot
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Using (6.15), we see that F‘Z’; = —Ffdg. So we have

;= LR b i
R or
A 10R _,
o _ 2T =b(tr)
> =% ¢

We now proceed to use Cartan’s second structure equation to find the compo-
nents of the curvature tensor in the noncoordinate basis. Recall that the curvature
two forms were defined via

Q7 = dI + T AT = SRy 0 A ! (6.21)

We will solve two terms and leave the remaining terms as an exercise. Setting
a =7and b =1in (6.21) gives

QY =dI; + 7, A TS
= Al + T AT+ T AT 4+ TP ATY; (6.22)

We begin by calculating dI'*; using (6.14) and recalling that " = e?*") dr:

. b . ab
dr’; =d( —o' | =d | = ""dr
ot ot

*b obh\ 2 ob 9b
= — At Adr + [ — ) LA A+ —— " dr Adr
ot? ot ot or

Since dr A dr = 0, this simplifies to

. 9% b\ .,
dI'; = — e dr ndr + (— ) 07 dr Adr
0t2 ot

B 82b+ b\’ .
~ | ar2 at v ne

(6.23)



\@’_ CHAPTER 6 The Einstein Field Equations
The remaining terms in (6.22) all vanish:

I"; AT, =0 (since I''; = 0)

I": AT"; =0 (since I''; = 0)

, N 1 R ;. 10R 4 . .
[y AT? = ——— e PP A ——w? =0 (since w? A w? = 0)
R or R ot
Therefore (6.22) reduces to
Q= drv;
. b [(ob\*| ;. (6.24)

To find the components of the curvature tensor, we apply (6.21), which in this
case gives

I
Q;: = ER’téd"a)C/\a)d

R T
= Eer o' Ao+ ERV;;;Q)F Ao
= lwa o A — lwawf Ao

o It dir S It
1

=5 (R;m - Rfm) o' Ao

Now we use the flat space metric of the local frame 7n,; = diag(—1, 1, 1) to
raise and lower indices, and then apply the symmetries of the curvature tensor
to write

7 7 ? 7
R i = 0" Rejpp = Rpjpp = —Rpjpp = — e R jip = — Ry
Therefore, we have

i Lo 7 P
Q£:§< fff—Rm> CNTEE

_ pi. P
=R iir @ A\ @

1, . : o
3 (er + R’m) o' A
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Comparison with (6.24) leads us to conclude that

R = b (O ?
e o

Let’s calculate the curvature two form Q 4~ Using (6.21), we have

i i i C
Qg =dr; + T AT

19R . . . . . ;
. ¢ t, t t, o, t ¢A
_d(E5w>+F,/\F¢+Fr/\F¢+F¢/\F¢
1 R ; . .
=d|—=—a? )|+ T AT
(R arw>+ ¢
Now
1 0R ; 1 OR
d{=—w’ | =d[ =—Rd¢
R ot R ot
oR
=d(—d
(ar ¢>
R R
=—dtnd ——dr nd
ot? ¢+8t8r ¢
1 R ; e bt 2R ;
=——o Ao + o Ao?
R 0#2 R Otor
and

; . ob e PtI9R
AT =@ N~ —w
dt R o

e P BbaR L
= — — W AW®
R Ot or
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Putting these results together, we obtain

~ ~ ~ e_ ) " ~ e_ ) N
; 1#R ; PO @R L P 9baR o
Qj =5-F0 Ao’ + w Nw¥ — ——w AW
R or? R 0t dr R ot or
10°R ; 45 e P (@R B8bORY ;.
=——w N0 + — ———— | ANw
R 0t? R atdor ot or

Again, to find the components of the curvature tensor, we write out Q; =

%R’(Z;&;a)é A @? to obtain

R T T T
Q;g = ER[J)MB(,()’ /\a)‘/’ +5RZ¢A5¢AW w¢ A + ERZ&M} a)’ /\w¢

1 - - R
+§th‘)¢‘)? a)¢ A\ (l)t

(g i bt L (R RPN
=5< q@f(/;_Réxfbf>w N +5(R$5$—R¢;¢;f>w A W
:Rféféwaw¢3+Rf¢;éwaw$

Therefore, we conclude that

R 1 9°R i R e Ptr) (¥R 9boR
= ——— an A = —
¢i¢ R 32 ¢ré R otor ot or

All together, the nonzero components of the curvature tensor are

Pb [\’ .
Rm=¥+ o = —R'jy;

R ] PR R R e Pt (PR bR\ R
o0 T R g2 T o0 90— R Naar oor)
2 e ) (b 9R L, "R  ORdb
AN __e ’ —_— — —_——
ore R ot ot a2 o or (6.25)
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EXAMPLE 6-3

Using the results of Example 6-1, find the components of the Einstein tensor in
the coordinate basis.

SOLUTION 6-3
We begin by calculating the components of the Ricci tensor. For now, we continue
working in the orthonormal basis. Therefore, we use

Raj = Ry

ach

(6.26)
The first nonzero component of the Ricci tensor is
Rip = R = Ry + Rjsi + R

Noting that R?;5, = 0% Rgjs0 = Ryjsr = —Rijsr = —nii R 50 = R’ and
using the results of the previous example, we find that

Pb  (9b\* 18R
Rj=———(—) —=— 6.27
a ar? <8t> R o2 (6:27)

Next we calculate
Riz = R = R'jiz + R iz + R
The only nonzero term in this sum is RY tor = R 47 and so

e b R  0bOR
R — _ 4+ —— 6.28
” R ( otor ot or ) (6.28)

Next, we find that

Rir = Rz = Ry + RL;, + Réfzf)f

7

= Rf;;,: + Ri(&;é) (6.29)
Pb <8b)2 e 2br) <8b OR .. R IR 8b>
— — — e ’ —_— — —

T2\ R 3t ot w2 o or
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Finally, using the same method it can be shown that

1 ¥R e 2bn) (8b OR 5., OR  OR ab)
—_— e * —_—— —_—

o LoR - 6.30
¢é R8t2+ R ot ot 2 or or (6.30)

The next step is to find the Ricci scalar using R = n‘”;R 45 together with (6.27),
(6.29), and (6.30):
R = —Rj; + Ry + Ry,

2 2 2 —2b(t,r) 2
PG (BN 2BR e (DO b,y PR OR O
ot R 02

a2 R \or ot a2 o or
(6.31)

In the local frame, we can find the components of the Einstein tensor using

1
Gap = Ry — EnaéR (6.32)

For example, using (6.29) together with (6.31), we find

1
Gii = Ry — ER
Pb (9N e (bR PR R b
= 4| = 4 Z e (t,r)__+__
or? ot R or ot or?2 or or
L[, &b o : L2 PR +ze_2b(”’) b IR 5, PR L OR b
—_—— — — — ——— — — e ’ —_—— ——
2| o2 ot R 02 R ot ot oz o or
_ 1 3R
R 0r?

Using (6.30) and (6.31), we obtain

1
Gjp = Rgy — 5 R

1#R e (9hdR . FR ORb
=———4+— """ -5+ ——
R 32 R a o 2 o
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1| 9 b\ 2PR e (9pIR L., FR IR b
-2z +2 ) s t2— | = -5+ ——
2| "o o R or2 R \or or a2 o or

_®b (b
o at
A similar exercise shows that the other nonzero components are

1 9bdR e 26t PR 7261 3R 9p

= Rt or R o2 R oo

G _ PR e ab IR
"7 R otdr R Ot or

To write the components of the Einstein tensor in the coordinate basis,
we need to write down the transformation matrix A“,. Using the metric
ds? = —dt? 4?7 dr? + R(t,r) d¢?, this is easy enough:

) —1 0 0
A= 0 ettt 0 (6.33)
0 0 R(t,7)

The transformation is given by
G = Ay AY,G oy (6.34)

Note that the Einstein summation convention is being used on the right side of
(6.34). However, since (6.33) is diagonal, each expression will use only one term
from the sum. Considering each term in turn, using (6.33) and (6.34) we find

Gy = AftAfthf = (_1)(_1)fo

e~ 2 [9h 3R 32R  9R b (6.35)
— G, = <__ ey _ O )

R at ot a2 | or or

Gtr = Aft Afr Gf;?

—b(t,r) aZR e—b(t,r) ob 8R)
(6.36)

— (—1)ete [ € _ oD oR
(=1 )( R otor R ot or

_ 1 (0bdR  0°R
~ R \oror otor
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Grr = AfrA;r GW

o26() 92 R (6.37)
~ R a2
and finally
G¢¢ == A¢¢A¢¢Géé
[ 9% fon\?]
=R ——= (=
_ | P (9 7]
B at2 ot
EXAMPLE 6-4

Using the results of Example 6-2, use the Einstein equations with nonzero cosmo-
logical constant A < 0 to find the functional form of e?*") and R(¢, r).

SOLUTION 6-4

As stated earlier, the energy-momentum tensor for dust is given by 7, = pu,up.
Since we are working in 2+1 dimensions, we will call u“ the three velocity. It will
be easiest to work in the co-moving frame. In this case, the three velocity takes
on the simple form u* = (ut, u”, u¢) = (1, 0, 0). We can also use the local flat
Space metric

-1 0 0
0 1
Einstein’s equations can then be written as
Gy + Anyy =« Ty (6.40)

where « is a constant. Since we are taking A < 0, we will make this more explicit
by writing A = —A? for some A% > 0.

Earlier we found that G;; = —%";275. Using ;7 = 1 and T;; = 0 with (6.40), we
find

PR,
Sz PAR=0 (6.41)
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This well-known equation has the solution
R = Acos(At) + Bsin(Ait)

where 4 = A (r) and B = B (r). Turning to G 35, using 155 = 1 and Ty 5 = 0, we
find

b [0b\*
Fr <5> +22=0 (6.42)

To find a solution to this equation, we let f = e”"). Therefore

of _db ,

= e
a ot
92 3 [db 82b abh\ > 32b ab\ >
_f:_ et =224 (Z) = | 224 (Z2 f
ot? ot \ ot a2 ot at? ot

And so we can write

b (b 219
at2 at)  f o2
and (6.42) becomes

2

0
—L 422 =0
at? +A

Once again, we have a harmonic oscillator-type equation with solution
e’ = Ccos (A1) + Dsin (1) (6.43)

where, as in the previous case, the “constants” of integration are functions
of r.
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There are two more Einstein’s equations in this example that could be used for
further analysis. We simply state them here:

dR3b IR

dr dt  dtar

—2b(t,r 2

e 260 13b OR b 8R+8R8b a2 =
R ar ot a2 dr dr

Energy Conditions

Later, we will have use for the energy conditions. We state three of them here:

e The weak energy condition states that for any timelike vector u?,
Tpuu® > 0.
The null energy condition states that for any null vector /¢, T,,I*/* > 0.
The strong energy condition states that for any timelike vector u®, T,,u‘u® >

%T"Cudud.
Quiz

1. Using the Bianchi identities, V, Ryepe + VeRieap + Vo Rieca = 0, it can be
shown that the contracted Bianchi identities for the Einstein tensor are

(@) VoR? =0
(b) V,G% = —T7
(c) VpG® =0

(d) V,G* =«kp

2. Consider Example 6-2. Using Cartan’s equations

1 3R
(@) R%:5 = o5t
1 9°R
(b) RAmp - RWZ
1 0°R
(©) Ry = g5

3. The best statement of the strong equivalence principle is

(a) the laws of physics are the same in an accelerated reference frame and
in a uniform, static gravitational field
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(b) tidal forces cannot be detected
(¢) inertial and accelerated reference frames cannot be differentiated

4. The Einstein equations are

(a) V2¢ =4nGp

DZ a b d
(b) & = R%peau’un

(c) VT =0
(d) Gap =k Tap

Consider the following metric:
ds? = —dr* + L2(t, r)dr® + B?(t, r)d¢> + M*(t, r)dz*

5. The Ricci rotation coefficient I';;; is
10L
@) 7%
10L
®) —1%
1 3L
©) =%
9B
d 57
6. T};; s given by

(a) L&
(b) ;2
() —75 %2
(d) 52

Taking 7;; = p and setting the cosmological constant equal to zero, show
that the Einstein equation for G;; becomes

B'L—B'L’ M'L—M'L' B'M BL ML BM __
7. (a) ~  BL* ML surr Va0t ur T Bm = K0

BLBL  ML-ML
(by B s P

B"L—B'L’ M'L-—M'L B'M BL ML BM __
(c) BL3 ML3 BML? + BLBL + ML + BM — 0
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8. The Ricci scalar is given by

_ 29 2 3°B 2§ 2 3L 9B AL &
R_Lat2 Bat2+M‘t2+LBtt+LMat t
2 M 9B 2 3*B 2 P*M 2 9L 9B
(a) TEv o o " TBar DM a? T TBor or
+ 2 9LOM _ _2 9B IM
L3M dr or L2BM 9r or
_ 29 2 92 2 *M 2 LD 2 9L M
(b)R_L3t2+BBt2+M3t2+LBtBt LM 9t ot
_29L 2B 29M __ 2 3L3B _ 2 ILIM
(C) R = L2 012 B 9t +M 012 LB ot ot LM ot ot
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relativity, the stress-energy or energy-momentum tensor T acts as
fthe gravitational field. It is related to the Einstein tensor and hence
ture of spacetime via the Einstein equation (with no cosmological

G = 87 GT*

ents of the stress-energy tensor can be arranged into a matrix
with the property that 7¢° = T%¢; i.e., the stress-energy tensor is symmetric.
In the following and throughout the book, we will use the terms stress-energy
tensor and energy-momentum interchangeably.

Let’s see how to describe each component of the energy-momentum tensor.
To understand the meaning of the component 7?, consider the surface defined
by constant x”. Then 7% is the flux or flow of the a component of momentum

The Energy-
Momentum Tensor

—&

Copyright © 2006 by The McGraw-Hill Companies, Inc. Click here for terms of use.
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CHAPTER 7 The Energy-Momentum Tensor

crossing the interface defined by constant x°. In this case we’re talking about
the momentum four vector, so if a = ¢ then we are talking about the flow of
energy across a surface. Let’s describe each “type” of component we can have
in turn. These are 7%, T" , T", and TV .

Energy Density

The T" component represents energy density. To see why, consider the momen-
tum four vector such that p = (£, p). Using the definition we gave above, we
see that in this case 77 is the p° component of the momentum four vector, or
simply the energy, crossing a surface of constant time. This is energy density.

In relativity, energy and mass are equivalent, and so we should really think
of this as the mass-energy density.

In most applications energy density is denoted by u; however, we don’t want to
confuse that with the four velocity and so we denote the density of mass-energy
by p. Therefore, for the stress-energy tensor, we can write

p:Ttt

Momentum Density and Energy Flux

Stress

Momentum density is momentum per unit volume. If we call momentum density
7, then the momentum density in the i direction is

n,l — Tlt

This is the flow of momentum crossing a surface of constant time.

Now consider 7. This term (which is actually equal to 7" since the
energy-momentum tensor is symmetric) represents the energy flow across the
surface x'.

The final piece of the stress-energy tensor is given by the purely spatial compo-
nents. These represent the flux of force per unit area—which is stress. We have

Ti
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- N

—E

‘time—time” component = “time—space” components =
energy density energy flux
— Tab
“space—time” components spatial components
= momentum density represent stress

- /

Fig. 7-1. A schematic representation of the stress-energy tensor. T % is the energy
density. Terms of the form T U (where j is a spatial index) are energy flux. Terms with
779 are momentum density, while purely spatial components 7¥ are stress.

This term is the ith component of force per unit area (which is stress) across a
surface with normal direction given by the basis vector e;. Analogously, 7/ is
the jth component of force per unit area across a surface with normal given by
the basis vector e;. Returning to the view of a tensor that maps vectors and one
forms to the real numbers, we obtain these components of the stress-energy
tensor by passing as argument the basis vectors; i.e.,

T; =T (e ¢)

The organization of the components of the stress-energy tensor into a matrix
is shown schematically in Fig. 7-1. We will consider two types of stress-energy
tensor seen frequently in relativity: perfect fluids and dust.

Conservation Equations

Conservation equations can be derived from the stress-energy tensor using

VT =0 (7.1)
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This equation means that energy and momentum are conserved. In a local frame,
this reduces to

aTa
axb

=0 (7.2)

In the local frame, when the conservation law (7.2) is applied to the time coor-
dinate we obtain the familiar relation:

8T00+8T0i 8T00+8T0i 38+v 0
ot ox? ot ox? ot

which is the conservation of energy.

Later we will describe a perfect fluid which is characterized by pressure and
density. If we start with a perfect fluid but let the pressure go to zero, we
have dust. This is the simplest possible energy-momentum tensor that we can
have.

It might seem that dust is too simple to be of interest. However, consider that
the dust particles carry energy and momentum. The energy and momentum of
the moving dust particles give rise to a gravitational field.

In this case, there are only two quantities that can be used to describe the
matter field in the problem—the energy density—and how fast (and in what
direction) the dust is moving. The simplest way to obtain the first quantity, the
energy density, is to jump over to the co-moving frame. If you’re in the co-
moving frame, then you’re moving along with the dust particles. In that case
there is a number of dust particles per unit volume », and each dust particle has
energy m. So the energy density is given by p = mn.

The second item of interest is none other than the velocity four vector u. This
of course will give us the momentum carried by the dust. Generally speaking,
to get the stress-energy tensor for dust, we put this together with the energy
density. So for dust, the stress-energy tensor is given by

T = pu‘u® (7.3)

For a co-moving observer, the four velocity reduces to # = (1, 0, 0, 0). In
this case, the stress-energy tensor takes on the remarkably simple form
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(7.4)

S OO
S O O O
S O O O
S O O O

Now consider the case of a stationary observer seeing the dust particles go
by with four velocity #. In that case, we have u = (v, yu*, yu’, yu®), where

the u’ are the ordinary components of three velocity and y = \/ll_j Looking

at (7.3), we see that in this case the stress-energy tensor is

X z

1 u u”
, | v WY uw’  uu?

woowut WY wuE
T wtur wru? (uz)Z

(7.5)

EXAMPLE 7-1
Show that the conservation equations for the energy-momentum tensor in the
case of dust lead to the equation of continuity of a fluid.

SOLUTION 7-1
The conservation equation is given by

T4

axb

Setting a = ¢, we obtain

T’ AT LT 8Ty BT
axb ot dx dy dz

Using (7.5), this becomes

aTr"™ ar™ 9TY ATZ  dp  A(pur) d(pu’) 9 (pu)
az+ax+ay+az_§+ o dy T

_ o
ot

+ V- (p)
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and so we have

ap -
—+V.(pu)=0
57 (pu)
where U is the ordinary three-dimensional velocity. This is the equation of
continuity.

Perfect Fluids

A perfect fluid is a fluid that has no heat conduction or viscosity. As such the
fluid is characterized by its mass density p and the pressure P. The stress-energy
tensor that describes a perfect fluid in the local frame is

7% = (7.6)

o o o
o o N o
o N o o
N © o o

To find the form of the stress-energy tensor in a general frame, we first
consider the flat space of special relativity and boost to a frame of an observer
with four velocity u. The stress-energy transforms to a general frame by

T = A AY 4T (7.7)
However, we note that we can construct the most general form of the stress-
energy tensor from the four velocity u, the metric tensor 7, along with p and

p. Furthermore, the tensor is symmetric. This tells us that the general form of
the stress energy tensor is

T = Au“u® + Bnap (7.8)
where 4 and B are scalars. For this example, we assume that the metric is
nay = diag (1, —1, —1, —1). Looking at (7.6), we notice that the only spatial

components are 7" = P. Another way to write this is

TV =8P (7.9)
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In the rest frame, we have #° = 1 and all other components vanish. Therefore,
(7.8) takes the form

" = Buy

Comparison with (7.9) leads us to take B = —P. Now we consider the time
component. In the local frame it is given by 7% = p and so

7% = p = Auu’ + Bnog = Au’u® —P=4-P

Therefore, we conclude that 4 = P + p and write the general form of the
stress-energy tensor for a perfect fluid in Minkowski spacetime as

= (p+ P)u“u” — Pnay (7.10)
For any metric g,5, this immediately generalizes to
= (p + P)u'u’ — Pga (7.11)

Note that the form of the stress-energy tensor in general will change if we take
na = diag(—1, 1, 1, 1). In that case the equations become

= (p + P)u‘u® + Pngy

7.12
% = (p+ P)u'u® + Pgu 712
EXAMPLE 7-2

Consider the Robertson-Walker metric used in Example 5-3:

2
ds? = —dr? s (k)zdrz a*(t)r? do? + a*(t)r? sin® 6 dg?

Suppose we take the Einstein equation with nonzero cosmological constant.
Find the Friedmann equations in this case.

SOLUTION 7-2
In the last chapter we found that in the local frame, the components of the
Einstein tensor for this metric were given by

3
G;;—az (k—l—a)

=Gy = Ggg = =20~ (k+d?)  (113)
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In the local frame, the components of the stress-energy tensor are simply

given by (7.6), and so we have T ab diag (p, p, p, p). Now with nonzero
cosmological constant, the Einstein equation can be written as (using units with
c=G=1)

Gap — Agab =8 T (714)

In the local frame, the way we have written the line element, we have n,; =
diag(—1, 1, 1, 1). We use this to lower the indices of the stress-energy tensor

Top = nacnpg T (7.15)

a

In this case, this is easy since everything is diagonal, and it turns out any minus
signs cancel. But you should be aware that in general you need to be careful
about raising and lowering the indices. Anyway, we obtain

T,; = diag(p, P, P, P) (7.16)
Putting this together with (7.14) and (7), we have
Gip — Angy = 8n Ty

3
= = (k+4a%) + A =8mp (7.17)
a

Since Gy = Gy; = Gy and all of the spatial components of the stress-energy
tensor are also identical, we need consider only one case. We find that

Gy — Angz = 8 Tiy (7.18)

=>2E+i2(k+d2)+A=—8nP
a a

Equations (7.17) and (7.18) are the Friedmann equations.
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Relativistic Effects on Number Density

We now take a slight digression to investigate the effects of motion on the density
of particles within the context of special relativity.

Consider a rectangular volume V' containing a set of particles. We can define
a number density of particles which is simply the number of particles per unit
volume. If we call the total number of particles in the volume », then the number
density is given by

<=

In relativity, this is true only if we are in a frame that is at rest with respect
to the volume. If we are not, then length contraction effects will change the
number density that the observer sees. Suppose that we have two frames F and
F' in the standard configuration, with F’ moving at velocity v along the x-axis.
The number of particles in the volume is a scalar, and so this does not change
when viewed from a different frame. However, length contraction along the
direction of motion means that the volume will change. In Fig. 7-2, we show
motion along the x-axis.

Lengths along the y and z axes are unchanged under a Lorentz transformation
under these conditions. If the volume of the box in a co-moving rest frame is V,
then the volume of the box as seen by a stationary observer is

v =Ji—vr =1y

v

Therefore, the number density in a volume moving at speed v as seen by a
stationary observer is given by

/
n —

N
_— = n

B

EXAMPLE 7-3

Consider a box of particles. In the rest frame of the box, the volume V =
1 m? and the total number of particles is N = 2.5 x 10?°. Compare the number
density of particles in the rest frame of the box and in a rest frame where the
box has velocity v = 0.9. The box moves in the x-direction with respect to the
stationary observer.
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Fig. 7-2. A volume V, which we take in this example to be a rectangular box, is
shortened along the direction of motion by the length contraction effect. This will
change the number density of particles contained in V.

SOLUTION 7-3
In the rest frame of the box, the number density n = 2.5 x 10? particles per

cubic meter. Now
1 1
’}/ = «/1 > = >
v J1-09)

A stationary observer who sees the box moving at velocity v sees the number
density of particles in the box as

~2.29

n' =yn=(23)(2.5 x 10°) = 5.75 x 10%
particles per cubic meter. Along the x-direction, the length of the box is

1, 1
Xx=—Xx=—m ~043m

y 3

The total number of particles is the same as viewed from both frames.

More Complicated Fluids

The most general form that the stress-energy tensor can assume in the case of
a fluid is that for a “nonperfect” fluid that can have viscosity and shear. This is
beyond the scope of this book, but we will describe it here so that you will have
seen it before and can see how viscosity is handled. The stress-energy tensor in
this case is

Tab — ,0(1 +8)uaub +(P _ é’@)hab _2no_ab+qaub +qbua
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The quantities defined here are as follows:

& specific energy density of the fluid in its rest frame
P pressure

hab the spatial projection tensor, = u?u® + g

n shear viscosity

e bulk viscosity

0 expansion

o shear tensor

q° energy flux vector

The expansion describes the divergence of the fluid worldliness. Therefore,
it is given by

0 = V,u’

The shear tensor is

1.

1
O_ab — (chahcb + chbhca) o gGhab

N —

Quiz

The 7" component of the stress-energy tensor
(a) describes energy density

(b) vanishes in most cases

(c) represents conservation of momentum

The conservation equations are given by

(@) VpT = —p

(b) V,T% =0

() VyT* =p

The Friedmann equations can be manipulated to obtain which of the
following relationships?

@ g (pa’) + P (%) = 0
(b) p* & (a’) +P L (a’)=0
© & (pa’) =0
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4. Using the correct result in Problem 3, if a3 is taken to be volume V' and
E = pa®, which of the following is found to be correct?
(a) dE+PdAV =0
(b)y dE4+TdS=0
(c) dE—PdV =0

5. Given a perfect fluid, we can write the spatial components of the stress-
energy tensor as
(@) TV =38P

(b) T9 =5p
(c) TV = §(P + p)
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heard the modern physics mantra and it’s true: symmetries lead to
n laws. So one thing you might be wondering is how can we find
in relativity when the theory is so geometric? Geometrically speak-
etry is hiding somewhere when we find that the metric is the same
point. Move from over here to over there, and the metric remains
. That’s a symmetry.

that there is a systematic way to tease out symmetries by finding
of vector called a Killing vector. A Killing vector X satisfies
jon, which is given in terms of covariant derivatives as

VpXy +V, Xp =0 (8.1)

Note that this equation also holds for contravariant components; i.e., V, X“ +
V,X? = 0. Killing vectors are related to symmetries in the following way: if
X 1s a vector field and a set of points is displaced by X“ dx, and all distance

Killing Vectors

Introduction

—&

Copyright © 2006 by The McGraw-Hill Companies, Inc. Click here for terms of use.
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relationships remain the same, then X is a Killing vector. This kind of distance
preserving mapping is called an isometry. In a nutshell, if you move along the
direction of a Killing vector, then the metric does not change. This is important
because as we’ll see in later chapters, this will lead us to conserved quantities.
A free particle moving in a direction where the metric does not change will not

feel any forces. This leads to momentum conservation. Specifically, if X is a
Killing vector, then

X - u = const
X - p = const

along a geodesic, where u is the particle four velocity and p is the particle four
momentum.

Killing’s equation can be expressed in terms of the Lie derivative of the metric
tensor, as we show in this example.

EXAMPLE 8-1
Show that if the Lie derivative of the metric tensor vanishes, then

LXgab == 0

This implies Killing’s equation for X, given in (8.1).

SOLUTION 8-1
The Lie derivative of the metric is

LXgab == Xcacgab + gcbaaXc + gacach
Let’s recall the form of the covariant derivative. It’s given by
Vo X = 0, X+ T X (8.2)

Now, the covariant derivative of the metric tensor vanishes, V.g,, = 0. The
covariant derivative of the metric tensor is given by V.gup = 0c8us — I acgur —
I'?}.g.q. Since this vanishes, we can write

0.8 = Fdacgdb + decgad
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Let’s use this to rewrite the Lie derivative of the metric tensor. We have

LXgab = Xcacgab + gcbaa)(C + gacabXC
= X° (Fdacgdb + decgad) + gcbaaXc + gacach
= gdhrdacXc + gadrdchc + gcbaaXC + gacach

Some manipulation can get this in the form we need to write down covariant
derivatives of X. Note that

Vp X¢ = 9, X¢ + ¢, X4

In our expression we just derived for the Lie derivative the last term we
have is g,.0p X¢. Can we find the other term needed to write down a covariant
derivative? Yes, we can. Remember, a repeated index is a dummy index, and we
are free to call it whatever we want. Looking at the last line we got for the Lie
derivative, consider the second term

Saal?p X°

The indices ¢ and d are repeated, so they are dummy indices. Let’s switch
them ¢ <> d and rewrite this term as

gachbdXd

First, let’s write down the result for the Lie derivative and rearrange the terms
so that they are in the order we want for a covariant derivative.

LXgab = gdbrdacXc + gadrdchc + 8ch aaXc + 8ac 8ch
= Zac p X + gdedacXc + gadrdchc + Zeb 0, X¢
= ac ach + gadrdchc + 8ch aaXc + gdbrdacXc

At this point, we put in the change of indices we used on what is now the second
term in this expression.

Lx8ab = Zac X  + aal 5 X + gep 04X + gapT @ ac X
= Zac X + aclba X! 4 Zep 3a X + a1 ac X
= Guc (0pX + TpaX?) + gep 0,X° + g1 0 X°
= Zuc Vo X+ geb 0. X + gl ac X¢
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Now we switch indices on the last term and get
LXgab - gacvac + Zeb aaXC + gdbrdacXC
= gachXc + Zeb aaXC + gcbrcadXd

= ac Vo X+ geb (aaXc + 1—waal)(d)
= gachXc + gcbVaXC

Since the covariant derivative of the metric vanishes, we move the metric tensor
inside the derivative and lower indices. For the first term we find

gacvaC == Vb (gacXc) = Vb)(a
and for the second term we obtain
gcbvaXc = Va (gcch) = Va)(b

Therefore, we have

LXgab = gacvac + gcbVaXC = VbXa + Va)(h

Since we are given that L xg,, = 0, this implies (8.1).
Often, we need to find the Killing vectors for a specific metric. We consider
an explicit example by finding the Killing vectors for the 2-sphere.

EXAMPLE 8-2
Use Killing’s equation to find the Killing vectors for the 2-sphere:

ds? = a* d6? + a®sin” 6 dg?

SOLUTION 8-2
Killing’s equation involves covariant derivatives. Therefore we need to recall
the affine connection for this metric. In an earlier chapter we found

I0 =T =T =T%44 =0
F¢¢9 = Fd)gd) = cotf
I,y = —sind cos

Now, we recall that the covariant derivative is given by

vaazabva_rcab Vc
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Starting with @ = b = 0 in Killing’s equation, we find

VoXy + VoXy =0
= Vo Xy =0

Using the equation for the covariant derivative, and recalling the Einstein sum-
mation convention, we obtain

VoXog =9 Xg — T Ve =8Xg — T Vg — T4V

Since I'? g = I'?yy = 0, this reduces to the simple equation

9 Xg =0
More explicitly, we have
X _
00

Integrating, we find that the Xy component of our Killing vector is some function
of the ¢ variable:

Xo =1 (9) (8.3)
Next, we consider a = b = ¢. Using Killing’s equation, we obtain
VeXy =0
Working out the left-hand side by writing out the covariant derivative, we find
Vo Xy = 9pXs — T = 05Xy — T4pXo — T4 Xy

Now, ', = 0 and T'?;5 = —sin6 cos 6, and so using (8.3), this equation
becomes

0.X,
a_(; = —sin6 cos Xy = —sin6 cos O 1 (¢)
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Integrating, we obtain

X, = —sinf cos 6 ff((b’) d¢’ + g(9) (8.4)

Now, returning to Killing’s equation, by setting @ = 6 and b = ¢, we have
the last equation for this geometry, namely

VoXp + VpXg =0

Let’s write down each term separately. The first term is

VoXp = 80Xy — T Xe = 89Xy — D000 Xy — T 59 X,
Looking at the Christoffel symbols, we see that this leads to

Vo Xy = 09Xy — cotd Xy
Now we consider the second term in Vo Xy + V4 Xy = 0. We obtain
Ve Xo = 85 X9 — TpXe = 85Xy — T3 Xy — Ty Xy = 35Xy — coth X,

and so, the equation Vy X, + V4 Xy = 0 becomes

89X¢ + 8¢X9 — 2cotf X¢ =0

(8.5)
= 89X¢ + 8¢X9 = 2cotf Xy

We can refine this equation further using our previous results. Using (8.3) to-
gether with (8.4), we find

Xy = 0p |:sin9 cosf ff(qb’) d¢’ —l—g(G)]
= (sin® @ — cos?0) / f(¢) dg’ + d9g(6)

We also have

0pXo = 0y [ (@)
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Now, we can put all this together and obtain a solution. Adding these terms
together, we get

09Xy + 0pXg = (sin2 0 — cos’ 0) ff(qb’) do' + 9pg (0) + 94 1 (P)

Next we want to set this equal to the right-hand side of (8.5). But let’s work
on that a little bit. We get

2cotf X, = 2cotd [— sin 6 cos@/f (9) dd/—l—g(@)]

Now we know that

cos 6

— (sin6 cos6) = cos> 0
sinf

cot6 (sinf cosf) =

Therefore, we can write
2coth Xy = —2cos* 0 /f(¢/) d¢’ + 2 cotOg(0)

Finally, we equate both sides of (8.5) and we have
(in6 — 052 0) [[£(8) 40" + 0g(0) + 30/ @)

= —2cos*0 /f (d)/) d¢’ + 2 cotOg (9)

Our goal is to get all 6 terms on one side and all ¢ terms on the other. We can
do this by adding 2 cos? @ [f (¢')d¢’ to both sides and then move the dpg (6)
on the left-hand side over to the right. When we do this, we get this equation

/ F(@)dp'+ 35/ (@) = 2cot g (6) — g (6)

If you think back to your studies of partial differential equations, the kind
where you used separation of variables, you will recall that when you have an
equation in one variable equal to an equation in another variable, they must both
be constant. So we will do that here. Let’s call that constant k. Looking at the 0



\@’_ CHAPTER 8  Killing Vectors
equation, we have

dpg (0) —2cotbg(0) = —k
We multiplied through by —1 so that the derivative term would be positive. We

can solve this kind of equation using the integrating factor method. Let’s quickly
review what that is. Consider your basic differential equation of the form

dy .
E+p(t)y =r (1)

First, we integrate the multiplying term p(¢):
0= [ps)es
Then we can solve the ordinary differential equation by writing
y(t) = e P /ep(s)r(s) ds 4+ Ce P®

Here C is our constant of integration. Looking at our equation dyg (6) —
2cotfg(0) = —k, we make the following identifications. We set p(0) =
—2cot# and r (8) = —k. First, we integrate p:

cos
p(0):/—200t0d9:—2f df = —2In(sinh)
sin 6
Now let’s plug this into the exponential and we get
o PO _ p2In(sing) _ eln(sinZG) —sin2 6
From this we deduce that e?®) = ﬁ. Now we can use the integrating factor

formula to write down a solution for the function g. The formula together with
what we’ve just found gives us

—k
g(0) = sinze)/(, 2) dt + Csin® 6
S

n-¢

In this case, ¢ is just a dummy variable of integration. When we integrate we
will write the functions in terms of the 0 variable. It’s the easiest to look up the
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integral in a table or use a program like Mathematica, and if you can’t remember
you’ll find out that

1
/.2 dt = —cotf
sin ¢

and so, we get the following:

g®) = sinze/(ff)

sin” ¢
= sin’ 6 (kcot + C)

dt + Csin? @ = sin® @ k cot® + Csin’ 0

The final piece is to get a solution for the ¢ term. Earlier, we had
[f (@) dp'+ 84 f (¢) = 2 cotOg (0) — dpg (0) and we decided to set this equal
to some constant that we called k. So looking at the ¢ piece, we obtain

f S+ 0,1 (@) = k

Getting a solution to this one is easy. Let’s differentiate it. That will get us rid
of the integral and turn the constant to zero, giving us the familiar equation

d>f
d752+f(¢):0

This is a familiar equation to most of us, and we know that the solution is
given in terms of trignometric functions. More specifically, we have f (¢) =
A cos¢ + Bsin¢. We quickly see that 95 f = —A4 sin¢ + B cos ¢. Even better,
we can explicitly calculate the integral that has been hanging around since we
started this example. We get the following:

/f (¢')do' = /(A cos¢’ + Bsing')d¢p' = Asing — B cos ¢

This is a really nice result. Remember, we had defined the constant & in the
following way:

/ F@)dp'+ 051 (&) = k
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What this tells us is that the constant £ must be zero. Using what we have just
found, we have

/f(¢’) dp'+ 9, f () = Asing — Bcos¢p — Asing + Bcos¢p =0

This is a real headache, but we’re almost done. Remember, for our 6 function
we found

2(0) = sin® 0 (kcott + C)
Since £ = 0, we obtain the simple result
2(0) = Csin’6

Finally, at this point we have all the pieces we need to write down our Killing
vector. Looking at (8.3), we recall that we had Xy = f (¢). With the results
we’ve obtained, we have

Xg = Acos¢ + Bsing

In (8.4) we determined that

X, = —sinf cos@/f(d/)dq&/ +g(@)

And using the results we’ve obtained, we get the final form for this component
of the vector:

Xy = —siné cosO (Asing — Bcos¢) + Csin’ 60

The contravariant components of the Killing vector can be found by raising
indices with the metric. It turns out that

X =X,
and

sin® 0 X? = X,
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It is going to turn out that for the 2-sphere, we are going to be able to write
this Killing vector in terms of the angular momentum operators. Let’s start by
writing the entire vector out instead of individual components, and then do some
algebraic manipulation:

X = X%3 + X?0,
= (Acos¢ + Bsing)dg 4+ [C — cotf (Asing — B cos P)] 9
= Acos¢ dy — Acotfsing dy + Bsing dy + A cotf cos¢ dy + Coy
= —AL, + BL, + CL.

where the angular momentum operators are given by
L 0] 0 + cot 6 sin ¢ 9
x = —C0S¢ — +cotfsing —
20 ¢

0 0
L,= sinqﬁﬁ + cot6 cosqS%

i)
L.=—
d¢

Derivatives of Killing Vectors

We can differentiate Killing vectors to obtain some useful relations between
Killing vectors and the components of the Einstein equation. For the Riemann
tensor, we have

V.V X% = R%paX? (8.6)

The Ricci tensor can be related to Killing vectors via

VyV, X" = R, X¢ (8.7)
For the Ricci scalar, we have

X*V,R =0 (8.8)
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Constructing a Conserved Current
with Killing Vectors

Quiz

Let X be a Killing vector and 7 be the stress-energy tensor. Let’s define the
following quantity as a current:

J¢ — Tab X,
We can compute the covariant derivative of this quantity. We have
Vol = Vo(TXy) = (VaT*") Xy + T (VaXp)

The stress-energy tensor is conserved; therefore, V.7% = 0 and we are left
with

Vv, J¢ =T (v, X))

Since the stress-energy tensor is symmetric, the symmetry of its indices allows
us to write

1
VaJa = Tab(vaXb) = E(TabvaXb + TbaVbXa)

1
= ET”b (VoXp + VX)) =0

Therefore, J is a conserved current.

1. Killing’s equation is given by
(a) VbXa — VaXb =0
(b) VX, =0
(©) VoXy+ VoXp = Gup
(d) VoX,+V, X, =0
2. Given a Killing vector X, the Riemann tensor satisfies
(@) VeVpX* = —R%q X!
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(b) VeVpX* = R%peg X*
(€) VeVpX* = R%eq X! — R%ca X®
3. Given a Killing vector X, the Ricci scalar satisfies
(a) X*V,R=0
(b) X*V,R =—R
(¢) X*V,R = R4,
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CHAPTER

Null Tetrads and the
Petrov Classification

There is a viewpoint that the most fundamental entities that can be
scribe the structure of spacetime are light cones. After all, a light ¢
past and future, and in doing so defines which events are or can
related to one another. The light cone defines where in spaceti
cle with mass can move—nothing moves faster than the speed
Fig. 9-1). We begin by reviewing a few concepts you’ve already seen. While
they may already be familiar, they are important enough to be yeviewed once
again.

As described in Chapter 1, we can plot events in spacetime using a spacetime
diagram. One or two spatial dimensions are suppressed, allowing us to represent
space and time together graphically. By defining the speed of'light ¢ ="1, light
rays move on 45° lines that define a cone. This light cone defines the structure
of spacetime for some event £ that we have placed at the origin in the following
way.

By—
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Time

Future . .
Particle motion

permitted along
curves inside
light cone

A

Elsewhere Region A

Event E at the origin

Space
Light rays move on Only events in the past
paths that are the light cone of £ can

diagonals defining the affect it

cone
\ Elsewhere Region B
The Past

Fig. 9-1. The essence of spacetime structure is well described by the light cone, shown
here with only one spatial dimension. Time is on the vertical axis. Particles with mass
can move only on paths inside the light cone.

Events in the past that are causally related to £ are found in the lower light
cone where ¢ < 0 in the diagram. Events that can be affected by £ are inside
the future light cone where # > 0. No object or particle with mass can move
faster than the speed of light, so the motion of any massive particle is restricted
to be inside the light cone.

In the diagram we have defined the two regions that are outside the light cone,
regions A and B, as elsewhere. These regions are causally separated from each
other. No event from region A can impact an event in region B because travel
faster than the speed of light would be necessary for that to occur. This is all
taking place in perfectly flat space, where light travels on straight lines.

Gravity manifests itself in the curvature of spacetime. As we will see when
we examine the Schwarzschild solution in detail, gravity bends light rays. In a
gravitational field, light no longer travels on perfectly straight lines. The more
curvature there is, the more pronounced is the effect.

A remarkable consequence of this fact is that in strong gravitational fields,
light cones begin to tip over. Inside a black hole we find the singularity, a point
where the curvature of spacetime becomes infinite. As light cones get closer to
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f+x

|-
P X

Fig. 9-2. Two null vectors pointing along the direction of light rays moving
along x and —x.

the singularity, the more they tip over. The future of any light cone is directed at
the singularity. No matter what you do, if that’s where you are, you are heading
toward the singularity.

We will have more to say about this when we cover black holes in detail.
The point of discussion right now is that the light cones themselves reveal the
structure of spacetime. It was this notion that led Roger Penrose to consider a
new way of doing relativity by introducing the null tetrad. This approach will
be very useful in the study of black holes and also in the study of gravity waves,
where gravitational disturbances propagate at the speed of light (and hence null
vectors will be an appropriate tool).

The basic idea is the following: We would like to construct basis vectors
that describe light rays moving in some direction. To simplify matters, for the
moment consider the flat space of special relativity. Two vectors that describe
light rays moving along £ and —x are 7 + X and 7 — X. These vectors are null,
meaning that their lengths as defined by the dot product are zero. In order to
have a basis for four-dimensional space, we need two more linearly independent
vectors; this can be done by constructing them from the other spatial coordinates
ytiz.

Null Vectors

We have already seen how the introduction of an orthonormal basis can greatly
simplify calculations and focus more on the geometry rather than being con-
strained to coordinates. In this chapter we will take that procedure a step further.
As we mentioned in the last section, Penrose felt that the principal element of
spacetime structure is the light cone. This consideration led him to introduce a
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set of null vectors to use as a tetrad basis (tetrad referring to the fact we have
four basis vectors).
We recall from our studies in special relativity that an interval is lightlike if
(As)* = 0, meaning that there is an equality of time and distance. We can carry

this notion over to a vector by using its inner product to consider its length. A
null vector v is one such that v - v = 0.

EXAMPLE 9-1
Classify the following vectors as timelike, spacelike, or null:

A= (=1,4,0,1), B*=(2,0, -1, 1), C“=(2,0,-2,0)

SOLUTION 9-1
The Minkowski metric is

na = diag(l, —1, —1, —1)
Lowering indices for each vector, we have

A, = nabAb
= Ao =npd’ = (+1)(=1) = -1
A=A = (-1)4) = —4
Ay =npd* = (=1)(0) =0
A3 = 334’ = (=1)(1) = -1
= A,=(-1, =4, 0, —1)
Applying a similar procedure to the other vectors gives
B,=2,0,1, =1) and C,=(2,0, 2, 0)
Computing the dot products A-A, B-B,andC-C , we find
A A =(D(D)+ (4@ +0+(-1)(1)=1-16—-1=—-16

Since 4,4 < 0, with the convention we have used with the metric, Ais space-
like. For the next vector, we find

BB =(2)2)+0+(M(-D+(=H)=4-1-1=2
= B,B“>0
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Therefore B is timelike. For the last vector, we have
C.C'=2)2)+0+2)(-2)+0=4—-4=0

Since C,C% = 0, this is a null vector.

A Null Tetrad

Now that we’ve reminded ourselves about null vectors in Minkowski space, let’s
move on to the topic of this chapter. We begin by introducing a tetrad or set
of four basis vectors that are labeled by /, n, m, and m. In a departure from
what you’re used to in defining basis vectors, we allow two of these vectors to
be complex. Specifically,

[, n are real
m, m are complex

(9.1)

As the notation makes obvious, m and m are complex conjugates of one
another. The second important observation is that these basis vectors are null
vectors with respect to the Minkowski metric. Based on our quick review in the
last section, this means that

l-l=n-n=m-m=m-m=90 9.2)

or for example we can write 1,,/“I” = 0. In addition, these vectors satisfy a
set of orthogonality relations that hold for inner products between a real and a
complex vector:

l-m=1l-m=n-m=n-m=0 (9.3)

We need two more pieces of information to characterize the tetrad. The first
is we specify that the two real vectors satisfy

l-n=1 (9.4)
and finally, the complex vectors satisfy

m-m=—1 (9.5)



CHAPTER 9  Null Tetrads and the Petrov

\®I
BUILDING THE NULL TETRAD

It turns out that a null tetrad can be constructed rather easily with what we
already know. We can do it using the basis of orthonormal one forms w®. First
we state some relationships and then write down a matrix that will transform
the w? into a null tetrad.

Suppose that for a given spacetime we have defined an orthonormal tetrad as

follows:
v timelike vector

i, j9 k* spacelike vectors

We can then construct the null tetrad using a simple recipe. The two real vectors
are given by

v+ ve — i
1 = and n“ = 9.6
V2 V2 00
while the two complex vectors can be constructed using
JjO+ ik . JO— ik
4= and m? = 9.7
V2 V2 7

EXAMPLE 9-2
Show that the definition given in (9.6) leads to 1,,/“/” = 0 and n,,[n" = 1.

SOLUTION 9-2

The vectors v¢, i, j%, and k* form an orthonormal tetrad. Since v is time-
like, we have 1,,v¢v? = 41, while i “ being spacelike satisfies 1,i“i b= _1.
Orthonormality also tells us that v -i = 0. Proceeding with this knowledge,
we have

vé + i vb 4 b 1
sl =1, L vyt et o jayb 4 jagh
" nb(ﬁ)(ﬁ) e (VA IV 1)

1
= (14+0+0-1)=0

In the second case, we have

v\ (vh =ity
ala b _ . =—n, a.,b _ a:b ra. b -asb
et " 77b< V2 )( V2 ) an(vv vy ll)

1
= (1+0+0+1)=1
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Now let’s see how to construct the null tetrad in a few specific cases. Two

relations that are helpful if you are using the metric in a coordinate basis as
components g, relate the null tetrad to the components of the metric tensor as

8ab = Lany + lpng, — mamy, — mymy, (98)
g? = 10" + 1’0 — m“m® — m*m* 9.9)

If we are using an orthonormal tetrad, which is the preferred method of this
book, then we can relate the two bases in the following way:

0

! 1 1 0 0 W
n 1 {1 -1 0 0 !
m| = /a0 0 1 w? ©-10)
mn 0 0 1 —i)\s

EXAMPLE 9-3
Consider the flat space Minkowski metric, written in spherical polar coordinates:

ds? = d* — dr? — r?do® — r?sin® 0 d¢?

Construct a null tetrad for this metric.

SOLUTION 9-3
Writing down the components of the metric, we have

I 0 0 0
0 -1 0 0
8ab = 0 0 2 0 (911)

0 0 0 —r2sin®6

Referring back to Chapter 5, we can write down the orthonormal basis one
forms. These are

o =dt, o =dr, o =rds, & =rsin0dp
Applying (9.10), we have the following relations:

o +aof _dt-l—dr

=5 T &
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—E

_a)f—a)f_dt—dr

V2 V2
o +iw®  rdo+irsing do
m = =
V2 V2
_ o — iw? rdf — irsin6 d¢
m = =
V2 V2

In many cases, you will see the vectors written in terms of components with
respect to the coordinate basis, i.e., v* = (v, v!, v2, v?) or in this case v¢ =

(v, v", v, v®) or vy = (vi, Ve, Ve, vg). Using this notation, we have

1 1
l,=—(1,1,0,0), ng=—(, =1, 0, 0
2( ) ﬁ( )

/2
1 1

m,=——=(0, 0, r, irsin ), m, =——=(0, 0, r, —irsind

a \/i( ) a ﬁ( )

With this in mind, let’s verify (9.8). Starting with g, in (9.11), we have

R A CANCAICY

Moving on, we find

@ = Lty + L, — m, 7, — m, 7, = (%) (_%) N (%) (‘%)

1 1
:————:—1
2 2
no =t = mams = mimo == (22) (25) = (75) (35)
= lgn ng — Moy — Mgy = — | — — - — —
806 6hg ong oMo oMo «/5 ﬁ ﬁ «/5
1’2 r2 2
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8

/ L o o 2<irsin9>( irsin9>
= n Ny — MpMypy — MpMyp = — —
8o Pt 02420 oMo oMo «/i ﬁ

= r2sin’ 6

We can raise and lower the indices of the null tetrad using the metric g,,. To
see this, we use (9.9) together with the inner product relations defined in (9.2),
(9.3), (9.4), and (9.5). Let’s consider one case. We have

9 = [t [Pn — O — m®
What we would like is that ¢ = g®I;,. So let’s just put it there on both sides:
gL, = 101, + 1°n°l, — m® w1, — m® w1,
Now we rearrange terms a bit and use the fact that 4 - B = 4°B,, to write

gL, = 1"l + n1°l, — m* m®l, — m“m®l,

=10 -n)+n(-1)—m® G- 1) —m (m-1)

The inner product relations tell us the only term that survivesis/ - n = 1. There-
fore, we obtain the desired result /¢ = g*1,,.

EXAMPLE 9-4
Using g, find [, n“, and m“, and verify the inner product relations given in
(9.2), (9.4), and (9.5).

SOLUTION 9-4
Now the metric with raised indices is given by

1 0 0 0
ab 0 -1 0 0
£ =lo o -5 o0

0 0 0 -5

We can proceed in the usual way. For /9 = g®l;, and [, = % (1, 1, 0, 0), we
have

e () ()2
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e ()=o) =5

1
—(1, =1, 0,0
V2

= ‘=

Therefore, we have

o= (3) () () ()4

For n, = % (1, —1,0, 0), we obtain

o-r () -on() -
e () ()

1
= n"=—(1,1,0,0
Noh )

And so we have n-n =nn, = (%) (%) + (%) (—%) =1-1=o0.
Now we compute

e () () () )4

So far, so good. Now let’s check the complex basis vectors. For m“ we find

et () ()

m¢—g¢¢m _(_ 1 )(irsm@)__ i
¢ r2sin’ 6 V2 27 sin®

1
= m®=—(0, 0, —1/r,—i/rsind)

V2
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—

and so we have
= mmy == | (=) )+ (——— ) (—irsing) | = = (<1 = 1)
m-m=m ma_z . r ]/‘Sin@ Ir SIin —2

And so we see, everything works out as expected.

CONSTRUCTING A FRAME METRIC USING
THE NULL TETRAD

We can construct a frame metric v,; using the null tetrad. The elements of
v, = €; - €3, and so we make the following designations:

ey =1, ej =n, e; =m, es=m

Using the orthogonality relations together with (9.4) and (9.5), it is easy to see

that
0 1 0 0
_a_ |1 O 0 0
Vabh =V - 0 0 0 —1 (912)
0 0 -1 0

Extending the Formalism

We are now going to introduce a new notation and method for calculation of
the curvature tensor and related quantities, the Newman-Penrose formalism.
This formalism takes advantage of null vectors and uses them to calculate
components of the curvature tensor directly, allowing us to extract several useful
pieces of information about a given spacetime. We will also be able to tie it
together with a classification scheme called the Petrov classification that proves
to be very useful in the study of black holes and gravitational radiation.

First let’s introduce some notation. As a set of basis vectors, the null tetrad
can be considered as directional derivatives. Therefore, we define the following:

D =1V, A =nV,,  §=mV, & =m"V, 9.13)



CHAPTER 9  Null Tetrads and the Petrov _\@’
Next we will define a set of symbols called the spin coefficients. These scalars

(which can be complex) can be defined in two ways. The first is to write them
down in terms of the Ricci rotation coefficients.

7 = I'130, v =T33, A =T33, w=T13

7 =T, o = I, k= I"200, p = T3

£ = %(F]oo + I'»30), Yy = %(FIOI +T231) (©.14)
1 1

= (T'y03 + IMa33), B = 7 (Ty02 + T232)

Better yet, these coefficients can also be defined directly in terms of the null
tetrad:
T =—Vyn,mlt, v=—Vn,mn®, r=—Vyn,mm’,
= —Vyn mm"

T = Vylmn®, o =Vl,m®m®, k= Vpl,m®lt, p=V,l,mm’

&= — (Vblan“lb — meaﬁ“lb) , Y = % (Vblan”nb — meam“nb) (9.15)

o= (Vblan“ﬁb — meam“mb) , B= l (Vblan“mb — meaﬁ“mb)

2

N = N =

In the usual course of business after finding the Ricci rotation coefficients
(or Christoffel symbols in a coordinate basis) we tackle the problem of finding
the curvature tensor. We will take the same approach here, so once we have the
spin coefficients in hand we can obtain components of the Ricci and curvature
tensors. However, in the Newman-Penrose formalism, we will be focusing on
the Weyl tensor. We recall the definition from Chapter 4.

In a coordinate basis, we defined the Weyl tensor in terms of the curvature
tensor as

1
Cabcd = Rabcd + 5 (gadRcb + gbcRda - gacRdb - gbdRca)

1
+ 3 (8ac8ab — 8aa&eh) R
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The Weyl tensor has 10 independent components that we will represent with
scalars. These can be referred to as Weyl scalars and are given by

Wy = —Cpeal®m®Icm? (9.16)
W, = —Cupeal®n®1¢m? 9.17)
Wy = —Capegl®mPmcn? (9.18)
W3 = —Cypeal®n’mn? (9.19)
Wy = —Cpegn®m’nm? (9.20)

In addition, we have the following relations:

Coto1 = Ca3p3 = — (‘Ifl + W3)

) 9.21)
Coiz =W, — ¥

Lastly, we develop some notation to represent the Ricci tensor by a set of
scalars. This requires four real scalars and three complex ones. These are

1 1 1
Dog = _ERablalba Do = _ERablamba Dy = —ERabmamb
1 a b a—b 1 a, b
P11 == Ry (I“n" + m“m"), ®1p = =5 Ran‘m”, (9.22)
By = — L Rnn
22 = 5 ab? 1
1
A =—R
24

While we could go about finding R, and the components of the Weyl tensor
and then using them to calculate the scalars, that would miss the point. We
want to avoid using those other quantities and calculate everything from the
null vectors directly. It won’t come as much of a surprise that there is a way
to do it. First we calculate the spin coefficients directly from the null tetrad
using (9.15). The next step relies on a monstrous looking set of equations called
the Newman-Penrose identities. These threatening equations use the directional
derivatives (9.13) applied to the spin coefficients to obtain the Weyl and Ricci
scalars.
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There are 18 identities in all, so we won’t state them all here. Instead we will

list 2 that will be useful for a calculation in the next example. This will be enough

to communicate the flavor of the method. The reader who is interested in un-

derstanding the method in detail can consult Griffiths (1991) or Chandrasekhar

(1992).
Two equations that will be of use to us in calculating the Weyl scalars and

Ricci scalars are

Ar=8v==d(n+m) 2By -V +vBa+B+7—T)— W (9.23)
Sv—Ap=pt +rh+puy +7)—vr +v(r -3 —a) + Pn (9.24)

Before we work an example, let’s take a moment to discuss some physical
interpretation of these definitions.

Physical Interpretation and
the Petrov Classification

In vacuum, the curvature tensor and the Weyl tensor coincide. Therefore, in
many cases we need to study only the Weyl tensor. The Petrov classification,
which describes the algebraic symmetries of the Weyl tensor, can be very useful
in light of these considerations. To understand the meaning of the classifications,
think in terms of matrices and eigenvectors. The eigenvectors of a matrix can
be degenerate and occur in multiplicities. The same thing happens here and the
Weyl tensor has a set of “eigenbivectors” that can occur in multiplicities. An
eigenbivector satisfies

1
5Calzd Vcd -« Vab

where « is a scalar. For mathematical reasons, which are beyond the scope
of our present investigation, the Weyl tensor can have at most four distinct
eigenbivectors.

Physically, the Petrov classification is a way to characterize a spacetime by
the number of principal null directions it admits. The multiplicities of the eigen-
bivectors correspond to the number of principal null directions. If an eigenbivec-
tor is unique, we will call it simple. We will refer to the other eigenbivectors
(and therefore the null directions) by the number of times they are repeated. If
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we say that there is a triple null direction, this means that three null directions
coincide.

There are six basic types by which a spacetime can be classified in the Petrov
scheme which we now summarize:

Type I.  All four principal null directions are distinct (there are four simple
principal null directions). This is also known as an algebraically general space-
time. The remaining types are known as algebraically special.

Type II.  There are two simple null directions and one double null direction.

Type III. There is a single distinct null direction and a triple null direction.
This type corresponds to longitudinal gravity waves with shear due to tidal
effects.

Type D. There are two double principal null directions.

The Petrov type D is associated with the gravitational field of a star or black
hole (Schwarzschild or Kerr vacuum). The two principal null directions corre-
spond to ingoing and outgoing congruences of light rays.

Type N. There is a single principal null direction of multiplicity 4. This cor-
responds to transverse gravity waves.

Type O. The Weyl tensor vanishes and the spacetime is conformally flat.

We can learn about the principal null directions and the number of times they
are repeated by examining W 4. There are three situations of note:

1. Aprincipal null direction is repeated two times.: The nonzero components
of the Weyl tensor are W,, W3, and V4.

2. A principal null direction is repeated three times (Type I1l): The nonzero
components of the Weyl tensor are W3 and Wy.

3. A principal null direction is repeated four times (Type N): The nonzero
component of the Weyl tensor is Wy.

Vanishing components of the Weyl tensor also tell us about the null vec-
tors [ and n?. For example, if ¥y = 0 then [ is parallel with the principal
null directions, while if W4 = 0 then n“ is parallel with the principal null
directions. If Wy = W =0 then /¢ is aligned with repeated principal null
directions.
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Inthe context of gravitational radiation, we have the following interpretations:

W, transverse wave component in the #n¢ direction
W, longitudinal wave component in the n¢ direction
W5 transverse wave component in the /¢ direction
W, longitudinal wave component in the /¢ direction

Finally, we mention the physical meaning of some of the spin coefficients.
First we consider a congruence of null rays defined by /¢:

k=0 /% is tangent to a null congruence

—Re(p) expansion of a null congruence (rays are diverging)
Im(p) twist of a null congruence

lo| shear of a null congruence

For a congruence defined by n“, these definitions hold for —v, —u, and —A.

EXAMPLE 9-5
Consider the Brinkmann metric that describes plane gravitational waves:

ds? = H(u, x, y)du® +2dudv — dx? — dy?

Find the nonzero Weyl scalars and components of the Ricci tensor, and interpret
them.

SOLUTION 9-5
One can calculate these quantities by defining a basis of orthonormal one forms
and proceeding with the usual methods, and then using (9.22) and related equa-
tions to calculate the desired quantities directly. However, we will take a new
approach and use the Newman-Penrose identities to calculate the Ricci and
Weyl scalars directly from the null tetrad.

The coordinates are (1, v, x, y)where u and v are null coordinates. Specif-
ically, u =t — x and v = ¢ + x. The vector 9, defines the direction of propa-
gation of the wave. Therefore, it is convenient to take

1“=(0, 1, 0, 0) = 9,

We can raise and lower the indices using the components of the metric tensor,
so let’s begin by identifying them in the coordinate basis. We recall that we can

—E»
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write the metric as

d52 = gu dx¢ dxb
Therefore we can just read off the desired terms. Note that the cross term is
given by 2du dv = g, du dv + g, dv du and so we take g,, = g,, = 1. The

other terms can be read off immediately and so ordering the coordinates as
[u, v, x, y], we have

H 1 0 0

1 0 O 0
(gab) = 0 0 -—1 0

o 0 0 -1

The inverse of this matrix gives the components of the metric tensor in the
coordinate basis with raised indices:

0 1 0 0
" 1 —H 0 0
€)=1o o -1 o
0 0 0 -1

With this information in hand, we can calculate the various components of the
null vectors. We start with /4 = (0, 1, 0, 0). Lowering the index, we find

lo = gablb = gavlv

The only nonzero term in the metric of this form is g,,, = 1, and so we conclude
that

Li=gnl’ =1

(9.25)
= 1,=(1, 0, 0, 0)

To find the components of the rest of the tetrad, we can apply (9.8) and (9.9).
To avoid flipping back through the pages, let’s restate the identity for g,
here:

8ap = lantp + lyng — mymy — mpmy,
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Once we have all the components with lowered indices, we can raise indices
with g to obtain all the other terms we need. Since there are not many terms in
the metric, this procedure will be relatively painless. Since we also have /, = 1
as the only nonzero component of the first null vector, we can actually guess as

to what all the terms are without considering every single case. Starting from
the top, we have

uu = H = 2lunu —2m,m,

8w = l =ln, +Ln, —mm, —mm, =l,n, —m,m, —m,m,
Evwu = 1 = lvnu +ln, —mm, —m,m,

g = —1 =2lxn, —2mm, = —2m m,

gy =-—1=2n, —2m,m, = -2m,m,

We are free to make some assumptions, since all we have to do is come up with
a null tetrad that gives us back the metric. We take m, = m, =m, =m, =0
and assume that the x component of m is real. Then from the first and second
equations, since /, = 1, we obtain

1
n,=-H and n,=1

Now # is a null vector so we set n, = n, = 0. The fourth equation yields

_ 1
My =My = —

V2

These terms are equal to each other since they are complex conjugates and this
is the real part. The final equation gives us the complex part of m. If we choose
my, = —i % then the fifth equation will be satisfied if m,, = i =, which is what
we expect anyway since it’s the complex conjugate. Anyway, all together we
have

1
l,=(1,0, 0,0, 1n,= (EH, 1, 0, 0)
1 1 (9.26)
My =—(0, 0, 1, —i), a=—(0,0,1,i
ﬁ( ) ﬁ( )
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Next we use g* to raise indices. We already know what /¢ is. The components
of n“ are given by

n? = g“bnb

= nu — gubnb — guunu _I_guvnv =n, = 1

1 1
n' =g'n,=g"n,+g"n, =n, — Hn, = EH — H= _EH
It can be easily verified that the remaining components are zero. The final result
is that
1
nt = (1, _EH’ 0, 0) (9.27)
A similar exercise shows that
“ 1(00 1,i) d m® 1(OO 1, —i) (9.28)
m‘=—(0,0,—-1,7) and m“ =-—(0,0,—1, —i .
NG NG

We are going to need the Christoffel symbols for this metric so that we can cal-
culate covariant derivatives. These are fairly easy to calculate; we will compute
two of them explicitly. Now

1
vau = Eg‘}d (axgdu + 8uga'x - adgxu)

There is only one nonconstant term in the metric with lowered indices, g, = H.
Therefore, we can drop the last two terms and this reduces to

1 10H
vau =g ax uu) = S
28" xgu) =550
Substitution of y for x yields a similar result
v _lvu(a )_laH
=8 s 2 9y

All together, the nonzero Christoffel symbols for the metric are

o _loH . 19H ©.29)
T2 ax ] y”_zay '
) 19H . 10H 10H
I uu — TS o uu — S o Fyuu = 3 .
2 du 2 ax 2 9y
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With this information in hand we can calculate the spin coefficients and the
Weyl scalars. The spin coefficients can be calculated from

T =—Von i’ll, v=—Vyn,m*n®, 1= —Vyn,mm’,
w=—Vyn mm’
T = Vyl,mn®, o =V,l,m*m®, Kk = Vpl,m®l®,  p=V,l,mm’
1 arb 1 b
—E(Vblnl meml) y = E(Vblnn—memn)
1

o= > (Vbl nm? — Vym, m mb) B = % (Vblanamb — meaﬁ”mb)

Now V,/* = 0 and so we can immediately conclude thatk = p =0 =7 = 0.
As a result, we see there is no shear, twisting, or divergence for the null con-
gruence in this case. In addition, one can see that « = 8 =y = ¢ = 0. The
problem is starting to look tractable; we are going to have to worry about only
very few terms. Let’s consider v, which will turn out to be nonzero.

We will start by writing out the summation implied by the formula. However,
note that we aren’t going to have to write down every term. We are saved by the
fact that m has only x and y components while » has only # and v components.
Proceeding, we have

v = —Vyn mn®

= —V,n,m'n" — Vyn,m’n" — Vyn,m*n" — Vyn,m’n"

The last two terms drop out. Let’s look at the very last term to see why. Remem-
bering that n,, = 0, we have

on
Y d
Viny = o5 = Tyna = —Tpmy = Ty,

Having a look at the Christoffel symbols (0.29), we see that I'*,,, =T, = 0.
So we can ignore these terms. Now the first two terms work out to be

ony d v 10H
Vunx = -T xulld = —I xully = —Z2 ——
ou 2 ox
o, ) 10H
Vo, = ——-1I%n;=-1",n, = —-—
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Putting these results back into the expression for v, we find that

—Vynym*n" — Vyn,m’n"

A o

1 <8H _8H>
= — 41—
242 \ ox dy

(when going through this calculation, be careful with the overall minus sign).
A similar exercise shows that the spin coefficients A = 7 = 0. With all the
vanishing spin coefficients, the Newman-Penrose identity we need to calculate,
W, takes on a very simple form. The expression we need is given by (9.23):

A =8v=-r(u+W)-2@By =7 +vBa+p+7—7)— 4
In this case, we have
\I’4=gl)

Recalling (9.13), this equation becomes W4 = m“V,v. Note, however, that v is
a scalar—we need to calculate only partial derivatives. The end result is that

\1-’4 = m"aav = ﬁxaxv —I—myay\)

(Al 5
(Rals (G i)l

1 82H+  0’H i3 *H N 0*H
=—|—+i - i—
4 \ 9x? dx dy 49y \0x dy ay?

_182H+i82H 10%H
 49x2  209xdy 4 9y?
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and so we conclude that the Weyl scalar is given by

Froi T +2i o n (9.31)

4= -

1 (a2H 0*H ' 82H)
4

In the exercises, if you are so inclined you can show that the only nonzero
component of the Ricci tensor is given by

op= L (LH 01 932)
2= 0x2  0y2 )

The fact that W, is the only nonzero Weyl scalar tells us that the Petrov
type is Type N, meaning that the principal null direction is repeated four times.
Therefore, this metric describes transverse gravity waves.

1.

Quiz

Using the Minkowski metric 7, = diag(l, —1, —1, —1), A=
(3,0, =3, 0)is

(a) timelike

(b) not enough information has been given

(¢) null

(d) spacelike

Using the definition of the complex vectors in the null tetrad, i.e.,

. JOrik N L o
m = , m- =
V2 V2
which one of the following statements is true?
(a) These are null vectors and that m - m = —1.
(b) These are timelike vectors and that m - m = —1.

(c) These are null vectors and that m - m = 1.
(d) These are null vectors and that m - m = 0.

Consider Example 9-5. Which of the following relations is true?
(a) T = —Vpn m1’ =0

(b) 7 = —Vyn,m°l’ = —1
(c) m= Vbnamaib =0
1
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4. Again, consider Example 9-5. Which of the following relations is true?
(@) A = —Vpl,m*mb =0
(b) A = —Vpn,m*m? =0
(¢) A = Vyn m®m’ =0
(d) » = —Vyn m®m® =0

5. A spacetime described as Petrov type |
(a) has no null directions
(b) has four distinct principal null directions
(c) has a single null direction
(d) has a vanishing Weyl tensor, but has two null directions
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d with a difficult set of mathematical equations, the first course of
often takes is to look for special cases that are the easiest to solve.
that such an approach often yields insights into the most interesting
ly relevant situations. This is as true for general relativity as it is
theory of mathematical physics.

or our first application of the theory, we consider a solution to
ions that is time independent and spherically symmetric. Such
describe the gravitational field found outside of the Sun, for
example. Since we might be interested only in the field outside of the matter
distribution, we can simplify things even further by restricting our attention to
the matter-free regions of space in the vicinity of some mass. Within the context
of relativity, this means that one can find a solution to the problem using the
vacuum equations and ignore the stress-energy tensor.

The Schwarzschild
Solution

—&»

Copyright © 2006 by The McGraw-Hill Companies, Inc. Click here for terms of use.
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The solution we will obtain is known as the Schwarzschild solution. 1t was
found in 1916 by the German physicist Karl Schwarzschild while he was serving
on the Russian front during the First World War. He died from an illness soon

after mailing his solution to Einstein, who was surprised that such a simple
solution to his equations could be obtained.

The Vacuum Equations

The vacuum field equations describe the metric structure of empty space sur-
rounding a massive body. In the consideration of empty space where no matter
or energy is present, we set 7, = 0. In this case, the field equations become

Ryp =0 (10.1)

A Static, Spherically Symmetric Spacetime

To obtain the form of the metric that represents the field outside of a spherically
symmetric body, we first consider the limiting form that it must take. Far away
from the body (as r becomes large), we expect that it will assume the form of
the Minkowski metric. Since we are assuming spherical symmetry, we express
the Minkowski metric in spherical coordinates

ds? = d* — dr? — r2d6? — r? sin® 6 dg? (10.2)

To obtain a general form of a time-independent, spherically symmetric metric
that will reduce to (10.2) for large », we first consider the requirement of time
independence. If a metric is time independent, we should be able to change
dt — —dr without affecting the metric. This tells us that the metric will not
contain any mixed terms such as d¢dr, d¢d9, drde.

With no off-diagonal terms involving the time coordinate allowed in the
metric, we can write the general form as

ds* = g, dt* + g;; dx'dx/
We also require that the components of the metric are time independent; i.e.,

agab
ot

A metric that meets these conditions is called static.

=0




CHAPTER 10 The Schwarzschild Solution _\@’

Our next task is to think about how spherical symmetry affects the form of
a metric. A spherically symmetric metric is one that has no preferred angular
direction in space, meaning that we should be able to change d6 — — df and
d¢ — — d¢ without changing the form of the metric. In the same way that
time independence eliminated mixed terms involving d¢ from consideration,
we cannot have mixed terms such as drd6, drd¢, d0d¢ that would be affected
by the changes d0 — —df and d¢p — —d¢.

So we have arrived at a metric that must have an entirely diagonal form. We
have already eliminated any explicit time dependence from the terms of the
metric. Since we are imposing radially symmetry, each term in the metric can
be multiplied by a coefficient function that depends only on r. Using (10.2) as
a guide, we can write this metric as

ds?> = A (r)dt* — B(r)dr* — C (r)r?d6* — D (r)r?sin® 6 d¢* (10.3)

Spherical symmetry requires that the angular terms assume the normal form of
d? that we are used to, and so we take C = D and write this as

ds? = A(r)dt* — B(r)dr* — C (r) (r*d6* + r’sin’0 d¢?) (10.4)

Now we can simplify matters even further by a change of radial coordinate
to eliminate C. For the moment we will call the new radial coordinate p and
define it using p = \/C (r)r. Then we have p> = Cr? and the angular part of
the metric assumes the familiar form

1
C (r) (r* d0* +r*sin® 0 d¢*) = Cr? do* + Cr*sin® 0 dgp*—
n

= p? do? + p?sin® 6 dg?

From the definition p = ,/C () r, we see that we can write

1
dp = ——=dCr ++/Cdr
P 2/ C
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Squaring both sides and solving for dr?, we find that

1 dc\ 2
& = (1+L—C> dp?

Cc 2C d
Now let’s redefine the coefficient function B’ = (l + 3¢ dr) B so that
we have Bdr? = B’dp?. With these conditions in place we can rewrite (10.4)
as

ds? = A'dt* — B'dp® — p* (d6” + sin® 0 d¢p?)

where A’ is a function of p. Up to this point, other than the requirement that
the coefficient functions go to unity as the radial coordinate gets large, we have
not imposed any requirements on the form that they must take. Therefore we’ve
basically been using nothing but labels. So we can relabel everything again,
dropping primes on the coefficient functions and changing p — r, allowing us
to write the line element as

ds? = Ad¢* — Bdr? — r? (d6* + sin® 0 d¢?)

Now we impose one last requirement. In order to correspond to the metric
(10.2) at large r, we also need to preserve the signature. This can be done by
writing the coefficient functions as exponentials, which are guaranteed to be
positive functions. That is, we set 4 = > and B = ¢**). This gives us the
metric that is used to obtain the Schwarzschild solution:

ds? = ?"d? — e*dr? — r? (d6* + sin® 0 dg?) (10.5)

The Curvature One Forms

We will proceed to find the solution, using the orthonormal tetrad method. By
now the reader is aware that the first step along this path is to calculate the
curvature one forms and the Ricci rotation coefficients. To do so, we define the
following basis one forms:

o = ’Idt, o =edr, o = rdo, w® = rsind do (10.6)
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Therefore, we have

. . 1 - 1 )
dt = eV, dr =e o, do = -0?, dp = —— (10.7)
r rsin6

The exterior derivative of each of the basis one forms is given by

? d d R .
do’ = d(e"dt) = d—ve”(’)dr Adt = d—ve_k(’)a)r Ao (10.8)

r r
7 A(r) da A(r)
dw =d(e dr) = ae drAdr=0 (10.9)
) M) R
do’ =d@rdd) =dr Ado = o Ao’ (10.10)

dw® = d(r sin@ dp) = sin6 dr A dp + r cos 0 d A dgp

—Ar) . tO N
= e+ A w? (10.11)
r r

Once again recall Cartan’s first structure equation, which for our coordinates
will assume the form

da)‘}:—F‘A’l;/\a)b:—F‘A’;/\a)’—F‘A’f/\a);—l"”A‘é/\a)e—FE’({)/\a)‘25

Taking each basis one form in turn gives

dwf=—rfwa’”—rf;Aaf—rféAa)é—rféAaﬂ3 (10.12)
do’ = T4 Ao T ne —T% Ao — réé Aw®  (10.14)

A NS AN LN r‘f; Ao®  (10.15)
Comparing (10.12) with (10.8), note that the only nonzero term in (10.8) of the
form @ A @'. Therefore, we conclude that

. . . . d .
M=r=r" =0 and I, = Eve—ﬂ%f (10.16)
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Using F&B = F&Béwé, we set Ff 3 . Since (10.9) vanishes and gives no
direct information, we move on to compare (10.14) and (10.10). Again, with
only a single term which this time involves »’ A a)é, we take the nonzero term
in (10.14) to be Féf A ' and conclude that

ef)‘(r) N
o’ (10.17)

6 6 6 6

Again using F"b = F"b ®, we conclude that F9 — <0

Finally, We compare (10 15) with (10.11) usmg the same procedure, which

gives
5 ; —Ar) A .
e cotd
ré = F¢¢3 =0, I’= w?, r% =0 (10.18)
r r
¢ _ e ¢ _ coto
whereF;qg_eT d F%_%,

Now we return to the case of (10.9), which gave us no information since it
vanished. To find the curvature one forms in this case, we will use symmetry con-
siderations. Looking at the metric (10.5), we see that in this case we can define

1 0 0 O

0 -1 0 0
]7AA:
1o 0 =1 o

0 0 0 —1

to raise and lower indices. Therefore, we have the following relationships:
I, =0Ty =T = —Tpy = —ng I =T
M =Ty = —Tj =Ty = il = =T,
I = n¥Ty, = —Ty = Ty = eI, = —T7,
And so, from (10.16) we conclude that

Ff; — Fff _ dv e—k(r) {
(10.19)
= an — d_vef)n(r)
tt dr
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Using (10.17), we find

M, = 1% =-"—"0u
0 r (10.20)
=1 = ",
and finally
N —\(r)
Fr = — ¢A = —e w
7 r (10.21)
=T T,

Solving for the Curvature Tensor

We now compute the components of the curvature tensor, using Cartan’s second

structure equation; i.c., Q&E = dF&E + F&é A Fé[; = %R&Eéd o A w?. We will ex-

plicitly compute one of the curvature two forms. Consider ;= dr’ :+ r’ 2 A
Féf. For the summation, we have
7 ¢ pF i 7 P P 6 7 ¢ _
Fé/\F;—F;/\F;-I—F;/\F?-i-ré/\F;—i—l_‘é/\l—‘f—()

since Fff =I" = Féf = F‘é = 0. This leaves

r
d
—d (Evev(r)—k(r)dt>

&0 ey W\ i
= me dr A dtf + E e dr A dtf

dv [dn
- (a") (E) "= dr A dt

Using (10.7) to invert the differentials and write them in terms of the basis one
forms, we arrive at the following expression:

; d*v dv? dv [/da oy P A
Q= [@ + (5) — (5> (5)] N (10.22)

P P dv e i
Q;:dFtA:d(d—e M)w’>
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Now let’s write out the curvature two form in terms of the components of
the Riemann tensor, using the expression Qf’l; = %Raéé 3 @° A . Remember
that the Einstein summation convention is being used, so there is a summation
over ¢ and d. However, noticing that in (10.22) there is only one term, o’ A ',
we have to consider only two terms in the sum, those involving &’ A ' and

o' A . So we have

A TR U A P .
o 7 ¢ d __ 7 7 t 7 1 7
Now we use the fact that o A o = —a’ A @' to write this as
Qf_lRf F A f_er‘ N f_l P RF Fa o
P = @ A@ T S @ A=\ K iir ) @ N@

Using the same type of procedure we’ve seen in earlier chapters, we can simplify
this even further using the symmetries of the Riemann tensor:
Rye = 0" R piip = —Rpiip = R iz = 05 Ry = — Ry

ttr trt

and so we have

o1, i R R ) e
QFA:—(R’W—RF )a)r/\cz)t:E(Rr .+ R )a)r/\a)terfﬁwr/\a)t

{ 2 ii7 Pt Pt

Comparison with (10.22) shows that

: v v\ A (|
R =|-—5+(=) (=)= e
T der T \dr dr ) \dr

All together, the nonzero components of the Riemann tensor are given by

; L AN A WA A
Fe=loz &) o)\ )|

. . 1dv
t __ pt _ T =2
Rt = Rots = 7 47¢
(10.23)
Rr _ Rf 1 d)\‘ 2A
60 =~ " id T S ar
Ré | —e 2
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All other nonzero components can be found using the symmetries of the Rie-
mann tensor.

The Vacuum Equations

Now we can compute the components of the Ricci tensor to obtain the vacuum
equations. This is done relatively easily by computing R,; = Rgéé. The first
term is easy to calculate

Rij=Ry+ R, + R’ +R

iri i ipt
v (dv)® [dv) /dr  2dv |
=l—=4(=) = (=) (Z)+2=|e?D (1024
|:dr2+(dr) <dr)(dr)+rdr:|e (10.24)

By showing that R';;: = —R’;+;, you can see that

R d2v+ dv\®  (dv (dr\  2da| L, (10.25)
S PP a)\ar)  rar |° '

Moving on we have

_ pi P é ¢
Rog = Rgpg + Rigog + Rigss + Rigss

1d 1da 1 —e

= 10.26
r dr rdr + r2 ( )
o pi P 6 ¢
Rop = Ris T R+ Rgas + Riag 0
27
ldv ,, ldx , 1—e? ( )
=———¢ ——e —_—
rdr r dr r2

We obtain the vacuum equations by setting each component of the Ricci tensor
equal to zero [recall (10.1)]. There are only two vacuum equations we need in
order to find the functional form of v(r) and A(r). We use (10.24) and (10.25)
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and set them equal to zero, which gives
d?v n dv\? dv /da n 2dv 0 (10.28)
dr? dr dr ) \ dr rdr '

d2v dv\2  [/dv\ /dxr 2dx
(=) (=) ()22 = 10.2
dr2+<dr> (dr)(dr) rdr 0 (10.29)

We subtract (10.29) from (10.28) and get

dv n dr 0
dr  dr
This implies that the sum of these functions is constant

v+ A= const==%

We can use a trick so that the constant will vanish. We change the time coordinate
tot — tef. This means that dr — dref, dr? — dr? e2f = e?Vdr? — 20 s,
In other words, we have transformed v — v + & and so

v+A=0
=Y

Now we use this to replace v with —A in (10.29) and get

d2x da\?  2dx
T = i 10.30
dr2 (dr) T ( )

To solve this equation, consider the second derivative of re=%*

da '
(re—2k)// — (e—Zk _ 27‘562)“)

dx d?x dr)’
= (—456_2)L — 27'@6_2)L + 4r (a) €_2k>
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Let’s quickly set this equal to zero to see that this is in fact another way of
writing (10.30):

da ) dr)’
—456_2k — 2r@e—2A + 4r <5) e =0

Now divide through by e=?* to get

dx d2x dr\’
4SS 4 (B2 =0
o e r(dr)

Next we divide through by —2r, which gives

¢r L (d 2+2dA_0
dr? dr rdr

—ZA)”

Returning to (re , since this vanishes because it is equivalent to (10.30),

we can integrate once

(re )" = constant (10.31)

Now, recall that we had found that (re‘z’\)// = (e — 2rgr—ke‘2k)/.
Let’s turn to (10.26). We obtain another of the vacuum equations by setting this
equal to zero:

1dv 1 da 1 —e 2
S 2 r-e

=0
7 dr r dr r2

Ry = —

We multiply through by 2 to get

d da
—rave_m + rae_ZA +1—e?=0
Now we use v = —A to obtain
da

2_—2)» 1_ _2)\.:0
rdre -+ e
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Moving 1 to the other side and then multiplying through by —1, we have
da
oy —2)»+ —2)\.=1
r ¢ e
Now the left side is nothing other than (re~>*)". And so we have found that

(re=?*)" = 1. Integrating this equation, we find

re ? =r —2m

where —2m is an unknown constant of integration. We choose this odd designa-
tion for the constant of integration because, as we will see, this term is related
to the mass. Dividing through by 7, we find that

e =1-"=
r

Let’s recall the original form of the metric. We had

ds? = e®'Vds? — e dr? — 2 (d9? + sin’ 0 d¢?)

Using v = —A, we obtain the coefficients in the metric we have been seeking
2 2m\ ™!
P =1-" and &= (1 . —m) (10.32)
r r

The Meaning of the Integration Constant

We find the constant appearing in the line element by seeking a correspondence
between newtonian theory and general relativity. Later, we will discuss the weak
field limit and find that relativity reduces to newtonian theory if we have (for
the moment explicitly showing fundamental constants)

20
g X1+ —
¢
where @ is the gravitational potential in newtonian theory. For a point mass
located at the origin,

M
®=-G—
.
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—Er

and so
GM
=1 2T
c*r
Comparing this to (10.32), we set
GM
m = C—2

where M is the mass of the body in kilograms (or whatever units are being
used). Looking at this term you will see that the units of m which appears in the
metric has units of length. This constant m is called the geometric mass of the
body.

The Schwarzschild Metric

With these results in hand, we can rewrite (10.5) in the familiar form of the
Schwarzschild line element:

2 dr?
ds? = (1 —~ —m> dr* — i-my - r* (d6* + sin® 0 dp?) (10.33)

r ~ %)

Looking at the metric, we can see that as » gets large, it approaches the form
(10.2) of the flat space metric.

The Time Coordinate

The correspondence between the Schwarzschild metric in (10.33) and the flat
space metric tells us that the time coordinate 7 used here is the time measured
by a distant observer far from the origin.

The Schwarzschild Radius

Notice that the metric defined in (10.33) becomes singular (i.e., blows sky
high) when » = 2m. This value is known as the Schwarzschild radius. In terms
of the mass of the object that is the source of the gravitational field, it is
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given by

2GM

(10.34)

s

For ordinary stars, the Schwarzschild radius lies deep in the stellar interior.
Therefore we can use the metric given by (10.33) with confidence to describe
the region found outside of your average star. As an example, the Schwarzschild
radius for the Sun can be used by inserting the solar mass 1.989 x 10° kg into
(10.34), and we find that »; >~ 3 km. Remember, we started out by solving the
vacuum equations. Since this point lies inside the Sun where matter is present,
the solutions we obtained in the previous section cannot apply in that region.

It should catch your attention that the metric blows up at a certain value of
the radius. However, we need to investigate further to determine whether this
is a real physical singularity, which means the curvature of spacetime becomes
infinite, or whether this is just an artifact of the coordinate system we are using.
While it seems like stating the obvious, it is important to note that the line
element is written in terms of coordinates.

It may turn out that we can write the metric in a different way by a trans-
formation to some other coordinates. To get a better idea of the behavior of
the spacetime, the best course of action is to examine invariant quantities, i.e.,
scalars. If we can find a singularity that is present in a scalar quantity, then we
know that this singularity is present in all coordinate systems and therefore rep-
resents something that is physically real. In the present case, the components of
the Ricci tensor vanish, so the Ricci scalar vanishes as well. Instead we construct
the following scalar using the Riemann tensor.

48m*

RabcdRade —
76

(10.35)

This quantity blows up at 7 = 0. Since this is a scalar, this is true in all coordinate
systems, and therefore, we conclude that the point 7 = 0 is a genuine singularity.

Geodesics in the Schwarzschild Spacetime

Now that we have the metric in hand, we can determine what the paths of
particles and light rays are going to be in this spacetime. To find out we need to
derive and solve the geodesic equations for each coordinate.

One way this can be done fairly easily is by deriving the Euler-Lagrange
equations. We are not covering largrangian methods in this book, so we will
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simply demonstrate the method (interested readers, please see the references).
To find the geodesic equations, we take the variation

2 . 1 . .
8/d528/ |:(l——m>t2—mr2—r292—r25m29¢{| ds =0
7 — m

Now we make the following definition:

2m\ 1 . .
F = (1——m)z2—72r'2—r292—r2sin29¢2
F) T

The Euler-Lagrange equations are

d [ oF oF o (10.36)
ds \ 9x¢ xa ’

Starting with the time coordinate, we have

- $(5)-8BE-2)-BE- - 2)

Since there are no terms in £ that contain ¢, we set this to zero and obtain
the first geodesic equation:

2m

———r7i=0 10.37
+r(r—2m)r ( )

;

Now we consider the radial coordinate. We have

oF 2 .
)
r
d (0F 2 dm .,
@&(8—")—— I"——(I")
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F is r dependent and so we calculate

oF 2m . 2 2 . .
T (=) 20062 — o sin? 0 ¢
or r2 r r

Putting these results together using (10.36) gives the second geodesic equation

P (e —2m) P - 72— (r — 2m) (6> +sin®6 $%) = 0
r

r(r—2m)
(10.38)
Next we find
oF . d [oF . N
— = = — (_) = —4ri6 — 2%
a0 ds \ 90
oF .
— = —2r%sinf cos h ¢?
a0
and so the geodesic equation for 6 is given by
W 2. =
0 4+ —r0 —sinf cosf ¢p~ =0 (10.39)
r
Finally, for the ¢ coordinate we find
oF .
— = —2r%sin’0 ¢
a9
d [oF ) - .
= — (—) = —4risin®6 ¢ — 4r? sinf cos 0 O — 2r?sin® 0 ¢
ds \ 90
oF
ue—!
99
Therefore
. 2.
¢+2cotb0¢ + —rp =0 (10.40)
r

Particle Orbits in the Schwarzschild Spacetime

In the previous section we obtained a set of differential equations for the
geodesics of the Schwarzschild spacetime. However, these equations are quite
daunting and trying to solve them directly does not seem like a productive use of
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time. A different approach to learn about the motion of particles and light rays
in the Schwarzschild spacetime is available, and is based on the use of Killing
vectors. Remember, each symmetry in the metric corresponds to a Killing vec-
tor. Conserved quantities related to the motion of a massive particle can be
found by forming the dot product of Killing vectors with the four velocity of
the particle.
We will define vectors in terms of their components, using the coordinate or-

dering (¢, r, 6, ¢). The four velocity of a particle in the Schwarzschild spacetime
has components given by

. dt dr do d¢
=(—, —, =, = 10.41
! (dr’dr de dT) (10.41)
Here 7 is the proper time. The four velocity satisfies
i-i=gupuub =1 (10.42)

In a coordinate basis, the components of the metric tensor, which can be read
off of (10.33), are

2m 1
= 1 — — , ey = — o, =—}"2, =—I’2Sin29
8t ( p ) g (1 _ 27,”) 8oo 8o
(10.43)
Using (10.41), we find that (10.42) gives

i = gauu®

(=) (@) -0-) () (@)

d 2
—r2sin® 0 (d—‘l’) =1 (10.44)
T

This equation forms the basis that we will use to find the orbits. It can be shown
that in general relativity, as in classical mechanics, the orbit of a body in a central
force field lies in a plane. Therefore we can choose our axes such that 0 = /2
and set g—f =0.

Before analyzing this equation further, we will define two Killing vectors for
the Schwarzschild spacetime and use them to construct conserved quantities.
This is actually quite easy. When the form of the metric was derived, we indicated
two important criteria: the metric is time independent and spherically symmetric.
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Looking at the metric

2
ds? = (1 -~ 2—m> dr* — (IL —r?(d6? + sin® 0 d¢?)

r ~ %)

we see that there are no terms that explicitly depend on time ¢ or the angular
variable ¢. Therefore we can define the following Killing vectors. The Killing
vector that corresponds to the independence of the metric of ¢ is

§=(1,0,0,0) (10.45)

We associate the conservation of energy with the independence of the metric
from time.

We can construct another Killing vector that corresponds to the independence
of the metric from ¢. This is

n=1(0,0,0,1) (10.46)

The independence of the metric with respect to ¢ is associated with conservation
of angular momentum.

The conserved quantities related to these Killing vectors are found by taking
the dot product of each vector with the four velocity. The conserved energy per
unit rest mass is given by

. 2m\ dr
e= —F.ii = —gutut = — (1 _ —m> il (10.47)
r Jdr

The conserved angular momentum per unit rest mass is defined to be

. : d d
[ =17-i=gunu’ =r’sin’0 do = r2—¢ (for6 = z) (10.48)
dr dr 2

With these definitions, and the choice of 6 = /2, we can simplify (10.44) to

read
2m\ ! ) 2m\ " fdr\? P2
1] — — e — |1 —— — ] ——==1 (10.49)
r r dr 72
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—E»

Let’s multiply through by 1 — 22 and divide by 2. The result is

¢ L(dr\' 12 (0 am) ]
2 2 \dr 272 r )2
Now we isolate the energy per unit mass term, which gives
E—1 1[dr\*> P 2m\ m
= — | — + — 1—— ) — —
2 2 \dr 2r2 r r
If we define the effective potential to be

v _12 i 2m m
off = 52 r r

and set £ = ezz_ L then we obtain an expression that corresponds to that used in
classical mechanics

~ |3

I,
E=§7’ + Verr

which describes a particle with energy £ and unit mass moving in the potential
described by Vegr. However, a closer look at the effective potential is warranted.
Multiplying through by the leading term, we have

m I? I’m
Veir = . + 277 3 (10.50)
The first two terms are nothing more than what you would expect in the new-
tonian case. In particular, the first term correlates to the gravitational potential
while the second term is the angular momentum term we are familiar with from
classical orbital mechanics. The final term in this expression is a modification
of the potential that arises in general relativity.
We find the minimum and maximum values that » can assume in the usual
way. The first derivative is

dVer d

dr dr

< m 2 12m> m 12 3m
— + _

72 73 r4
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Next we set this equal to zero:

m 2 3m
2 3 4

rz 3 r
=mrt—01Fr +3Pm=0

=0

Applying the quadratic formula, we find the maximum and minimum values of
r to be given by

1?2+ 1% —1212m? 2 m?2
= (1+,/1-12" (10.51)

2= 2m 2m 2

These values correspond to circular orbits. We can use a binomial expansion of
the term under the square root to rewrite this as

? m? % m?
SR (NI S Lia) [ESRL Iy
.2 2m< 12) 2m[ ( 12>]

The two values correspond to a stable and an unstable circular orbit, respectively.
The stable circular orbit is one for which

12
rn N —
m

Meanwhile, for the unstable circular orbit, we take the minus sign and obtain
2 m? ? m?
= —|1—-|{1—-6—)|=—1|6—])=3
"2 2m[ ( z2>] 2m(12) "
Using m = Ci—é” the orbit is given by r, = 3GC—12”. For the Sun, this value is

6.67 x 107" m3s? /kg) (1.989 x 103k
PS = 3( /ke) ( > g) = 4422 km
(3 x 108 m/s)

The equatorial radius of the Sun is 695,000 km, and so we see that the unstable

circular orbit lies well inside the Sun.
Lookingat(10.50), we can learn something about the behavior of the orbits for

different values of r. First, consider the case where r = 2m, the Schwarzschild
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radius. In this case, we have

Vi ( 2m) m 4 I? I’m 1 n I? I’m 1
r=2m)=—— - =——z+ 5=
. 2m " 20m)? @m)y 2 8m?  8md 2

For large r, the potential reduces to the newtonian potential
m
Verr (r) ~ ——
r

Looking once again at (10.51), notice that the term under the square root
becomes negative when the angular momentum /2 is less than 12m?. We then
get the unphysical result where the radius is a complex number. This tells us that
in this case no stable circular orbit can exist. Physically speaking, if /2 is less
than 12m?, this indicates that the orbiting body will crash into the surface of the
star. If the body happens to be approaching a black hole under these conditions,
it will simply be swallowed up by the black hole.

These results are illustrated in Figs. 10-1 and 10-2. By comparing the curves
in the two figures, you can see that as r gets large the newtonian and relativistic
cases converge. At small 7, the differences are quite dramatic. This tells us that
the best place to look for relativistic effects in the solar system is near the Sun.

[~ ,

Fig. 10-1. Plots of the effective potential for general relativity. For simplicity, we used a
unit mass to generate the plots that shows three different values of /. The behavior at
small 7 is significant; a comparison shows that the orbits differ markedly from the
newtonian case in this region. This is a result of the 1/ term.
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25—

14

r

Fig. 10-2. The newtonian case for the same values of /. At large r, the orbits correspond
to those in the previous plot. At small 7, the behavior is quite different.

This is what Einstein did when he considered the precession in the orbit of
Mercury.

The Deflection of Light Rays

There are four standard or “classical tests” of general relativity that have been
applied within the solar system. These include the precession of the perihelion
of Mercury, the bending of light passing near the Sun, the travel time of light
in a Schwarzschild field, and the gravitational red shift. These phenomena are
covered in all the major textbooks. We will consider two tests involving light
and begin by considering the derivation of an equation for the trajectory of a
light ray (see Fig. 10-3). This derivation will follow that of the previous section
with some small differences.

We can assume once again that the motion will take place in a plane and
set & = /2. Moreover, from special relativity we know that the path of a light
ray lies on a light cone, and so can be described by the case ds? = 0. These
considerations mean that the equation following (10.44) becomes

-1
(1 — 2—'”) P2 — (1 — 2-’") P2 —r¥p? =0 (10.52)
r
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Proceeding as we did for massive particles, we use definitions (10.47) and
(10.48) to write (with the difference that differentiation is not with respect to

the proper time 7, instead we take the derivative with respect to some parameter
we denote by A)

) 2m 2.2 ) 432
ee=|1——) t° and [“=r"¢

r

where we have used dots to denote differentiation with respect to A. Then (10.52)
becomes
2m\7 2m\~', P
l-—— ) e—(1——) F“=—==0 (10.53)
r
To find the trajectory, we are interested in obtaining an expression for » =

7 (¢). We will now use primes to denote differentiation with respect to ¢. With
this in mind, let’s rewrite 7 as

. dr dr (d¢> dr <d¢) .
Fr=—=—|—)=—|—)=r¢
dr  dia \d¢ d¢ \ dA

Now we can use #2¢ = [ to write

To write the equation in a more convenient form, we introduce a new variable
u = 1/r. Note that

and so, we can write

Returning to (10.53), we multiply through by (1 — 2m/r) and set u = 1/r to
obtain

e —1Pu? —1Pu*(1 —2mu) =0
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To obtain an equation for the trajectory of a light ray, we differentiate with
respect to ¢ a second time to get rid of the constant 2. This gives

u' (' +u—3mu*) =0
Dividing through by u’, we obtain the final result
u” +u = 3mu? (10.54)

The standard procedure is to solve this equation using perturbation methods.
First we set ¢ = 3m and then try a solution of the form

u=ug+ euy + O (&%) (10.55)
Ignoring the higher order terms, we have

I /
u =uy+eu,
"o . Vi
U =ugy+ eu

Now, ignoring terms that are second order and higher, we have 3mu? = su? ~
gu?. Inserting these results into (10.54), we obtain

ug + e +ug + euy = euf

We now equate terms by their order in . We start with

ug +uy=0
The solution of this equation is given by uy = A4 sin¢ + B cos ¢. Without loss of
generality, we can choose our initial conditions so that B =0 and uy = 4 sin ¢.
This equation represents straight-line motion since » = 1/u, and using y =
r sin ¢ in polar coordinates, we can write this as 1/4 = r sin¢ = y. Therefore,
the constant A represents the distance of closest approach to the origin.
Next, we equate terms that are first order in ¢.

w4+ uy = uj = A sin’ ¢

The homogeneous equation is the same as we had before

ul +u; =0
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Sl

o

» x

Fig. 10-3. Lowest order representation of the trajectory of a light ray. The light ray
follows the straight path represented by the dashed line. The distance ry is the distance
of closest approach to the origin.

with solution u!' = Bsin¢ + C cos¢. Without loss of generality, we take

B = 0. For the particular solution, we guess that u, = D sin® ¢ + E cos? ¢;
therefore, differentiating we have

u, =2Dsin¢cos¢ — 2E cos ¢ sing
u = 2D cos’ ¢ — 2D sin’ ¢ — 2 cos® ¢ + 2E sin” ¢
and so, we have
uy +uy = —Dsin’ ¢ +4Dsin’ ¢ = 3Dsin’ ¢
uy +up =2D cos’ ¢ — 2D sin® ¢ — 2 cos® ¢ + 2F sin’ ¢
+Dsin® ¢ + E cos’ ¢
=2Dcos’ ¢ — Dsin’ ¢ — E cos> ¢ + 2E sin’ ¢

Now the particular solution must satisfy u,, + u, = A% sin® ¢ and this only be
true can if 2D — E = 0, leaving us with

—Dsin’ ¢ + 4D sin’> ¢ = 3Dsin’ ¢

Using uy + up = A? sin” ¢, we conclude that D = 42/3. And so the particular
solution becomes
2

A A?
u‘l’:Dsinzqﬁ—I—Ecosqu: ?sin2¢+2?cosz¢
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Ey—

A? A?

= ? (l — COS2 ¢) =+ 2? COSz¢
4> A7

=3t yese

The complete first-order solution is then

A2
Uy = ?(1 + K cos ¢ + cos® ¢) (10.56)

where K is another integration constant. Putting everything together and using
¢ = 3m, the complete solution (which is an approximation) for the trajectory
of a light ray is

u=uy+ eu; = Asing + mA> (1+Kcos¢—|—cosz¢) (10.57)

The mA* will cause a deflection of the trajectory from a straight-line path.

In an astrophysics situation, a light ray originating from a distant star ap-
proaches the Sun along an asymptotic straight line, is deflected a small amount
by the Sun’s gravitational field, and then heads off into the distance along another
asymptotic straight line. The asymptotes correspond to # = 0 and are parallel
to the x-axis. We can take ¢ = § (where § is some small angle) and use the
small angle approximation sin§ ~ §, cos§ ~ 1 to write (10.57) as

u A +mA*> 2+ K)

We can define a new constant k = 2 4+ K, and setting this equal to zero, we find
(see Fig. 10-4)

6 = —mkA

The minus sign indicates that the deflection is towards the Sun. Recalling that
the constant A4 is inversely related to the straight-line distance we found above,
we can write

mK
§=——
ro
The total deflection is given by
4m
A=—
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Fig. 10-4. A light ray deflected by the Sun.

In the case of the Sun, a deflection of 1.75 in. of arc is predicted. The interested
reader can learn about the observational challenges and results in trying to
measure this phenomenon, which has been done successfully.

Time Delay

The final phenomenon that manifests itself in the Schwarzschild geometry is
the time travel that is required for light to go between two points. The cur-
vature induced in the spacetime surrounding a massive body like the Sun
increases the travel time of light rays relative to what would be the case in
flat space.

Again setting § = 7 /2 and using ds? = 0, we have

2 2m\ !
0:(1——m>dt2—(1——m> dr? — r2de?
r r

Using the previous results for light rays, we write the last piece in terms of dr
and obtain the following result:

dr? (1 — 2mr§/r3)

2 _
ar = (1—r2/r2) (1 —2m/r)
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Taking the square root, expanding to first order, and using conventional units
(so we put ct in place of #), we obtain

cdt =

dr
& (i md
,/1—rg/r2 r r

This result can be integrated. To consider the travel time of light between Earth
and another planet in the solar system, we integrate between r to 7, and 7 to
re, where 7, is the planet radius and . is the Earth radius. The result is

(‘/rg —rg —I—rp) (,/re2 —rg —I—re)

2
ry

2m mr&)

Ct=\/l’2—7”§+ rg—r§+2mln

p
2 _ 42 2 _ 42
\/rp g \/re ry
+

p e

—m

The ordinary flat space distance between Earth and the planet is given by

the first term, /r2 —r§ 4 ,/r2 —r§. The remaining terms indicate the in-

creased distance caused by the curvature of spacetime (i.e., by the gravita-
tional field of the Sun). These terms cause a time delay that is measurable in
the solar system. For example, radar reflections to Venus are delayed by about
200 us.

Because of limited space our coverage of the Schwarzschild solution is in-
complete. The reader is encouraged to consult the references listed at the end
of the book for more extensive treatment.

1. Using the variational method described in Example 4-10, the nonzero
Christoftel symbols for the Schwarzschild metric are
(a) Ftrt == dv/d]"

I, =e*v=> %, r., = %, oo = —1r e 2, [Mpp = —r1 e % sin® 6
I6=1T%4=—sin6 coso

F¢,¢ = %, F¢9¢ = cotf



CHAPTER 10 The Schwarzschild Solution _\@’
(b) I, = dv /dr

2(v—2) dv dx =2\ 2% il
r‘r”:e(v )J,F’,,:J,Freg =re ,Fr¢¢:—l"€ sin” 0

Y., = } %4 = sinf cosf
F¢r¢ = —%, F¢9¢ = —cotf

() I'y = %, I, = —%, [Mgg = —1re 2 Ty =1 e ?* cos’ 6
Iy = %, %4 = —sinf cosf
F¢r¢ = %, F¢9¢ = cot6

2. Suppose that we were to drop the requirement of time independence and
wrote the line element as

ds? = 0 dr* — 00 dr? — 12 (d6? + sin® 6 dg?)

The R,, component of the Ricci tensor is given by

(@ Ry = %%
(d) R, = %((11_};
(©) Ry = _rlz%

For the following set of problems, we consider a Schwarzschild metric
with a nonzero cosmological constant. We make the following definition:

1
f=1-"1_ " a0
r 3

We write the line element as
1

dr? +r?de? + r? sin? 6 dg?
S ()

ds’> = —f(r) d* +

3. When you calculate the Ricci rotation coefficients, you will find

[ —Ar3
@ Iy = Nr—18m—3 Ar3
S A3
(b) Frf[‘ _ 3m—Ar

VU —18m=3 Ar3

P 3m—=Ar?
(© I'y = Jor—18m
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4.  When you calculate the components of the Ricci tensor, you will find
(@) —Rjp = Rz = Ryg = Ryp = A 3
(b) —R;; = Ry = Réé = R¢¢ = Ar
() —Rjp = Rjz = Rgy = Rj5 =0

5. The Petrov type of the Schwarzschild spacetime is best described as
(a) type O
(b) typel
(c) type III
(d) type D
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hole is a region of spacetime where gravity is so strong that not even
escape. In nature, it is believed that black holes form at the end of a stars
>when a massive star runs out of fuel and ends its life in collapse. We
our study of black holes by taking a closer look at the Schwarzschild
s we will see, according to classical general relativity, a black hole
ly characterized by just three parameters. These are

momentum

1S_characterization results in three general classes of black holes that are
studied:

Static black holes with no charge, described by the Schwarzschild solution
Black holes with electrical charge, described by the Reissner-Nordstram
solution

e _Rotating black holes, described by the Kerr solution

Black Holes

—&
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In this chapter we will consider two cases: the Schwarzschild and Kerr black

holes. To begin, let’s review the problem of coordinate singularities and see how
to remove the singularity from the Schwarzschild metric.

Redshift in a Gravitational Field

When studying black holes you will often see an infinite redshift being discussed.
Let’s take a moment to see what happens to light as it is emitted upward in a
gravitational field, that is from an observer located at some inner radius 7; to an
observer positioned at some outer radius 7.

The key to seeing what happens to the light is to see how time passes for
each observer. In other words we are interested in the period of the light wave as
seen by each observer. Recall that the proper time 7 is the time a given observer
measures on his or her own clock. For the Schwarzschild metric, for a stationary
observer the proper time relates to the time as measured by a distant observer

via the relationship
2
dr = /1 - Zar
r

It is a simple matter to calculate a redshift factor by comparing the proper
time for observers located at two different values of 7. This is best illustrated
by an example.

EXAMPLE 11-1

Consider two fixed observers located nearby a Schwarzschild black hole. One
observer, located at | = 3m, emits a pulse of ultraviolet light to a second
observer located at 7, = 8m. Show that the second observer finds that the light
has been redshifted to orange.

SOLUTION 11-1
To find the redshift factor, we simply calculate the ratio dr, /dr; where

2
dr, = [1- "

ri
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Let’s denote the redshift factor by «. Then we have

2m 2m

_%_ l—zdl‘_ 1—;
du fi_mg 1
r at

We can take the wavelength of ultraviolet light to be A; ~ 400 nm. The wave-
length that the second observer sees is then

A =ai; = 1.5 x 400 nm = 600 nm

This is in the orange region of the spectrum, which roughly runs from 542 nm
to 620 nm.

Coordinate Singularities

Let’s step back for a moment and review the distinction between coordinate and
curvature singularities. First recall the Schwarzschild metric given in (10.33):

2 2
ds? = (1 _ _m> dr* — (1‘1;7/) — r2(dH? + sin® 6d¢?)
r —im/r

It’s pretty clear that the Schwarzschild metric exhibits unusual behavior at
r =2m. Forr > 2m, g, > 0 and g,, < 0. However, notice that for r < 2m,
the signs of these components of the metric reverse. This means that a world line
along the ¢-axis has ds? < 0 and so describes a spacelike curve. Meanwhile, a
world line along the r-axis has ds? > 0 and so describes a timelike curve. The
time and space character of the coordinates has reversed. This indicates that a
massive particle inside the Schwarzschild radius could not remain stationary at
a constant value of r.

Now let’s take a direct look at » = 2m. Considering g;, first, we see that at
r=2m

o2 1o
Su = 2m o



While this is well behaved mathematically, the fact that g;; vanishes means
that the surface » = 2m is a surface of infinite redshift. Something unusual
is obviously going on, and we will examine this behavior again later. But for
now let’s consider the other components of the metric. While nothing unusual

happens to gy and g4, we see that g, behaves very badly. In fact, this term
blows up:

1
gy =—7——F~ —>00 asr — 2m

(1 —2m/r)

When a mathematical expression goes to infinity at some point, we call that
point a singularity. However, in geometry and in physics and hence in general
relativity, the presence of a singularity must be explored carefully. The first
question to ask is whether or not the singularity is physically real or whether it
is due to the choice of coordinates we have made.

In this case, we will find that while the surface » = 2m has some unusual
properties, the singularity is due to the choice of coordinates, and so is a coordi-
nate singularity. Simply put, by using a different set of coordinates we can write
the metric in such a way that the singularity at» = 2m is removed. However, we
will see that the point » = 0 is due to infinite curvature and cannot be removed
by a change in coordinates.

We have already seen a way to investigate this question: construct invariant
quantities—invariant quantities will not depend on our particular choice of
coordinates. In Chapter 10, we found that

48m?
6

RabcdRabcd — p

This invariant (it’s a scalar) tells us that the curvature tensor does blow up at
r = 0, but that at » = 2m, nothing unusual happens. This tells us that we can
remove the singularity at » = 2m by changing to an appropriate coordinate
system.

Eddington-Finkelstein Coordinates

We can study these problems further by examining the behavior of light cones
near » = 2m. Consider paths along radial lines, which means we can set
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dd = d¢ = 0. In this case, the Schwarzschild metric simplifies to

2
dsz:(lf_m) g2 9
r (1—2m/r)

To study the paths of light rays, we set ds? = 0. This leads to the following
relationship, which gives the slope of a light cone:

dt 2m\ !
a::l:(l—%”) (11.1)

The first thing to notice that far from » = 2m, that is as » — oo, this equation
becomes

g::I:l
dr

Therefore in this limit we recover the motion of light rays in flat space (integra-
tion gives ¢ = 47 modulo a constant, just what we would expect for light cones
in Minkowski space).

Now let’s examine the behavior as we approach smaller », specifically ap-
proaching » = 2m. It will be helpful to examine the positive sign, which corre-
sponds to outgoing radial null curves. Then we can write (11.1) as

dt r

dr  r—2m

Notice that as » — 2m, dt/dr — oo. This tells us that the light cones are
becoming more narrow as we approach » = 2m (at » = 2m, the lines become
vertical). This effect is shown in Fig. 11-1.

We can find the key to getting rid of the singularity by integrating (11.1)
to get time as a function of 7. Once again, if we take the positive sign, which
applies for outgoing radial null curves, then integration gives

t=r+2mlnlr —2m|

(we are ignoring the integration constant). The form of 7 () suggests a coordinate
transformation that we can use. We now consider the tortoise coordinate, which
will allow us to write down the metric in a new way that shows only the curvature
singularity at the origin.
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r=2m

Fig. 11-1. Using Schwarzschild coordinates, light cones close up as they approach
r=2m.

The Path of a Radially Infalling Particle

In the Schwarzschild geometry a radially infalling particle falling from infinity
with vanishing initial velocity moves on a path described by

! 2m\ dt 1 d dr\*> 2m
- — = an — ) = —
r dr dr r

From these equations, we find that

dr/dc dr  [2m 1_2_m
dt/dr  dr r r

Integration yields

+2mIn (*/74”/%) Wﬁ_m)

(vro +v2m) (vF — vam)
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In the limit that » becomes close to 2m, this becomes

r—2m = 8m e I=0)/2m

This indicates that if we choose to use ¢ as the time coordinate, the surface
r = 2m is approached but never passed. We recall that ¢ corresponds to the
proper time of a distant observer. Therefore for an outside observer far from the
black hole, a falling test body will never reach » = 2m.

Revisiting the path of a radially infalling particle using the particle’s proper
time, we have

dr 2m
dr r

We assume the particle starts from » = ry at proper time v = 7. Cross multi-
plying terms and integrating, we have

1 ro T
— Vr'dr =/ dr’
a Y 2m /r 70

where the primes denote dummy integration variables. Integrating both sides
gives

32 r3/2> —r—1

2
375 (0

Looking at this equation, the mysterious surface » = 2m makes no appearance.
The body falls continuously to » = 0 in finite proper time, in contrast to the
result seen by an outside observer. In fact, one can say that the entire evolution
of the physical universe has occurred by the time the body passes the surface
r=2m.

To study the spacetime inside » = 2m, we need to remove the coordinate
singularity. We take this up in the next section.

Eddington-Finkelstein Coordinates

The first attempt to get around the problem of the coordinate singularity was
made with Eddington-Finkelstein coordinates. First we introduce a new coor-
dinate r* called the tortoise coordinate
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P =1 4 2m ln(ﬁ—l) (11.2)
along with two null coordinates

u=t—r* and v=t+r" (11.3)

From (11.2) we find

. 2m 1 B dr
dr _dr+(r/2m—1)(%)dr_d“L(r/zm—l)

2m — 1 dr dr
_ (r/2m )dr+ _ (L)
(r/2m — 1) (r/2m — 1) 2m/ (r/2m — 1)
B dr
1 =2m/r
Now we use (11.3) to write
dt = dv — dr*
-
(1 —2m/r)
dvdr dr?

= d? =dv? -2

(1—2mfr) " (1—2m/r)’

Substitution of this result into the Schwarzschild metric gives the Eddington-
Finkelstein form of the metric

2
ds? = (1 _ —m> dv? — 2dv dr — r2 (d6? + sin’ 0 dg?) (11.4)

r

While the curvature singularity at » = 0 is clearly evident, in these new coor-
dinates the metric is no longer singular at » = 2m. Once again, let’s consider
the radial paths of light rays by setting d9 = d¢ = 0 and ds? = 0. This time we
find

2
(1——’") & —2dvdr =0
r
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Dividing both sides by dv?, we obtain

If we setr = 2m, then we have dr/dv = 0; that is, the radial coordinate velocity

oflight has vanished. We can integrate to find that» (v) = const, which describes

light rays that stay right where they are, neither outgoing nor ingoing.
Rearranging terms gives

dv 2

dr (1 —2m /r)
Integrating, we find that
v(r)=2(r +2m In|r — 2m|) + const

This equation gives us the paths that radial light rays will follow using (v,7)
coordinates. If » > 2m, then as rincreases, v increases. This describes the be-
havior we would expect for radial light rays that are outgoing. On the other hand,
if r < 2m, as r decreases, v increases. So the light rays are ingoing.

In these coordinates, light cones no longer become increasingly narrow and
they make it past the line » = 2m; however, the fact that the time and radial
coordinates reverse their character inside » = 2m means that light cones tilt
over in this region (see Fig. 11-2).

In summary, we have found the following:

e The surface defined by » = 2m is a coordinate singularity. We can find a
suitable change of coordinates to remove the singularity.

e However, the surface » = 2m defines a one-way membrane called the
event horizon. It is possible for future-directed lightlike and timelike
curves to cross from » > 2m to r < 2m, but the reverse is not possible.
Events inside the event horizon are hidden from external observers.

e Moving in the direction of smaller 7, light cones begin to tip over. At
r = 2m, outward traveling photons remain stationary.

e For r < 2m, future-directed lightlike and timelike curves are directed
toward r = 0.

e The Schwarzschild coordinates are well suited for describing the geome-
try over the region 2m < r < oo and — 0o < t < 00; however, another
coordinate system must be used to describe the point » = 2m and the
interior region.
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r=2m

Fig. 11-2. Using Eddington-Finkelstein coordinates (v, r) removes the coordinate
singularity at » = 2m. As r gets smaller, light cones tip over. For » < 2m, all geodesics
directed toward the future head toward = 0.

Kruskal Coordinates

Kruskal-Szekeres coordinates allow us to extend the Schwarzschild geometry
into the region » < 2m. Two new coordinates which we label # and v are intro-
duced. They are related to the Schwarzschild coordinates #, 7 in the following
ways, depending on whether » < 2m orr > 2m:

r > 2m:

t

u=e’m /L—lcosh— (11.5)
2m 4dm
t
v =’ /L— 1 sinh —
2m 4dm

r < 2m:

t
w=e"m 1= ginn (11.6)
2m 4m
t
v=2¢/% |1 — ﬁCOShE



CHAPTER 11 Black Holes

The Kruskal form of the metric is given by

32m3
ds? = 2 g=r/am (du? — dv?) + 7% (d0* + sin® 0de?) (11.7)
r

These coordinates are illustrated in Fig. 11-3. These coordinates exhibit the
following features:

e The “outside world” is labeled by O is the region » > 2m, which corre-
sponds to u > |v|.
e The line u = v corresponds to the Schwarzschild coordinate ¢+ — oo

while u = —v corresponds to 1 — —o0.
e The region inside the event horizon, which is » < 2m, corresponds to
v > |ul.

¢ In Kruskal coordinates, light cones are 45°.

We also have the following relationships:

t
u> —v? = (L — 1) ¢/ and L = tanh -— (11.8)
2m u 4m

The coordinate singularity at » = 2m corresponds to u> — v?> = 0. The real,
curvature singularity » = 0 is a hyperbola that maps to

vi—ut =1

Once again we can examine the paths of light rays by studying ds® = 0. For the
Kruskal metric, we have

B 32m3
oy

(&)
=) =
dv

In Kruskal coordinates massive bodies move inside light cones and have slope

2
(j—v) > 1
u

ds’ =0

e~"/om (du2 — dvz)

This immediately leads to
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. F:O\AVA . r:2m,t:+°°
r = const
I
(6]

o'

L7 \§~~“\~ r=2m,t=—o0

r=0

Fig. 11-3. An illustration of Kruskal coordinates. Regions O and O’ are outside the event
horizon and so correspond to » > 2m. Regions I and I correspond to regions r < 2m.
The hyperbola » = const is some constant radius outside of » = 2m; it could, for
example, represent the surface of a star.

which tells us that the velocity of light is 1 everywhere. Therefore there is no
boundary to light propagation in these coordinates. Furthermore,

u serves as a global radial marker.

v serves as a global time marker.

The metric is equivalent to the Schwarzschild solution but does not cor-
respond to flat spherical coordinates at large distances.

There is no coordinate singularity at » = 2m.

It still has the real singularity at »= 0.

In Fig. 11-3, the dashed line indicated by A represents a light ray traveling
radially inward. The slope is —1 and in Kruskal coordinates it must hit the
singularity at 7 = 0.

The Kerr Black Hole

Observation of astronomical objects like the Earth, Sun, or a neutron star reveals
one fact: most (if not all) of them rotate. While the Schwarzschild solution
still works as a description of the spacetime around a slowly rotating object,
to accurately describe a spinning black hole we need a new solution. Such a
solution is given by the Kerr metric.

The Kerr metric reveals some interesting new phenomena that are wholly
unexpected. For example, we will find that an object that is placed near a spinning
black hole cannot avoid rotating along with the black hole—no matter what state
of motion we give to the object. Put a rocket ship there. Fire the most powerful
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engines that can be constructed so that the rocket ship will move in a direction
opposite to that in which the black hole is rotating. But the engines cannot help—
no matter what we do—the rocket ship will be carried along in the direction of
rotation. In fact, we will see below the rotation even effects light!

We’re also going to see that a rotating black hole has two event horizons. In
between these event horizons is a region called the ergosphere, and we will see
that it is there where the effects of rotation are felt.

It is also possible to extract energy from a Kerr black hole using a method
known as the Penrose process. Let’s get started examining the Kerr black hole
by making some definitions.

As you know a spinning object is characterized by its angular momentum.
When describing a black hole, physicists and astronomers give the angular
momentum the label J and are usually concerned with angular momentum per
unit mass. This is given by a = J/M, and if we are using the “gravitational
mass” for M then the units of a are given in meters. With the Kerr metric, the
effects of spinning on the spacetime around the black hole will be seen by the
presence of angular momentum in the metric along with mixed or cross terms.
These are terms of the form dr d¢ that indicate a change in angle with time—a
rotation.

The Kerr metric is a bit complicated, and so we are simply going to state what
it is. To simplify notation, we make the following definitions:

A =r? = 2mr + da?
Y =72 +4a? cos?6

where, as defined above, a is the angular momentum per unit mass. With these
definitions the metric describing the spacetime around a rotating black hole is

2 4 in 0 ¥
ds? = (1 _ mr) a2 T g — Zdr? — 56>
> > A

2a’mr sin® 0
s 119

We have written the metric in Boyer-Lindquist coordinates. The components
of the metric tensor are given by

_ (1 2mr B B 2mar sin® 0
81t = 5 s 8tp = ot = 5
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2ma®rsin®6\ |
) 8o = — X, g¢¢=—<r2+a2+7> sin’ 6

&rr = — >

> ™M

(11.10)

Note that the metric components are independent of 7 and ¢. This implies that
two suitable killing vectors for the spacetime are d; and dg. To invert this com-
plicated metric, we first make the observation that the off-diagonal terms involve
only g,4. Therefore, we can invert the terms g, and ggy using

A 1
ger=1=¢g"=-%  la=-1=g"=-5 (LI

To find the other components, we form the matrix

(1 . ZmTr) ZmarzsinZQ

8t 8o
= .2 2, cin2
2o Loo 2marsin”6 r2+az+2ma rsin” 0 <in2 0
2 2
(11.12)

This matrix can be inverted with a great deal of tedious algebra, or using com-
puter (the path we choose), which gives

' _ (r* + az)2 — Ad? sin® 6 “w _ 2mar
A ’ YA
A — a? sin’ 6
g% = Ey— (11.13)

The fact that there are mixed components of the metric tensor leads to some
interesting results. For example, we can consider the four momentum of a par-
ticle with components ( Dis DPrs Dos p¢). Notice that

P =g"p.=g"p+2%py
P’ =g"p, =" p +2%py

and so a particle will have a nonzero p? = g% p, even when p, = 0.
It is possible to simplify matters a bit and still get to the essential features of
the Kerr metric. Let’s consider the equatorial plane, which is a plane that cuts
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right through the equator of a sphere. If we imagine the sphere being the earth
or some other rotating body, the plane is perpendicular to spin axis.
In the case of a black hole, we can also imagine a plane through the center
of the black hole and perpendicular to the spin axis. In this case, & = 0, which
means that cos® = 1 and d9 = 0. Looking at the metric in (11.9) together with

the definitions of A and X, we see that the metric is greatly simplified. We can
write

2 4 I
ds? = (1 - —m) a? + drdp - ——dr?
' ' (1-2+5)
2 2 2
—<1+a—2+ e )r2d¢>2 (11.14)
r r

With this simplified metric, some features of the spacetime about a spinning
black hole jump out at you rather quickly. First let’s note that the time coordinate
used in the metric, 7, is the time recorded by a distant observer as it was for the
Schwarzschild metric. With this in mind, let’s follow the same procedure used
with the Schwarzschild metric and note where terms go to zero or blow up.
The first thing to note about this metric is that the coefficient g;, is the same
as that we saw in the Schwarzschild metric (10.33). Let’s set it to zero to get

2m
1——=0
r

Solving for 7, this term goes to zero at; = 2m. This is the same value we found
in the Schwarzschild case, but since the present metric is more complicated we
are going to find other values of » where interesting things are happening. So
we call this the static limit. More on this in a moment. For now, let’s turn to the
g term. It is here that we see the first impact of rotation. In the Schwarzschild
case we were interested in seeing where this term blew up. We are in this case as
well, and notice that now g, depends on the angular momentum per unit mass
a. We have
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which means that this term will blow up when

2m  a
1———|——2:0 (11.15)
r r

Multiplying through by 72 we obtain the following quadratic equation:
r2—2mr +a*>=0
with solutions given by (using the quadratic formula)

_ —b+ Vb? —4dac _2m+ V4m? — 442
N 2a - 2

ra (11.16)

Looking at this result, we see that in the case of a rotating black hole, there
are two horizons! First, it is reassuring to note that if we consider a nonrotating
black hole by setting a = 0, we get back the Schwarzschild result; that is,

_2m:|:\/4m2—0
- 2
= r=2morr =0

Iy =mxm

Now let’s consider the case of interest here, where a # 0. If we take the
positive sign we obtain an outer horizon while the minus sign gives us an inner
horizon. The inner horizon goes by the name the Cauchy horizon.

Let’s consider the maximum angular momentum that can be found. We can
find this rather easily. Notice the term under the square root sign in (11.16). We
have +/4m? — 4a? = 2/m? — a2. This term is real only when m? — a® > 0.
The inner radius is going to attain a maximum when a = m. In fact, looking at
(11.16), we see that in this case we obtain 7.+ = m. The inner and outer horizons
coincide.

Returning to the two horizons associated with the Kerr metric, let’s label the
inner and outer horizons by ».. These are genuine horizons; that is, they are
one-way membranes where you can cross going in, but can’t come out. As we
mentioned above, the two one-way membranes or horizons are given by

re =m+m? — a?
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We take the outer horizon to be
ro =m++m?*—a?

This horizon represents a boundary between the black hole and the outside
world. It is analogous to the Schwarzschild horizon that we found in the case of
a nonrotating black hole, and as we noted above, if you set @ = 0 then you will
get the familiar result » = 2m. Now, turning to the inner horizon represented
by r_ = m — +/m? — a?, note that since it resides inside the outer horizon, it is
inaccessible to an outside observer.

Earlier we noted that in the Kerr geometry at r; = 2m, the time compo-
nent of the metric vanishes, i.e., g, = 0. The solution »; = 2m can be de-
scribed as an outer infinite redshift surface that lies outside of the outer horizon
ry = m + «/m? — a?. Particles and light can cross the infinite redshift sur-
face in either direction. But think of the surface represented by the horizon
ri =m+ +/m? — a? as the “actual” black hole. It is the one-way membrane
that represents the point of no return. If a particle or light beam passes it, escape
is not possible. Interestingly, however, at & = 0, 7 the horizon and the surface
of infinite redshift coincide, and so at these points if light or massive bodies
cross, they cannot escape.

The volume between these surfaces defined by the static limit and the hori-
zon, that is, the region where r, < r < r, is called the ergosphere. Inside the
ergosphere one finds the frame-dragging effect: an object inside this region is
dragged along regardless of its energy or state of motion. More formally we can
say that inside the ergosphere, all timelike geodesics rotate with the mass that
is the source of the gravitational field.

In between the two horizons where »_ < r < r, r becomes a timelike co-
ordinate. This is just like the Schwarzschild case. This means that if we were
to find ourselves in this region, no matter what we do, we would be pulled with
inevitability to the Cauchy horizon » = r_ in the same way that we all march
through life to the future. It is believed that the Kerr solution describes the
geometry accurately up to the Cauchy horizon.

Frame Dragging

The rotational nature of the Kerr solution leads to an interesting effect known as
frame dragging. We imagine dropping a particle in from infinity with zero an-
gular momentum. This particle will acquire an angular velocity in the direction
in which the source is rotating. An easy way to describe this phenomenon is to
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consider the momentum four vector and the components of the metric tensor.
Looking at the inverse components of the metric (11.13) consider the ratio

tp 2
g _ e — = (11.17)
g"  (r?4a?" — Aa?sin” 6

Now imagine a massive particle dropped in with zero angular momentum.
The angular velocity is given by

d_(b _do/dr p®

dt  dt/dr p!

With p, = 0, we have p' = g"’ p, and p? = g% p, and so this expression be-
comes, using (11.17),

p_‘f’_g"”_ _ 2mar
el 2 22 2 2
p g (r* 4+ a*)” — Aa? sin“ 6

Note that the angular velocity is proportional to terms that make up the metric,
and so think of it as being due to the gravitational field. Therefore, we see that if
we drop a particle in from infinity with zero angular momentum, it will pick up an
angular velocity from the gravitational field. This effect is called frame dragging
and it causes a gyroscopic precession effect known as the Lense-Thirring effect.
In the equatorial plane we have # = 0 and so sin*# = (1/2) (1 — cos20) = 0,
giving a simplified expression for the angular velocity given by

2mar
w=—>
(2 +a?)

Let’s consider what happens to light near a Kerr black hole. More specifically,
we consider light that initially moves on a tangential path (so we set dr = 0).
Recall that for a null ray ds?> = 0, and so confining ourselves to the equatorial
plane using (11.14) we find the following relation for light:

2 2

2 4 2
0= (1) a2+ g — (1+ % + 29 ) 209> (11.18)
r r 72 r3




CHAPTER 11 Black Holes

To simplify notation, we follow Taylor and Wheeler (2000) and introduce the
reduced circumference

3

2
RP=r24m? 4+ (11.19)
r

Then (11.18) can be written in the more compact form

r

2 4
0= <1 — —m) e + %4 dg — R? dg? (11.20)
r

Dividing through (11.20) by d¢? and then by — R? gives us the following
quadratic equation for d¢/dz:

dp\?> 4dma dp 1 2m
2y = (1-=) = 11.21
(dt) FR2 At R2< ) 0 (11.21)

We wish to consider an important special case, the static limit where » =
rs = 2m. In this case notice that the last term in (11.21) vanishes:

Meanwhile, at the static limit R? = 6m? and the middle coefficient in (11.21)
becomes

dma dma dma a

FRZ - 2m)6m?  12m®  3m?

Putting these results together, at the static limit (11.21) can be written as

dp\?> a d¢
— ) —=——=0 11.22
(dt ) 3m? dt ( )
There are two solutions to this equation, given by
do a do
— =— d —=0 11.23
& 3me MW ( )

The first solution, ‘é—f = 5.7, represents light that is emitted in the same direction
in which the black hole is spinning. This is a very interesting result indeed; note
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that the motion of the light is constrained by the angular momentum a of the black
hole! The second solution, however, represents an even more astonishing result.
If the light is emitted in the direction opposite to that of the black hole’s rotation,
then ‘3—‘? = 0; that is, the light is completely stationary! Since no material particle
can attain a velocity that is faster than that of light, it is absolutely impossible

to move in a direction opposite to that of the black hole’s rotation. No rocket
ship, probe, or elementary particle can do it.

The Singularity

Following the process outlined in the Schwarzschild case, we wish to move
beyond the coordinate singularity and consider any singularity we can find from
invariant quantities. In this case we again consider the invariant quantity formed
from the Riemann tensor R“*“?R,,.,, which leads to a genuine singularity
described by

r? +a® cos’0 =0
In the equatorial plane, again we have & = 0 and the singularity is described
by the equation 7> + ¢® = 0. This rather innocuous equation actually describes
a ring of radius a that lies in the x—y plane. So—for a rotating black hole—the

intrinsic singularity is not given by » = 0—but is instead a ring of radius a that
lies in the equatorial plane with z = 0.

A Summary of the Orbital Equations for the
Kerr Metric

The equations that govern the orbital motion of particles in the Kerr metric are
given by

Y oi=£J7
PN EENI

> 6 =—(ak — L./sin’0) + P (11.24)
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2 2
I’+aP

Y i=—a(ak sin®0— L)+

where the derivative is in respect to the proper time or an affine parameter. The
extra quantities defined in these equations are

P=E(*+a’)—L.a
V, =P — A[ur? + (L. —aE)* + 4]
Vo= A —cos®0 [a* (u* — E*) + L%/ sin* 6]

where E = conserved energy
L, = conserved z component of angular momentum
A = conserved quantity associated with total angular momentum

W = particles rest mass

Further Reading

The study of black holes is an interesting, but serious and complicated topic. A
great deal of this chapter was based on a very nice introduction to the subject,
Exploring Black Holes: An Introduction to General Relativity by Edwin F. Taylor
and John Archibald Wheeler, Addison-Wesley, 2000.

For a more technical and detailed introductory exposition on black holes
consult D’Inverno (1992). There one can find a good description of black holes,
charged black holes, and Kerr black holes.

One interesting phenomenon associated with rotating black holes we are
not able to cover owing to space limitations is the Penrose process. This is a
method that could be used to extract energy from the black hole. See Chapter
15 of Hartle (2002) or pages F21-F30 of Taylor and Wheeler (2000) for more
information.

Our definition of the orbital equations was taken from Lightman, Press, Price,
and Teukolsky (1975), which contains several solved problems related to black
holes.



To see how to choose an orthonormal tetrad to use with this metric and the

results of calculations of the curvature tensor, consult http://panda.unm.edu/
courses/finley/p570/handouts/kerr.pdf.

Quiz

1. Which of the following could not be used to characterize a black hole?
(a) Mass
(b) Electron density
(c) Electric charge
(d) Angular momentum

2. Using Eddington-Finkelstein coordinates, one finds that

(a) the surface defined by » = 2m is a genuine singularity

(b) moving along the radial coordinate, in the direction of smaller r,
light cones begin to tip over. At » = 2m, outward traveling photons
remain stationary.

(c) moving along the radial coordinate, in the direction of smaller r,
light cones begin to become narrow. At » = 2m, outward traveling
photons remain stationary.

(d) moving along the radial coordinate, in the direction of smaller 7,
light cones remain stationary. At» = 2m, outward traveling photons
remain stationary.

3. In Kruskal coordinates, there is a genuine singularity at

(a)r=0
(b) r =2m
(c)r=m

4. Frame dragging can be best described as

(a) an intertial effect

(b) aparticle giving up angular momentum

(c) a particle, initially having zero angular momentum, will ac-
quire an angular velocity in the direction in which the source is
rotating

(d) a particle, initially having zero angular momentum, will acquire an
angular velocity in the direction opposite to that in which the source
is rotating

5. The ergosphere can be described by saying
(a) inside the ergosphere, all timelike geodesics rotate with the mass that
is the source of the gravitational field


http://panda.unm.edu/courses/finley/p570/handouts/kerr.pdf
http://panda.unm.edu/courses/finley/p570/handouts/kerr.pdf
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(b) the ergosphere is a region of zero gravitational field
(c) inside the ergosphere, spacelike geodesics rotate with the mass that

is the source of the gravitational field
(d) no information can be known about the ergosphere
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We now turn to the study of the dynamics of the entire universe, the

known as cosmology. The mathematical study of cosmology turns !
relatively simple for two reasons. The first is that gravity dominates

scales, so we don’t need to consider the local complexity that arises
nuclear and electromagnetic forces. The second reason is that on lar;
scales, the universe is to good approximation homogeneous and is
large enough scales, we are talking about the level of clusters of g
apply the terms homogeneous and isotropic to the spatial part of the

By homogeneous, we mean that the geometry (i.e., the metric
at any one point of the universe as it is at any other. Remember,
about the universe on a large scale, so we are not considering |
such as those in the vicinity of a black hole.

Anisotropic space is one without any preferred directions. If you do a rotation,
the space looks the same. Therefore, we can say an isotropic/space is one for
which the geometry is spherically symmetric about any point.

Incorporating these two characteristics into the spatial part of the metric al-
lows us to consider spaces of constant curvature. The curvature in a space is

Sy—

Copyright © 2006 by The McGraw-Hill Companies, Inc. Click here for terms of use.
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denoted by K. Consider an n-dimensional space R". A result from differential
geometry known as Schur’s theorem tells us that if all points in some neighbor-
hood N about a point are isotropic, and the dimension of the space is n > 3,
then the curvature K is constant throughout N.
In our case we are considering a globally isotropic space, and therefore Kis

constant everywhere. At an isotropic point in R”, we can define the Riemann
tensor in terms of the curvature and the metric using

Rubea = K (ac&d — 8ud &) (12.1)

In our case, keep in mind that we will be able to apply this result only to the
spatial part of the metric.

The observation that on large scales the universe is homogeneous and
isotropic is embodied in a philosophical statement known as the cosmologi-
cal principle.

The Cosmological Principle

Copernicus told us that the Earth is not the center of the solar system. This
idea can be generalized to basically say that the Earth is not the center of the
universe. We call this statement the cosmological principle. Basically, we are
saying that the universe is the same from point to point.

A Metric Incorporating Spatial Homogeneity
and Isotropy

As we mentioned earlier, the properties of homogeneity and isotropy apply
only to the spatial part of the metric. Observation indicates that the universe
is evolving in time and therefore we cannot extend these properties to include
all of spacetime. This type of situation is described by using gaussian normal
coordinates.

A detailed study of gaussian normal coordinates is beyond the scope of this
book, but we will take a quick look to understand why the metric can be written
in the general form:

ds? = d* — a?(¢) do?
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Oty x,y, 2 s

S P,xyz)

Fig. 12-1. A geodesic at the same spatial point, moving through time.

where do? is the spatial part of the metric and a (¢) the scale factor, a function
that implements the evolution in time of the spatial part of the metric. Note that
if a(t) >0, we are describing an expanding universe.

We model the universe in the following way. At a given time, it is spatially
isotropic and homogeneous, but it evolves in time. Mathematically we represent
this by a set of three-dimensional spacelike hypersurfaces or slices S stacked
one on top of the other. An observer who sits at a fixed point in space remains
at that point but moves forward in time. This means that the observer moves
along a geodesic that is parallel with the time coordinate.

Suppose that S’ represents the spacelike hypersurface at some time #; and
that S’ is a spacelike hypersurface at a later time #,. Let us denote two points on
these slices as P and @, and consider a geodesic that moves between the two
points (see Fig. 12-1).

Since the observer is sitting at the same point in space, the spatial coordinates
of the points Pand Q are unchanged as we move from S to S'. Therefore, the arc
length of the geodesic is given by the time coordinate; i.e., , — #; = arc length
of the geodesic. More precisely, we can write

ds? = df?

Therefore, the component of the metric must be g, = 1. To derive the form
of the spatial component of the metric, we rely on our previous studies. The
Schwarzschild metric had the property of spherical symmetry—which is exactly
what we are looking for. Let’s recall the general form of the Schwarzschild
metric:

ds? = e dr* — ) dr? — 72 (d9? + sin® 6 d¢?)
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Using this as a guide, we write the spatial component of the metric in the present
case in the following way:

do? = &2 dr? + 2 d6? + 2 sin® 6 dg?
We could go through the long and tedious process of deriving the Christoftel
symbols and the components of the Ricci tensor to find e>/). However, there is
an easier method available. The similarity in form to the Schwarzschild metric

means that we can quickly derive the function e?>/) by using our previous
results. Recalling our results for the Schwarzschild metric

R dv . dv\? dv /da n 2dv | 50
an = [ JR— — JE— JRS— —_—— e
T a2 \dr dr J\dr)  radr
v | dv\® o dv (dA O 2dh | 0
Rij=—|—4+1—) = |—)|—)——"]e¢
dr2 " \dr dr ) \dr) rdr

1d 1 di 1—e 2
e S A €

Ryy=—
o6 r dr r dr r2

ldv ,, 1dx , 1—e?
Rip=—r e Trae T

we can solve the problem by focusing on one term. It is the easiest to choose
R;; and work in the coordinate basis. We can write R;; in the coordinate basis as

v (dv\®  [dv) /dr) 2 dr
R”Z‘[ﬁ*(a) () (5)‘;5} (122

We can obtain the equations in the present case by setting v — Oand A — f.
So for R,,, we have

2df
=L 12.3
rr ,/' dr ( )

Using (12.1), R, = K (g,&, — &,&,,)> we can obtain the Ricci tensor in terms

i i

of K and the metric. We have labeled the indices using (i, j, k, /) because we
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are considering only the spatial part of the metric. The Ricci tensor is defined

as

R = RF

jl jkl

We obtain the contraction via

Rkjk/ = gki R[jkl
="K (8.8, — 2.8,
=K (gkigikgjl - gkigilgjk)
k k
=K (88, — 8/8,0)
k
=K (8,8, — &)

We are working in three dimensions, and the Einstein summation conven-
tion is being used, and so 8f = 1+ 1+ 1 = 3. This means that the Ricci
tensor for three dimensions in the constant curvature case is given by R;; =
K (3 gi1—8 jl) = 2K g;;. We can use this with our results we obtained by com-
parison to the Schwarzschild solution to quickly find the function e/,

Now, looking at do2 = €2/ dr2 4 12 d0% + 2 sin® 6 d¢p2, we can write the
metric as

0 0 r2sin’0

Using Rj; = 2K g, together with (12.3) and g, = ¢*/, we obtain the following
differential equation:

%%=2Kezf
r dr

Cross multiplying we obtain

e Y df = Krdr
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Integration yields

2

1 ) r
ekl 4
2¢ 2t

where C is a constant of integration. Solving we find

1

= —
C — Kr?

(12.4)

To find the constant C, we can use the other components of the Ricci tensor.
In the coordinate basis, Ryy for the Schwarzschild metric is Ryg = 1 — e™2* +
r e=?* (X — v'). Therefore in the present case we have, usingv — 0 and A — f,

-d
Rgg:l—ezf—i-rezfgf

Let’s rewrite this, using our previous results. We found that % % = 2K %/
therefore,

d .
re 2/ d_f =re?/ (Kr ezf) = Kr?
r

Using this along with (12.4), we can rewrite Rgy as

—2r 4f

R99:1—€_2f+l"€ dr:1—C+Kr2—i—Kr2=1—C—|—2Kr2

Now we use Rj; = 2Kg;; together with ggg = r2. We have Rpg = 2K gpy =
2Kr?. Therefore, we have 1 — C +2Kr?> =2Kr*orl - C=0= C = 1.
The final result is then

1

=
1 —Kr?
and we can write the spatial part of the metric as

2

do? =
o 1 — kr?

+r2dh? + r*sin® 0 dgp? (12.5)

The curvature constant K is normalized and denoted by & (we can absorb any
constants into the scale factor). There are three cases to consider. If & = +1,
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this corresponds to positive curvature, while £ = —1 corresponds to negative
curvature, and £ = 0 is flat. We consider each of these cases in turn.

Spaces of Positive, Negative, and
Zero Curvature

With the normalized curvature k& there are three possibilities to consider: pos-
itive, negative, and zero curvature. To describe these three surfaces, we write
(12.5) in the more general form

do? = dy? +r2(x) do? + 1% (x) sin’ 6 d¢? (12.6)

A space with positive curvature is specified by setting k= 1 in (12.5) or by
setting 7 () = sin x in (12.6). Doing so we obtain the metric

do? = dx? + sin® (x) d6? + sin® (x) sin® 6 d¢?

In order to understand this space, we examine the surface we obtain if we set
0 to some constant value: we take & = /2. The surface then turns out to be a
two sphere (see Fig. 12-2). The line element with 6 = /2 is

do? = dx? + sin® (x) d¢?

=_~_] ==
P

= %‘\
2SN

Fig. 12-2. An embedding diagram for a space of positive curvature. We take 0 = /2,
for which the two surface is a sphere.
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A three-dimensional space that has constant curvature has two analogies with

the surface of a sphere. If we start at some point and travel in a straight line

on the sphere, we end up at the same point eventually. This would also be true

moving in the three-dimensional space of a universe with positive curvature.

Second, if we add up the angles of a triangle drawn on the surface, we would

find that the sum was greater than 180°.

Next we consider a space of negative curvature, which means that we take
k = —1. In this case, we set » = sinh x and the line element becomes

do? = dy? + sinh® (x) d6? + sinh? (x) sin® 6 dp>

When we use this as the spatial line element for the universe dt*> — a? (¢) do?,
spatial slices have the remarkable property that they have infinite volume. In
this case, the sum of the angles of a triangle add up to /ess than 180°.

Once again considering # = /2 in order to obtain an embedding diagram,
we obtain

do? = dy? + sinh? (x) d¢>

The embedding diagram for a surface with negative curvature is a saddle (see
Fig. 12-3).

Finally, we consider the case of zero curvature for which & = 0. It turns out
that current observations indicate that this is the closest approximation to the
real universe we live in. In this final case, we set » = x and we can write the
line element as

do? = dx? + x2do* + x?sin® 6 d¢?

Fig. 12-3. A surface of negative curvature is a saddle.
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77 7 7
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2277

Fig. 12-4. When k = 0, space is perfectly flat.

which is nothing but good old flat Euclidean space. Setting 6 = /2, we obtain
a flat plane for the embedding diagram (see Fig. 12-4).

Useful Definitions

We now list several definitions that you will come across when reading about
cosmology.

THE SCALE FACTOR

The universe is expanding and therefore its size changes with time. The spatial
size of the universe at a given time ¢ is called the scale factor. This quantity is var-
iously labeled R (¢) and a (¢) by different authors. In this chapter we will denote
the scale factor by a (). Observation indicates that the universe is expanding as
time moves forward and therefore a (¢) > 0.

THE GENERAL ROBERTSON-WALKER METRIC
The Robertson-Walker metric is defined by
ds? = d* — a* (1) do”

where do? is given by one of the constant curvature metrics described by (12.6)
in spaces of positive, negative, and zero curvature.

MATTER DENSITY

Matter is all the stuff in the universe—stars, planets, comets, asteroids, and
galaxies (and whatever else there may be). When constructing the stress-energy
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tensor, we model matter as dust. We will indicate the energy density of matter as
Pm- The pressure Py, = 0. Just as a model to keep in your head for the moment,
think of the universe as a box filled with a diffuse gas, with the particles that make
up the gas representing galaxies. The expansion of the universe is represented by
the volume of the box expanding. But the number of particles in the box remains
the same—therefore, the number density decreases with the expansion. In the

real universe, we model this behavior by saying as the universe expands, the
energy density of matter p,,, decreases.

RADIATION DENSITY

We indicate the energy density of radiation by pr and the pressure by Pr and
treat radiation as a perfect fluid. As the universe expands, the radiation density
(think in terms of photons) decreases like it does in the case of matter. However,
the energy density for radiation decreases faster because photons are redshifted
as the universe expands, and hence loose energy.

VACUUM DENSITY

Recent evidence indicates that the expansion of the universe is accelerating,
and this is consistent with a nonzero cosmological constant. The cosmological
constant represents vacuum energy that is modeled as a perfect fluid with the
condition that p = —p.

MATTER-DOMINATED AND
RADIATION-DOMINATED UNIVERSES

The evolution of the scale factor a (¢) is influenced by whether or not the universe
is matter dominated or radiation dominated. The ratio of py /or tells us whether
the universe is matter or radiation dominated. In our time, observation indicates
that the ratio py/or ~ 103 and therefore the universe is matter dominated. In the
early history of the universe, it was radiation dominated. We will see later that
as the universe ages, it will eventually become dominated by vacuum energy.

THE HUBBLE PARAMETER

The Hubble constant or Hubble parameter indicates the rate of expansion of the
universe. It is defined in terms of the time derivative of the scale factor as

H="2 (12.7)
a
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Remember that the scale factor is a measure of the size of the universe. From
the equation, the units of the Hubble constant can be seen to be sec™!. How-
ever, for convenience in astronomical applications the units are often stated as
km/sec/Mpc, where Mpc are megaparsecs, which is a measure of distance (see
below). In addition, there is a great deal of uncertainty about the actual value of

the Hubble constant; therefore, it is often defined as Hy = 1004 km /sec/Mpc
where present evidence indicates & ~ 0.7.

THE HUBBLE TIME

The inverse of the Hubble constant is the Hubble time, which is a rough estimate
of the age of the universe. At the Hubble time, all galaxies in the universe were
located at the same point. The Hubble length is a measure of cosmological
scales, and is given by d = ¢/H.

HUBBLE'S LAW

The distance of a galaxy from us is related to its velocity by Hubble’s law

v = Hyr

THE DECELERATION PARAMETER

We can quantify the rate of change of the expansion with the deceleration
parameter. It has a simple definition

OPEN UNIVERSE

An open universe is one that expands forever. The geometry of an open universe
is one of negative curvature (think potato chip or saddle, as in Fig. 12-4) and it
can in principle extend to infinity. For an open universe, k = —1.

CLOSED UNIVERSE

A closed universe expands to some maximum size, then reverses, and then falls
back on itself. Think of a closed universe as a sphere. From our discussion in
the previous section, this corresponds to £ = +1 and is illustrated in Fig. 12-2.
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FLAT UNIVERSE

A flat universe is described by Euclidean geometry on large scales and will
expand forever. In this case, £ = 0 (see Fig. 12-4).

CRITICAL DENSITY

Whether or not the universe is open or closed is determined by the density
of stuff in the universe. In other words, is there enough matter, and therefore
enough gravity, to slow down the expansion enough so that it will stop and
reverse? If so, we would live in a closed universe. The density required to have
a closed universe is called the critical density. It can be defined in terms of the
Hubble constant, Newton’s gravitational constant, and the speed of light as

_ 3Hj
871G

Pe (12.8)

At the present time, the ratio of the observed density to the critical density is
very close to unity, indicating that the universe is not closed. However, keep in
mind the uncertainty in the Hubble constant.

THE DENSITY PARAMETER

This is the ratio of the observed density to the critical density.

87 G
Q=""p="L (12.9)
3H; Pe

The density used here is obtained by adding contributions from all possible
sources (matter, radiation, vacuum). If < 1, this corresponds to £ < 0 and
the universe is open. If 2 =1 then k£ = 0 and the universe is flat. Finally, if
Q > 1 then we have £ > 0 and a closed universe. As we indicated above, it
appears that Q = 1.

The Robertson-Walker Metric and the
Friedmann Equations

To model the large-scale behavior of the universe such that Einstein’s equations
are satisfied, we begin by modeling the matter and energy in the universe by
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a perfect fluid. The particles in the fluid are galaxy clusters and the fluid is

described by an average density p and pressure P. Moreover, in co-moving
coordinates, f = 1 and x; = 0 giving u® = (1, 0, 0, 0). Therefore, we set

I 0 0 0
9 0 —-P 0 0
=10 o _p o (12.10)
0 0 0 —-P
Using the metric
2 R N S VN S S S SR ORE
ds® = dt —l—kzdr —a“(t)yr-do” — a“(¢t)r- sin“ 0 d¢
— kr

we can use the metric to derive the components of the curvature tensor in the
usual way. This was done in Example 5-3. From there we can work out the
components of the Einstein tensor and use Einstein’s equation to equate its
components to the stress-energy tensor. We remind ourselves how Einstein’s
equation relates the curvature to the stress-energy tensor:

Gab - Agab =8m Tab

The details were worked out in Example 7-3. Note we used a different signature
of the metric in that example. For the signature we are using in this case, the
result is found to be

i(k—l—c'zz)—A = 8mp

a2

. (12.11)
a 1 .

2—+—2(k+a)—A=—871P

a a

We can augment these equations by writing down the conservation of energy
equation using the stress-energy tensor (see Chapter 7):

Vol = 8,T% + T T =T’ T% =0
Since the stress-energy tensor is diagonal, this simplifies to

aaTat + FaabTbt - 1—‘batTab - atTtt
AT 4T+ Ty T + T T + T4, T,
—I' T =TT =T, T% — T4, T?,
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In the chapter Quiz you will derive the Christoffel symbols for the Robertson-
Walker metric. The terms showing up in this equation are given by

Fttt = O
a
Iy = F99t = F¢¢t =
a

Using this together with 7/, = p and 7", = T% = T%;, = — P, we have

a
I T =T%T' = F¢¢let = ;P

a
= " T+ T%T + F¢¢tTtt =3-p
a
and
a a a a
I T =T, T% — T4 7% = — (—P) — = (=P) — = (=P) =3=P
a a a a
Therefore, the conservation equation becomes

; .
% _ 3%+ P (12.12)
ot a

This is nothing more than a statement of the first law of thermodynamics. The
volume of a slice of space is given by V' ~ a> () and the mass energy enclosed
in the volume is £ = pV. Then (12.12) is nothing more than the statement
dE+ PdV =0.

In the present matter-dominated universe, we can model the matter content of
the universe as dust and set the pressure P = 0. In this case, the second equation
of (12.11) can be written as

.
224 — (k+d®) —A=0 (12.13)
a a

Meanwhile, the conservation equation can be written as

ap a
3=
ot a'o
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This can be rearranged to give

dp _ _yda
) a

= Inp=-3lna=1Ina"?

where we are ignoring constants of integration to get a qualitative answer. The
result is that for a matter-dominated universe

,ooccf3

we set p = a—13 in the first of the Friedmann equations listed in (12.11). This
gives

3 . 8
;(k"‘dz)—[\:?

Now multiply through by a* and divide by 3 to obtain

a(k+d2)—%Aa3: 8?7[

We can rearrange this equation to obtain a relation giving the time variation of
the scale factor with zero pressure:

1 8
Q= Al — k4 Z (12.14)
3 3a

The solutions of this equation give rise to different Friedmann models of the
universe. Before we move on to consider these models in the next section, we
briefly return to the conservation equation (12.12). We have just worked out a
reasonable approximation to the present universe by considering the modeling
of a matter-dominated universe by dust. Now let’s consider the early and possible
future states of the universe by considering a radiation-dominated universe and
a vacuum-dominated universe, respectively.

As the universe expands, photons get redshifted and therefore loose energy.
Using the electromagnetic field tensor, it can be shown that the equation of state
(which relates the pressure to the density for a fluid) for radiation is given by

p =3P
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We can use this to replace P in (12.12) to obtain

p a a 1 a
=3+ P)=="3—|p+zp)=—40p
ot a a 3 a

Rearranging terms, we obtain

dp _ _4da
0 a

Following the procedure used for matter density, we integrate and ignore any
constants of integration, which gives

Inp=—4Ina =Ina™*

Therefore, we conclude that the energy density p o< a~* in the case of radiation.
The density falls off faster than matter precisely because of the redshift we
mentioned earlier.

To close this section, we consider the vacuum energy density. The vacuum
energy density is a constant, and therefore p remains the same at all times. Since
matter density and radiation energy density are decreasing as the universe ex-
pands but the vacuum energy density remains the same, eventually the universe
will become dominated by vacuum energy.

Different Models of the Universe

We now turn to the problem of considering the evolution of the universe in time,
which amounts to solving for the scale factor a (¢). In this section we will be a
bit sloppy from time to time, because we are interested only in the qualitative
behavior of the solutions. Therefore, we may ignore integration constants etc.

First we consider the very early universe which was dominated by radiation.
In that case we use p = 3 P. For simplicity, we set the cosmological constant to
zero and the Friedmann equations can be written as

3
o (k+c'12) = 8mp
' gmo

a 1 o
2;+$(k+a)_ 3
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Using the first equation to replace p in the second, we obtain

a 1 . 1 .
2;+;(k+a2)=—a—2(k+a2)

Rearranging terms, we have
Lo 1 2
a+ — (k +a ) =0
a

In the very early universe we can neglect the k/a term, which gives

d2

a+—=0
a
This can be rewritten as ad + a* = 0. Notice that

— (ad) = ad + a*

dt
and so we can conclude that aa = C, where C is a constant. Writing this out,
we find
da c
a — =
dr

= ada=Cdt

Integrating both sides (and ignoring the second integration constant), we find

Cl2

?:Ct
= a(t) o/t

As we will see later, this expansion is more rapid than the later one driven by
matter (as dust). This is due to the radiation pressure that dominates early in the
universe.

For a complete examination of the behavior of the universe from start to
finish, we begin by considering a simple case, the de Sitter model. This is a flat
model devoid of any content (i.e., it contains no matter or radiation). Therefore,
we set & = 0 and the line element can be written as

ds? = dr* — a*(t) dr? — a®(t)r? d9? — a®(t)r? sin’ 6 dg?
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The fact that this models a universe that contains no matter or radiation means
that we set P = p = 0. However, we leave the cosmological constant in the
equations. So while this is a toy model, it can give an idea of behavior in the
very late history of the universe. Since the expansion of the universe appears
to be expanding and the matter and radiation density will eventually drop to

negligible levels, in the distant future the universe may be a de Sitter universe.
With these considerations, (12.11) becomes

3.,

;a —A=0
i 1,
a a

Obtaining a solution using the first equation is easy. We move the cosmological
constant to the other side and divide by 3 to get

az A
27 3

a

Now we take the square root of both sides

1 da A

ad V3
This can be integrated immediately to give
a(t) = CeVh/3! (12.15)

where C is a constant of integration that we won’t worry about. We are interested
only in the qualitative features of the solution, which can be seen by plotting.
For the de Sitter universe, (see Fig. 12-5) the line element becomes

ds? = d? — a®(t) dr? — e™*'r? 6% — a®(t)r? sin® 6 dg?

Now let’s move on to a universe that contains matter. Direct solution of the
Friedmann equations is in general difficult, and basically requires numerical
analysis. Since recent observations indicate that the universe is flat (therefore
k = 0), we don’t lose anything by dropping &. With this in mind, let’s consider
a universe that contains matter, but we set k = 0 = A. We can obtain a solution
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Fig. 12-5. The de Sitter solution represents a universe without matter. As time increases
the universe expands exponentially.

by using (12.14). Setting k = 0 = A, we have

i =
3a

Rearranging terms and taking the square root of both sides, we have

da 8
Ve =V3

g
- Jada = ?ndt

Integrating on the left side, we have

2
/ﬁda = §a3/2

while on the right, ignoring the integration constant (we are interested only in
the qualitative features), we have /87 /3 ¢. This leads to

a(t) o 1?3 (12.16)

A plot of this case is shown in Fig. 12-6. This describes a universe that evolves
with a continuous expansion and a deceleration parameter given by g = 1/2.
Remember we found that the radiation-dominated early universe had @ () oc /7.

We can also consider cases with positive and negative curvature. Adding more
nonzero terms makes things difficult, so we proceed with the positive curvature
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Fig. 12-6. A flat universe that contains matter but with zero cosmological constant.

case and leave the cosmological constant zero. This means we set k£ = 41 this
describes a universe which collapses in on itself, as shown in Fig. 12-7. In this
case, we have

8 C -
LA (12.17)
3a a

where we have called 87 /3 = C for convenience. This equation can be solved
parametrically. To obtain a solution, we define

a=Csin’t (12.18)

where 7 = 7 (¢). Then we have

da dr
= —2Csi bt
i sint cos T o

Squaring, we find that

.2 2.2 2 dr\’
a‘=4Csin“tcos“t | —
dr

Using these results in (12.17), we obtain

2 .
407 sin? , (dt C —Csin*t  cos’t
sin“Teos T (- ) = — —
Csin“ 1 sin” T

Canceling terms on both sides, we arrive at the following:

2Csin® tdr = dr
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Fig. 12-7. Dust-filled universe with zero cosmological constant, and positive curvature.
After expanding to a maximum size, the universe reverses and collapses in on itself.

Integrating, the right side becomes

1 - 2 1
/2Csin2fdt=2C/¥dr=€(t—§sin2t>

C
= — (2t — sin27)
2
We can use the same trig identity used in the integral to write (12.18) as
C
a= 5(1 — c0s27)

These equations allow us to obtain a (¢) parametrically. At = T = 0, the uni-
verse begins with size a (0) = 0, i.e., at the “big bang” with zero size. The
radius then increases to a maximum, and then contracts again to a (0) = 0. The
maximum radius is the Schwarzschild radius determined by the constant C.

We leave the case £ = —1 as an exercise.

Unfortunately, because of limited space our coverage of cosmology is very
limited. We are leaving out a discussion of the big bang and inflation, for ex-
ample. For a detailed overview of the different cosmological models, consider
D’Inverno (1992). To review a discussion of recent observational evidence and
an elementary but thorough description of cosmology, examine Hartle (2002).
For a complete discussion of cosmology, consult Peebles (1993).

The following exercise will demonstrate that the cosmological constant has no
effect over the scale of the solar system. Start with the general form of the
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Schwarzschild metric

ds? = > dr* — e dr? — r? (d6* + sin® 0 dp?)

1. With a nonzero cosmological constant, the Ricci scalar for this metric

satisfies

(a R=A
(b) R=0
(c) R=4A
(d R=-A

2. It can be shown that A () = Ink — v (r). If 4 and B are constants of
integration, then
(a) re":A—i—Br—A]%3
(b) re" =4+ Br
(c) re' = A+ Br — Ar?

3. By considering the field equation Ryy = Agps,

(a) B=0
(b) B=k
(c) B=4k

4. With the previous results in mind, choosing £ =1 we can write the spatial
part of the line element as

(a) dlz ]2md—r21[\3-|-I"2(192-|-7'2 sin29d¢2
- r
(b) dI?> = ?’A < +r2d0% + 2 sin? 0 dp?
3
(©) di? = ?’A3+r 6% + 12 sin® 6 dg?
3

5. If the cosmological constant is proportional to the size of the universe,

aya= 3

(a) the Ricci scalar vanishes

(b) particles would experience additional accelerations as revealed in
tidal effects

(c) the presence of the cosmological constant could not be detected by
observations within the solar system
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6. Consider a flat universe with positive cosmological constant. Starting
witha? = € + 24 use a change of variables u = 2443, it can be shown

fa
that
(a) a® = 3% [cosh(3A)"/? 1 — 1]

(b) a = ¥ [cosh(3A)'/* 1 — 1]
(c) a = 3% [sinh(BA) /2t — 1]
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rtant characteristic of gravity within the framework of general relativity
theory is nonlinear. Mathematically, this means that if g, and y,;, are
ions of the field equations, then ag,, + by,» (Where a, b are scalars)
e a solution. This fact manifests itself physically in two ways. First,
ear combination may not be a solution, we cannot take the overall
1 field of two bodies to be the summation of the individual gravita-
of each body. In addition, the fact that the gravitational field has
ecial relativity tells us that energy and mass are equivalent leads to
le fact that the gravitational field is its own source. We don’t notice
the solar system because we live in a region of weak gravitational
he linear newtonian theory is a very good approximation. But
amentally these effects are there, and they are one more way that Einstein’s
theory differs from Newton’s.

A common mathematical technique when faced with such a situation is to
study a linearized version of the theory to gain some insight. In this chapter
that is exactly what we will do. We consider a study of the linearized field
equations and will make the astonishing discovery that gravitational effects can

Gravitational Waves

—&
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propagate as waves traveling at the speed of light. This will require a study of
weak gravitational fields.

From here we will develop the Brinkmann metric that is used to represent
pp-wave spacetimes. We will study this metric and the collision of gravitational
waves using the Newman-Penrose formalism. We conclude the chapter with
a very brief look at gravitational wave spacetimes with nonzero cosmological
constant.

In this chapter we will use the shorthand notation k,, to represent the

covariant derivative of k, in place of the usual notation Vk,. Therefore
ka,b = abka - l—wabkc-

The Linearized Metric

We begin by considering a metric that differs from the flat Minkowski metric by
a small perturbation. If we take ¢ to be some small constant parameter (|e| < 1),
then we can write the metric tensor as

8ab = Nab + €ha (13.1)

where we neglect all terms of order £ or higher since ¢ is small. Our first step in
the analysis will be to write down the form of the various quantities such as the
Christoffel symbols, the Riemann tensor, and the Ricci tensor when we write
the metric in this form. Since we will drop all terms that are order &2 or higher,
these quantities will assume fairly simple forms. Ultimately, we will show that
this will allow us to write the Einstein field equations in the form of a wave
equation.

We might as well take things in order and so we begin with the Christoffel
symbols. We will work in a coordinate basis and so we compute the following:

a
1_‘bc:

1 i (08bc | 08ca  0gav
2 axd  9xb dx¢
To see how this works out, let’s consider one term

877bc 8ghbc
dxd dxd

agbc
dxd

d
= xd (Mpe + €hpe) =
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Now the Minkowski metric is given by n,, = diag(1, —1, —1, —1) and so

%’77’; = 0. We can pull the constant ¢ outside of the derivative and so

8gbc 8hbc
=¢
oaxd x4

To obtain the form of the Christoffel symbols, we need to know the form
of g“°. We begin by observing that we can raise indices with the Minkowski
metric; i.e.,

hab — 77acnba!hcd

We also recall that the metric tensor satisfies g,,g” = 8¢ (note this is also true
for the Minkowski metric). The linearized form of the metric with raised indices
will be similar but we assume it can be written as g*> = n* + ¢ ah?®, where a
is a constant to be determined. Now ignoring terms of order s, we find

8¢ = (Nap + &hap) (0 + ash™)
= Nap’¢ + €0 hgy + aenaph® + ag?hy,ht
= 0o + 1 hay + acnaph”™
=85 + & (1" hay + anaph™)

For this to be true, the relation inside the parentheses must vanish. Therefore,
we have

a’?abhbc = —chhab
Let’s work on the left-hand side:
anah®™ = anan’n hey
= asn hes
=a 776] ‘haf

Now, notice that the index f is repeated and is therefore a dummy index. We
rename it b and stick the result back into an,,h*¢ = —n*h,, to obtain

anbchab = _nbchab



CHAPTER 13 Gravitational Waves

Sy—

Note that we used the fact that the metric is symmetric to write n* = 7. We

conclude that ¢ = —1 and we can write

g =n" —eh® (13.2)
We now return to the Christoffel symbols. Using (13.2) together with % =
€ %’)’CZ" and ignoring terms of second order in &, we find

Fabc = Eg

€ ad(ahbc Ohea 3hdb>

1 i (08  08a  9gab
axd oxb 0x¢

oxd axb axe¢

& ad ad 8/’11,6 a/’lcd 8hdb
= —ch —
g (" —e )(Bxd o T axe

— _ ad _ 2pa o
2 (e e h) <8xd + x> 9xc )

Dropping the second-order terms, we conclude that in the linearized theory we
have

(13.3)

1 ud 0hpe 0hoy ohgp
€
axd oxb ax¢

1—wbczi n

We can use this expression to write down the Riemann tensor and the Ricci
tensor. The Riemann tensor is given by

R%ea = 0.1 %pq — 0alpe + Tpq T — T g

Looking at the last two terms, ['*p; 'Y, and "¢}, I'“,4, in comparison with
(13.3) shows that these terms will result in terms involving &2, and so we obtain
the simplified expression

Rea = 0.1 pg — 04T pe
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Using (13.3), we find

R%eqd = 0. g — 04T

—E

9 1 e 0N pg 0hge 0hep
= 0, —& —
2 1 daxe dxb axd
1 dhpe  dhey  dhyyp
-9 - af : J .
d [28” ( ox/ ' Bxt  9xe
U Phey o Phae ., 9%he
=—¢|n"*— % _
2 axcaxe dxcaxb dxcaxd
2 Ix99x/ ax99xb Ix99x¢

Now the index e in the first expression is a dummy index. Let’s relabel it as d

in each term

ae
0x€0xe

0?hge

ae

dxcoxb

32hep

ae

axcoxd

hpy

axcax/
af azhdf

0x<ox?
ar 0*h

Ox<dx9

The last term will cancel, allowing us to write

1

32hbd
Req = e

82hdf

3 hpe

hes

(

2 Ixcox/

dxcaxt  9xd9x/  axdoxb

(13.4)

)

Now the Ricci tensor is found using R,, = R;cp. Using Ry = 0.1%q —
041%p, we have Ry, = 9.1'“pq — 941¢pc. If we define the d’ Alembertian oper-

ator

82

0x2

(

82
t ot

82
0z2

) = nabaa o
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along with 4 = n°?h.4, then the Ricci tensor can be written as

R 1 32he, 32he), Wh 3h (13.5)
ab = —€ — W — ——— .
* 727 \oxboxe " 9xeoxe " 9xedxb
The Ricci scalar is given by
athd
R= — Wh 13.6
¢ (8xc dx4 ) (13.6)

We can put these results together to write down the Einstein tensor for the
linearized theory. To simplify notation, we will represent partial derivatives
using commas; i.e.,

8%h
x4 9xb

athd

_ d
dxcoxd 7 ea and

= h,ab
Using this notation, the Einstein tensor is

1
Gab = 58 (hca,bc + hcb,ac - Whab - h,ab - nathd,cd + 7hszVh) (137)

Traveling Wave Solutions

We now define the following function, known as the frace reverse in terms of
hab:

1
Vab = hap — Eﬁabh (13.8)
The trace of this function is

1ﬂab = nacwcb and hab = nachcb

Now note that

nabh = nacsgh
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Putting these results together, we obtain

1
nacwcb = 77achcb - Enacagh

1
= Yy =h) — 5515}1

Now we take the trace by setting b — c¢:
c c 1 c
w c = h c E(Sch

We are working in four dimensions. Therefore the trace of the Kronecker delta
is 6¢ = 4. Setting ¥ = ¥, and h = h°,, we find the trace to be

1 1
Y=h— T8 h=h— @ h=h—2h=—h (13.9)

This is why v, is known as the trace reverse of /,,. Now let’s replace %, by
the trace reverse in Einstein’s equation. Using (13.7) together with (13.8) and
(13.9), we have

1
Gab = 58 (hca,bc + hcb,ac - Whab - h,ab - nathd,cd + Nab Wh)

1 , 1 | 1
= 58 [wca,bc + Eazh,bc + 1pcb,ac + Ealc,h,ac - W (Wab + Enabh) - h,ab

1
- nawad,cd - Enabn(:dh,cd + Nab Wh]

Let’s rearrange the terms in this expression

1 1 1
Gab = 58 [wca,bc + wcb,ac - WWab - nawad,cd + Eagh,bc + iagh,ac

1 1
-w (Enabh> - h,ab - EnabWth,cd + nabWh]
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Notice that

] ]
—5h e = ~h py
platbe = b
1 ]
_achac:_ha
pbtac = Hab

Now partial derivatives commute, so %h,ba = %h,ab and

1 1
—8h pe + =65h 4o =h
2a,b +2b» ,ab

Inserting this into the Einstein tensor, we can cancel a term reducing it to

1 ) ) , 1
Gab = 58 |:1//Ca,bc + 1//Cb,atc - Wwab - nawad,cd -w <§nabh)

1
- Enaandh,cd + Nab Wh]

1 1 1
= 58 [wca,bc + wcb,ac - WWab - nawad,cd + Enab Wh — Enabncc{h,cd]

Now 1y Wh = ngpn®? h cq. This cancels the last two terms and so using the trace
reverse the Einstein tensor becomes

1
Gup = 7€ (W abe + ¥ bac — Whap — Nap ¥ ca) (13.10)

To obtain the wave equations, we perform a gauge transformation. This is
a coordinate transformation that leaves R“,.s, R,p, and R unchanged if we
consider terms only to first order in €. The coordinate transformation that will
do this is

x* = x9 = x% + ¢ (13.11)

where ¢¢ is a function of position and ‘45”,17} <« 1. It can be shown that this
coordinate transformation changes /4, as

h;b = hab - ¢a,b - ¢b,a
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(prime does not represent differentiation, this is just a new label). Furthermore,
we find that the derivative of i,, changes as ‘/fz:la =Y., — O¢. We are free
to choose ¢ as long as the Riemann tensor keeps the same form. Therefore we

demand that W¢ = wba’ », Which leads to wl’f”a = 0. When we substitute this
into the Einstein tensor, we can write the full field equations as

1
58W1//ab = —KTab (13.12)

In vacuum, we obtain
Wirg =0 (13.13)

Recalling the definition of the d’ Alembertian operator, this is nothing more
than the wave equation for waves traveling at c. This choice of gauge using
the coordinate transformation goes under several names. Two frequently used
names are the de Donder or Einstein gauge. We can write (13.13) in terms of
(13.8), which gives

1 1
Wiragy =W (hab - Enabh) = Whg — Eﬂab Wh=0

However, recalling (13.9) we can multiply (13.13) by n® to obtain
0= Wiar =" Wiy = W (1Y) = W (V") = Wiy = —Wh

So we can drop Wh in the expansion of W,;, and the study of gravitational
waves reduces to a study of the equation

Why =0 (13.14)

The Canonical Form and Plane Waves

A plane wave is characterized by uniform fields that are perpendicular to the
direction of propagation. More specifically, if the wave is traveling in the z
direction, then the condition of uniformity means that the fields have no x and
v dependence.

Another way to think of plane waves that are familiar from electrodynamics
is as follows: Plane waves are typically visualized as a wave whose surfaces
of constant phase are infinite planes that are perpendicular to the direction of
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Fig. 13-1. A schematic representation of a plane wave. The wave vector k gives the
direction of propagation of the wave. It is perpendicular to the wavefront, which is a
plane and is a surface of constant phase.

propagation. If we define a vector k that gives the direction of propagation of
the wave, then Ehe wavefront is defined by the equation £ - » = const (see Fig.
13-1). We call k& the wave vector.

We will now consider plane gravitational waves traveling in the z direction.
In this case 4., = h,, (t — z) and the condition that the field does not depend on
x and y means that

8hab _ ahab

= =0
ox ay

We will find that the Riemann tensor is greatly simplified in this case. We won’t
go into the details (see Adler etal., 1975) but under these conditions the Riemann

tensor can be shown to be a function of 4., h,,, h,., and h,, alone. The metric
(2)

perturbation can then be split into two parts 4, = hf,z) + h,’, where

0 0 O O h[z htx hty htz
0 hy hy, O hy 0 0 &
hh — = M and h'Y =" “ (13.15)
b 0 hy hy O ’ hy 0 0 hy
0 0 O O hzt hzx hzy hzz

It can be shown that we can find a coordinate system such that the components
in hﬁ) vanish and hf,})) represent the entire perturbation. First, noting that the
Einstein gauge condition requires that 2%, , — %h, » = 0, we can obtain further
simplification of the perturbation components. Applying the gauge condition,
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we find that (remember, derivatives with respect to y and z vanish)

1
htt,t - htz,z - _h,z =0

2
hztt —has — lhz =0
, , PR
hxt,t - hxz,z =0
hyt,t - hyz,z =0

Now we define the new variable u = t — z. Then

Oha _ OhaOu _ Ohgy W
ot du 9t  ou
Ohy  Ohydu _ dhy
9z du & - u

_
- hab

and so writing the derivatives in terms of the new variable, we have

1
hzz/ + htz - Eh/ =0

1
hzt/ + hzz/ + Eh/ =0
hxt/ + hxz/ = O
hyl/ + hyzl = O
Let’s take the last equation. We have

hy + by = (hy + hyZ)/ =0

This can be true only if 4, + /. is a constant. We have an additional physical
requirement: /., must vanish at infinity. Therefore we must choose the constant
to be zero. We then find that

hyt = _hyz
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In addition, we find that 4,; = —h.,. We are left with

1
htt+htz_5h:()

1
hzt+hzz+§h:()

Adding these equations give 4, = —% (hy, + h..). Now subtract the first equa-
tion from the second one to get 4., + h.. + %h — (h,, +h, — %h) =h—"h,+
h.. = 0. Now, writing out the trace explicitly, we have h = h,, — hy. — hyy, — h...
The end result is

h _htt+hzz :htt_h,\:x_hyy _hzz_htt+hzz = _hm_hyy

Since this term vanishes, we conclude that 4, = —h,,. The complete metric
perturbation has now been simplified to

hl‘l‘ htx hly _% (htt + hzz)
h htx htx hxy _htx 13.16
“ By, hy —he —h, (13.16)
_% (htt + hzz) _htx _hry hzz

We can go further with our choice of gauge so that most of the remaining
terms vanish (see Adler et al., 1975, or D’Inverno, 1992, for details). We simply
state the end result that we will then study. A coordinate transformation can
always be found to put the perturbation into the canonical form, which means
that we need to consider only hﬁ}?) in (13.15) with the metric written as in (13.16).
That is, we take

00 0 0

ha, = 0 hu by O (13.17)

‘ 0 h, —hy, O ‘
0 0 0 0

Two polarizations result for gravity waves in the canonical form. In particular,
we can take £, # 0 and /., = 0, which lead to +-polarization, or we can set
hy. = 0and h,, # 0, which gives x-polarization. We examine both cases in
detail in the next section.
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Fig. 13-2. When 4, > 0, the relative distance of two particles separated along the
y-axis decreases.

» X

The Behavior of Particles as a Gravitational
Wave Passes

To study the behavior of massive particles as a gravitational wave passes, we
consider the two cases of polarization which are given by 4,, # 0, h,, = 0 and
hw =0, h, # 0. Taking the former case first with 4,, = 0, we use (13.17)
together with g,, = n4p + €hy, to write down the line element, which becomes

ds? = dr* — (1 — ehy,) dx? — (1 + ehy,) dy? — dz? (13.18)

As a gravitational wave passes, this metric tells us that the relative distances
between the particles will change. The wave will have oscillatory behavior and
so we need to consider the form of (13.18) as 4,, changes from /,, > 0 to zero
and then to 4, < 0.

For simplicity we imagine particles lying in the x—y plane. Furthermore,
suppose that the separation between the particles lies on a line that is parallel
with the y-axis. Then dx vanishes and at a fixed time, we can write

ds® = — (1 4 ¢hy) dy?

This tells us that when /., > 0 the distance along y-axis between the particles
decreases because ds? becomes more negative. This is illustrated in Fig. 13-2.
On the other hand, when /,, < 0, we can see that the relative distance between
the particles will increase. This is shown in Fig. 13-3.
When the separation of the particles is along the x-axis, we can see from
the line element that the behavior will be the opposite. In particular, the proper
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Fig. 13-3. When 4, < 0, the relative distance between particles separated along the
y-axis increases.

> x

distance is given by
ds?> = — (1 — eh,,) dx?

First we consider /4., < 0. The form of the line element shown here indicates
that the relative distance between the two particles will decrease. This behavior
is shown in Fig. 13-4.

On the other hand, when /., > 0, the line element becomes more positive and
therefore the relative distances between particles will increase. This is shown
in Fig. 13-5.

The behavior of the particles discussed in these special cases allows us to
extrapolate to a more general situation. It is common to consider a ring of

hyy <0

o -0

» x

Fig. 13-4. Particles separated along the x-axis. When /., < 0, the relative physical
displacements between the particles decrease.
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Fig. 13-5. Particles separated along the x-axis with /4,, > 0. The relative physical
displacements between the particles increase.

particles lying in the plane and show how the ring is distorted by a passing
gravitational wave. In particular, imagine that the ring starts off as a perfect
circle. As the wave passes, /1, will oscillate between positive, zero, and negative
values, causing the relative distances between particles to change in the manner
just described. A transverse wave with 4,, # 0 and 4,, = 0 is referred to as one
with 4--polarization.

We now examine the other polarization case, by setting /4, = 0. This time
the line element is given by

ds? = d¢? — dx? — dy? — dz* — 2eh,, dx dy (13.19)

Consider the following transformation, which can be obtained by a rotation of
/4

A L R
V2 V2

.,

DY

hee>0

Fig. 13-6. The effect of a passing gravity wave with +-polarization on a ring of particles.
The ring pulsates as the wave passes.
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Writing the line element with these coordinates, we obtain

ds? = dr* — (1 —ehy,) dx”? — (1 + ehy,) dy”? — dz? (13.20)

Now doesn’t that look familiar? It looks just like the line element we examined
in (13.18). The behavior induced by the wave will be identical to that in the last
case; however, this time everything is rotated by /4. This polarization is known
as x-polarization.

In general, a plane gravitational wave will be a superposition of these two
polarizations.

The Weyl Scalars

In this section we review the Weyl scalars and briefly describe their meaning.
They are calculated using the spin coefficients given in (9.15) in combination
with a set of equations known as the Newman-Penrose identities. In all, there
are five Weyl scalars which have the following interpretations:

¥, ingoing transverse wave

W, ingoing longitudinal wave

W, electromagnetic radiation (13.21)
W5 outgoing longitudinal wave

W, outgoing transverse wave

In most cases of interest we shall be concerned with transverse waves, and
therefore with the Weyl scalars W, and W,4. The following Newman-Penrose
identities can be used to calculate each of the Weyl scalars:

W=Do—k—oc(p+p)—0@Be—&)+x(m—7+a+3p) (1322
Uy =DB—-c—o(a+nm)—B(p—8)+k(u+y)+e(@—m) (13.23)
W, =8t —Ap—pp—or+t(B—0a—7)

+p(y +7)+Kkv—2A (13.24)
=8y —Aa+v(p+e)—r(t+B)+a@ —p)+y (B—17) (13.25)

Uy =8 —Ar—A(u+R)—A@By —P)+v@Ba+p+7x—%) (13.26)
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Review: Petrov Types and the Optical Scalars

It is very useful to study gravitational waves using the formalism introduced in
Chapter 9. First we give a quick summary of the Petrov classification in relation
to the Weyl scalars discussed in Chapter 9. The Petrov type of a spacetime indi-
cates the number of principal null directions that spacetime has, and how many
times each null direction is repeated. We can summarize the Petrov classifica-
tions that are primarily of interest in this chapter in relation to the Weyl scalars
in the following way:

e Petrov Type N: There is a single principal null direction, repeated four
times. If /¢ is aligned with the principal null direction, then ¥y = 0 and W4
is the only nonzero Weyl scalar. If n“ is aligned with the principal null
direction, then W, = 0 and W is the only nonzero Weyl scalar.

e Petrov Type IlI: There are two principal null directions, one of multi-
plicity one and one repeated three times. The nonzero Weyl scalars are
1113 and l114.

e Petrov Type II: There is one doubly repeated principal null direction
and one two distinct null directions. The nonzero Weyl scalars are
\112, \I’3, and \I’4.

e Petrov Type D: There are two principal null directions, each doubly re-
peated. In this case W, is the only nonzero Weyl scalar.

Inparticular, we recall three quantities defined in terms of the spin coefficients
given in (9.15). These are the optical scalars, which describe the expansion,

) ) Shadow cast by diverging
Size of object rays is larger

Shadow cast by X
converging rays /

Original shadow, ] ) '
cast same size as Convergence. Shadow is Divergence. The shadow is

object. Expansion is smaller, but undistorted. larger, but undistorted.
Z€ro.

Fig. 13-7. An illustration of the expansion which is calculated from —Re(p). The first
shadow shows no expansion, while the second illustrates convergence, and last one on
the right divergence.
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Fig. 13-8. The shadow of the object with no twist shown with the solid line. The dashed
line shows the effect of twist on the null rays that result in the cast shadow.

twist, and shear of a null congruence:

—Re (p) expansion
Im (p) twist (13.27)

|o| shear

These quantities are interpreted in the following way. For the sake of under-
standing, we think of the null congruence as a set of light rays. Now imagine
that an object is in the path of the light rays and it casts a shadow on a nearby
screen. (see Fig. 13-8)

The expansion can be understood as seeing the cast shadow either larger
or smaller than the object. That is, if the shadow is larger, the light rays are
diverging while a smaller shadow indicates that the light rays are converging.

The twist is described in this thought experiment by a rotation of the shadow.

Fig. 13-9. Shear distorts the shadow of the object. We show the shadow with zero shear
as a circle with the solid line. Shear distorts the circle into the ellipse, shown with the
dashed line.



CHAPTER 13  Gravitational Waves _\@’
To understand shear, we consider an object that casts a perfect circle as a

shadow if no shear is present. If the shear is nonzero, the shadow will be cast

as an ellipse (see Fig. 13-9). The spin coefficient o used to define shear is a

complex number. The magnitude |o| determines the amount of stretching or

shrinking of the axes that define the ellipse while the phase of o defines the
orientation of the axes.

pp Gravity Waves

We now consider a more formal and generalized study of gravitational waves
abstracted from sources and propagating at the speed of light. In particular, we
study vacuum pp-waves where “pp” means plane fronted waves with paral-
lel rays. Considered to travel in a flat background spacetime described by the
Minkowski metric, a pp-wave is one that admits a covariantly constant null
vector field. We now consider this definition.

Let k% be a null vector such that the covariant derivative vanishes; i.e.,

kap =0 (13.28)

We say that a vector k¢ that satisfies (13.28) is covariantly constant. Re-
calling that we can define a null tetrad for a given metric by the vectors
(1*, n*, m*, m"), in the case of a pp-wave spacetime it is possible to take [ as
the covariantly constant null vector. This null vector field is taken to correspond
to the rays of gravitational waves.

In Chapter 9 we learned that the covariant derivative of /* shows up in the
definitions of several spin coefficients. Specifically, we have

b

p=1l,mm’ and o =1I,,m*m’ (13.29)

This tells us that if /* is covariantly constant, then the gravitational wave of a
pp-wave spacetime

¢ has no expansion or twist, and
e the shear vanishes.

Physically, the fact that null congruence has zero expansion means that the
wave surfaces are planes. Furthermore, noting that the spin coefficient 7 is given
by

T =1, ,mn® (13.30)
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we see that in this case we also have t = 0. This implies that the null rays are
parallel.

Plane waves are only a special class of the more general pp-waves. However,
for simplicity we will focus on plane waves for the time being. First we will
introduce two null coordinates U and V', which are defined as follows:

U=t—z and V=t+z (13.31)
Inverting these relations, we have

Uu+vrv —U-=7)
t = and z=———=
2 2

Therefore we have dr = % (dU +dV) and dz = —% (dU — dV). Squaring, we
find

d* = — (dU* +2dU dV +dV?) (13.32)

Bl —

1
dz? = 1 (dU? —2dU dV +dV?) (13.33)

We will now proceed to write the plane wave metric given by (13.18) in terms
of Uand V to find

ds? = dr* — (1 — ehy)dx? — (1 + eh,,) dy? — dz°

1
=1 (dU? +2dU dV +dV?) — (1 — eh,,) dx?

— (1 4+ ehy)dy? — % (dU? —2dUdV + dV?)
=dUdV — (1 — ehy)dx? — (1 + ehy) dy?
Now, recalling that 4., = h, (t — z) = h,. (U), we define
a*(U)=1—c¢h, and b*(U)=1+¢h,
and we obtain the Rosen line element

ds? = dU dV — & (U) dx? — b* (U) dy? (13.34)
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We choose the following basis of one forms for this metric:

1 .

a)():E(deLdV), o' =2 @U—dr), @ =a@)dx, © =b®u)dy
(13.35)
with
1 0 0 0
0 -1 0 0
"ab=1o o -1 0
0 0 0 -1

An exercise (see Quiz) shows that the nonzero components of the Ricci tensor
in this basis are

1d%a 1d%
Rop = Roi = Rig = Rii = — | —2 Y 7902

The vacuum equations R,; = 0 give

1 &a 1 d%

Bl H i
adUz-i_de2

Letting /(U) = % %, we see that this equation implies that % (;127”2 = —h(U)
and so we can write the metric in terms of the single function /4. Therefore
(13.34) becomes
ds?> = dU dV — h* (U) dx* — h* (U) dy*?
We now apply the following coordinate transformation. Let
u="U, v =V +x%ad + y*bb', X = ax, Y = by
From the first two equations, we obtain

du =dU

and
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Inverting the last two equations for x and y gives

= 1X = lY
X = a ) y - b
/
= dx = —dX — —2Xdu
a a
Now we use these relations along with the definition 4(z) = a” /a = —b" /b and
obtain
’ " N2 ’ iz
b b
@ =dv -2 xax - du+ L au -2y ay - Ly au
a a a? b b
GO
+ 2 Y<du
2 ( /) 2 b’ 2
—dv—2 XdX h(u)X*du + —— X du —2bYdY+h(u)Y du
(b)
e Y2 du

We also have

(a’)

, 1 2 /

a*dx? = a? (‘a_szu + —dX) = X2 du? — 2% dudx + dx?
a a a

(')’

b 2
b’dy* = b’ (——Xdu+ dX) =5

b/
——Y*du* — 2—dudY +dY?
b b p T
Substitution of these results into ds?> = dU dV — a? (U) dx? — b? (U) dy?
gives the Brinkmann metric

ds® = h(u) (Y* — X?) du® + 2dudv — dX* — dY? (13.36)

From here on we will drop the uppercase labels and let X — xand ¥V — y
(just be aware of the relationship of these variables to the coordinates used in
the original form of the plane wave metric given in (13.18)). More generally, if
we define an arbitrary coefficient function H(u, x, y), we can write this metric
as

ds> = H(u, x, y)du? +2dudv — dx? — d)? (13.37)
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This metric represents a pp-wave spacetime; however, it does not necessarily
represent plane waves, which are a special case. We will describe the form of
Hin the case of plane waves below.

In Example 9-5, we found the Weyl and Ricci scalars for this metric. In that
problem we choose [, = (1, 0, 0, 0) as the covariantly constant null vector
where the coordinates are given by (#, v, x, y). The principal null direction is
along /,, which means that this vector defines the direction along which the rays
of the gravity wave are coincident. The coordinate v is another null coordinate
while the coordinates x, y define the surface of the plane wave.

It is obviously true that /, , = 0. To understand the implication of this re-
quirement, we state some of the spin coefficients here:

b b

p =l pm'm’, o =l,pm'm’, T = la,bm“nb

We see that /, , = 0 implies that p = 0 = v = 0. Therefore, as we explained
in the beginning of this section, a pp-wave has no expansion, twist, or shear. In
addition, the fact that t = 0 tells us that the null rays defined by /, are parallel.
This shows that this metric is a pp-wave spacetime.

The form of the function A in the Brinkmann metric can be studied further.
A generalized pp-wave is one for which Hcan be written in the form

H=Ax>+By*+Cxy+Dx+Ey+ F

where 4, B, C, D, E, and F are real valued functions of u.

Plane

A pp-wave is a plane wave if we can write H in the form

Hu, x, y)=a(u) (x2 — yz) 4+ 2b(u)xy + c(u) (x2 —|—y2)
(general plane wave) (13.38)

(compare with our derivation of (13.36)). The functions a and b describe the
polarization states of the gravitational wave, while ¢ represents waves of other
types of radiation. To represent a plane gravitational wave in the vacuum, we
let ¢ vanish; that is, H(u, x, y) becomes

H(u, x, y)=a(u)(x* —y*) +2b(u)xy (plane wave in vacuum)
(13.39)

—E

Waves
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Since these are plane waves, we expect that we can write the wave as an expres-
sion of the form Ae'*, where A4 is the amplitude of the wave. In fact we can, and

it turns out that the wave is described by the Weyl scalar W,. That is, we write
the gravity wave as

l114 = Aei“

In this case « represents the polarization of the wave. A linearly polarized wave
is one for which « is a constant.
In Example 9-5, we found that

v 1 (3°H 0*°H ey 0’H
= - — i

T a2 T )2 3x dy

Let’s consider this with the form of H given for a plane wave in vacuum (13.39).

We write the metric as

ds® = (h11x2 + h22y2 + 2h12xy) du? +2dudv — dx? — dy2

The form of the Weyl scalar for this metric will lead to a plane wave solution.
We will also demonstrate that the vacuum equation using the Ricci scalar we
found in Example 9-5 leads to the relations among /11, hy;, and /i, for plane
waves that we found in the previous section.

To begin let’s write down the Weyl scalar when H = hy1x? + hypy? +
2h1,xy. We have

4 =

1 (8°H 3*H 42 *H
- - 1
4\ ax2  9y? dxdy

1
=7 (2hy1 — 2hyy +4ihyy)

1
=5 (hiy — hay +2ihyy)

In Chapter 9 we learned that the only nonzero component of the Ricci tensor

was
o, _ L(PH  PH
274\ ax2 ay?
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In this case taking H = h11x? 4+ hypy? + 2h15xy, we have

1
by = 3 (h11 + h)

Now consider the vacuum field equations, which are defined by R,, =
0 or ®,, = 0. This leads us to conclude that 4,» = —h;;. The curvature ten-
sor then becomes

1
Wy = E(Zh” +2ih) = hy +ihp

Now let’s consider the case of a plane wave with linear polarization, which
means that hp is proportional to /;;. In that case we expect _that we can write
W, = h(u)e'“. Using Euler’s formula to expand W4 = A(u) e'“, we have

Wy = h(u)e'™ = h(u)(cosa + i sina) = h(u)cosa + ih(u)sina

Comparison with Wy = hy; +ihy, tells us that we can write s = h(u)
cosa and /jp = h(u)sinw. The meaning of « is taken to be that the polar-
ization vector of the wave is at an angle o with the x-axis.

Summarizing, in the case of constant linear polarization in the vacuum we
can write H as

H = hjx* + hpy® + 2hipxy
= h(u)cos ax® — h(u)cosay® + 2sinaxy (13.40)
= h(u) [cosa(x* — y*) + 2 sinaxy]

The Aichelburg-Sexl Solution

An interesting solution involving a black hole passing nearby was studied by
Aichelburg and Sexl. The metric is given by

ds? = 4p log(x? + y?)du? + 2dudr — dx? — dy? (13.41)
This metric is clearly in the form of the Brinkmann metric and so represents a

pp-wave spacetime. However, in this case H = 4y log(x? + y?), which is not
in the form given by (13.38); therefore, it does not represent plane waves.
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Colliding Gravity Waves

In this section we consider the collision of two gravitational waves. Such col-
lisions lead to many interesting effects such as the introduction of nonzero
expansion and shear. To begin the study of this phenomenon, we consider the
simplest case possible, the collision of two impulsive plane gravitational waves.

An impulsive wave is a shock wave where the propagating disturbance is
described by a Dirac delta function. That is, we imagine a highly localized
disturbance propagating along the z direction. Since # = ¢ — z, we can create an
idealized model of such a wave by taking 4 (u) = §(u). This type of gravitational
wave can be described with the metric

ds® = 8(u) (Y* — X*) du® + 2du dr — dX* — dY? (13.42)
In this metric, 7 is a spacelike coordinate. We can use a coordinate transformation
(see Problem 7) to write this line element in terms of the null coordinates « and
v, which gives

ds? =2dudv — [1 — u®@)? dx? — [1 + u®)]* dy? (13.43)

where ®(u) is the Heaviside step function. This function is defined by

Therefore, in the region u > 0, we can write the line element as
ds?> =2dudv — (1 —u)* dx? — (1 +u)* dy?

As an aside, note that the derivative of the Heaviside step function is the Dirac
delta; i.e.,

d—® = 8(u) (13.44)
du

By considering the other null coordinate v, we can describe an opposing wave
using

ds?> =2dudv — [1 —vOW)dx? = [1 +vO())* dy? (13.45)
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Fig. 13-10. Dividing spacetime into four regions to study colliding waves. [Courtesy of
J.B. Griffiths (1991).]

and so for v > 0, (13.45) assumes the form
ds?> =2dudv — (1 —v)*dx?> — (1 +v)*dy?

Note that in either (13.43) or (13.45) if we set the step function ® = 0, we obtain
the flat space line element

ds? = 2du dv — dx? — dy? (13.46)

This line element holds in the region u, v < 0.

With these observations in place, we see that we can divide spacetime into
four regions, as shown in Fig. 13-10. Region I, where both u, v < 0, is the flat
background spacetime described by (13.46). In Region II, v < 0 and u > 0,
and so this region contains the approaching wave characterized by §(u). It is
described by the line element (13.43). An analogous result holds for Region III,
which contains the approaching wave §(v) and is described by the line element
(13.46). Finally, Region IV, where both # > 0 and v > 0, is where the collision
of the two waves takes place.

As an exercise in working with gravitational wave spacetimes using the
Newman-Penrose formalism, we begin by considering a simple metric. We
consider the case of the metric in Region III.

EXAMPLE 13-1
Show that the metric in Region III describes an impulsive gravitational wave
characterized by §(v). Find the nonzero Weyl scalars and determine the Petrov

type.
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SOLUTION 13-1

First let’s write down some preliminaries we will need in calculations. The line
element is given by

ds? =2dudv — (1 —vOW))* dx? — (1 +vO(v))* dy?

The nonzero components of the metric tensor are

guv — gVM — 1
1 1
gxx — , gyy P
(1 —vOW)) (1+vO()) (13.47)
v = &vu = 1

8xx = — (1 - V@(V))2 y &y = — (1 + V@(V))2

We can calculate the nonzero Christoffel symbols for this metric using I'Y, . =
19 (0pgac + 0cgap — 0aghe)- For example,

1
My = Egud (0x8ax + 0xQdx — 0agxx)

1

= Eavgxx

_1d B )
d

= (1 —-vO(®)) o (—vOX))
%

=(1 —-vB(v)) (—@(v) — vd—®>
dv

= — (1 —vOM)) (OW) 4+ v8 (v))
=—(1—vO¥)O©)

To move to the last line, we used the fact that /' (v)3 (v) = f(0), sové(v) = 0.
It is a simple exercise to find all of the nonzero Christoffel symbols using
equation (4.16), which turn out to be

M= — (1 —vOM)OW), Ty, = (1+vO() O)
13.48
o) ., 6w (1349

Fxxv ) W= T~
1 —vO(®©W) 1+vO(©W)
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The wave is propagating along v, and so choosing /, to be along this direction
we set /[, = (0, 1, 0, 0). We can find the other basis vectors in the tetrad using

8ab = lanb + lbna — MgMypy — Mphi, (1349)

The vector m, is spacelike, and so considering g,, we can write

Suv = lunv + Zvnu = lvnu =ny
=n,=1
Since n,, is null, we can take this to be the only nonzero component and write

n, = (0, 1, 0, 0). Moving to the spacelike vector, we take m, to be real and so
using (13.49) we have

Exx = Ixnx + lxnx - mxmx - mxmx

2

= —2m;

Using g,x = — (1 — vO(»))? this gives

- _1=vO(v)
V2

=m,

A similar exercise, taking m,, to be complex, leads us to choose

. _i(1+v®(v)> - __i<1+v®(v))
y = \/E y - ﬁ

Summarizing, for this metric we choose the following null tetrad:

l,=(0,1,0,0), n,=1(1,0,0,0)

I (O 0 1 —vO() il—l—v@(v))
a ’ ’ ﬁ ’ ﬁ ’

= _ (0 0 1 —vO(©W) _l_l—i-v@(v))
a ’ ’ \/E ’ \/E

(13.50)
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Raising indices with the metric, we find

1“=(1,0,0,0), n°=(0,1,0,0)
1

“_ » 1
" _<O’O’ﬁ(1—v@(v))’ lﬁ(1+v@(v))> (528

1 1
m" =

" (0’ > V2(1 - V®(V))’i~f2(1 + V®(V)))

Now that we have the null tetrad, we can compute the spin coefficients.
First noting that the only nonzero component of the first null vector is the
constant /,=1, looking at the Christoffel symbols (13.48) we can see that /,,, =
oply, — T apl, = 0. This is, of course, what we expect for a pp-wave spacetime.
This requirement dictates that several of the spin coefficients will vanish, in
particular, k =0 = p =v = 0.

An exercise also shows that T =7 = ¢ =y = a = = 0. Let’s compute
the two remaining spin coefficients. Starting with A = —n,,m%m®, looking
at (13.51) we observe that only terms involving m”* and m” will be nonzero.
Expanding the sum with this in mind, we find

A= —ngpmm’ = — (oW + Ny WY A 0y W A+ ny i mY)
Recall that the covariant derivative is

d
RNg.p = abna -Tr abld

The analysis is greatly simplified by the fact that n, only has a ¥ component
that is a constant. So this reduces to n,, = —I'“;pn, = —I'%,;. Considering
the mixed terms first, we find

u
Ny, =—I", =0

Nyx =—T" =0
For the other two terms, we have

Nyx = _Fuxx = (1 - V@(V)) @(V)
nyy =—T" ==(1+vO(v)) O(v)
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—E

Now we write down the products m*m™and m”m” .

N 1 1 B 1
= (ﬁ(l — v@(v))) (ﬁ(l — v@(v))) C2(1 —vOW))?

1 1 -1
m'm? = (i ) (i ) = 2
V2(1+vOWm) /) \ V21 +vOW) /)  2(1+vO())
and so the calculation for the spin coefficient A becomes
A= — (ngm m* + ny,m’m’)

1
_ [(1 —vO(v)) O(v) (W)

-
—(14+vO() O®) (mﬂ

B () e®)

- (2(1 —vO®)) + 2(1+ v@(v))>
. ()

(1 —=vOW) 1 +vO®K))

The calculation for the remaining spin coefficient is similar. The only difference
this time is that we use terms like m™ m*instead of m"m”. We have

p=— (nyxm m* + ny,m’m”)

= - [(1 —vO) O() (m)

—(14+v0(1) O() (W)}

B e®) o)

- (2(1 —vOW) 2(1+ v@(v)))
. vO(V)

(1 =vOW) (1 +vO())
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Looking at the expressions for the Weyl scalars, we can see that the only
nonzero term we have in this case is going to be W,4. Since most of the spin
coefficients vanish, the calculation of this term is relatively painless. First we
need to compute the directional derivative of 1. Remember that A is a scalar, and
so the directional derivative is just AL = n“V,A = n9,A because the covariant

derivative reduces to an ordinary partial derivative when applied to a scalar.
Lookingat(13.51), the only nonzero component is the v component. Calculating

the derivative, we find
oL 9 e W)
v v 1 —v2O(v)

We compute this derivative using ( f/g) = f,gg;zglf. We take
f=00) = f1=5v)
g=1-v001) = g = -2vO() —v?5() = —2vO(v)
Noting the overall minus sign, we obtain

)L =v*O() + 2vO(1)B(r) _ §(v) +2vO(v)

A =
(1 —v20())* (1 —120())

Using f(v)§(v) = f(0) 5 (v), we can simplify this term because

3(v)

(a=vouy

This allows us to write the derivative as

2vO()

A = —8(v) — Tvie0))

All together, the Weyl scalar turns out to be

Uy=8v—Ar—A(u+m)—2@By -V +vBa+B+7—7)
= —AL—A(u+1)
= —AA—2\p
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_ _ e (L o)
=0 T em)y 2( d—vem+ v@(v)))

(_ vO () )
(1=vOW)(1+vO(v))
— 50 + 2vO(©) 2vO()

(1=v20m)° (1 —v2Om)y

= 5(v)

As expected, we obtain a Dirac delta function. Since W, is the only nonzero
Weyl scalar, we conclude that this spacetime is Petrov Type N.

The Effects of Collision

Referring once again to Fig. 13-10, Regions I, II, and III are flat. In Region IV,
which represents the interaction region of the two waves, spacetime is curved.
Of specific interest: is the interaction of the two waves causes a focusing effect
that does two things. Since focusing means that the wave no longer has zero
convergence, the waves are no longer plane waves in Region I'V. More interesting
is the fact that the focusing in this case results in a singularity described by
w +v: =1

Region IV
Curvature singularity

Coordinate
singularity

u=1 u=1

lat background
Region I

Fig. 13-11. The collision of two impulsive plane gravitational waves. Focusing effects
induce a curvature singularity which is inevitable for Particle A, which crosses both
wavefronts. [Courtesy of J.B. Griffiths (1991).]
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In Fig. 13-11, the world lines of two particles are portrayed. Noting that the
wave approaching from Region Il is characterized by the Dirac delta function
8(u), we note that a particle will cross the wave if it passes the line # = 0 and
analogously for a particle crossing v = 0. Looking at the figure, we see that
Particle B crosses the wave approaching from Region I, but it encounters the
line u? + v? = 1 before encountering the second wave, which is characterized
by §(v). Therefore Particle B avoids the curvature singularity in Region IV. For
Particle B, the singularity, which comes across in Region I, is just a coordinate
singularity.

Particle A, meanwhile, has a different fate. The world line of this particle indi-
cates that it encounters both wavefronts before encountering the singularity. Un-
fortunately for Particle A it encounters a real curvature singularity in Region I'V.

More General Collisions

We now leave impulsive waves behind and consider more general types of
collision. We will again consider the collision of two waves. First we imagine
a null congruence in vacuum and review its characteristics. The geodesics of
the congruence are parallel and p = o = 0, meaning that the contraction, twist,
and shear vanish for the congruence.

For a more general type of collision than that considered in the last section, we
can imagine that the gravity wave encounters either an electromagnetic wave
(which has nonzero energy density and therefore is a source of gravitational
field) or a collision with a gravitational wave. The interaction can be described
by the two Newman-Penrose equations

Dp = p* + 05 + oo
Do =0 (p+p)+ Y

The terms @ and W, can represent an opposing electromagnetic and gravita-
tional wave, respectively. Initially, as the wave travels through a region with no
other waves present, ®oy = 0 and W, = 0. Since the wave has zero expansion,
shear, and twist, this situation is described by

Dp=0
Do =0
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If the wave encounters an electromagnetic wave, which means that ¢ > 0,
then initially

Dp = @y
Do =0

This causes p to increase, causing the congruence to converge since —Rep
gives the expansion of the wave. Therefore as p gets larger the expansion gets
smaller.

On the other hand, if the wave encounters another gravitational wave, then
initially

DO':\IJ()
= Dp=o00

and so we can see that shear o caused by the collision induces a contraction via
the first equation.
In other words, these equations represent the following effects:

e [f a congruence passes through a region with nonzero energy density
(which means that ® is nonzero), it will focus.

e [f a gravitational wave collides with another gravitational wave, it will
begin to shear. This induces a contraction in the congruence and it will
therefore begin to focus. Taking these effects together, we see that the
opposing gravity wave causes an astigmatic focusing effect.

In the next example, we imagine that a null congruence begins in vacuum. We
take the region v <0 to be a flat region of spacetime. Defining a plane wave by
v = const, we choose the null vector /¢ to point along v. The null hypersurface is
given by v =0. In the region past v =0, an opposing wave is encountered (see Fig.
13-12). In the next example, we consider the line element in the region where
the two waves interact and illustrate that the shear and convergence become
nonzero.

EXAMPLE 13-2
The region v > 0 is described by the line element

ds? = 2du dv — cos? av dx? — cosh® av dy? (13.52)
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Fig. 13-12. An illustration of two colliding gravity waves. In the flat region, the null
congruence has parallel rays with no shear or contraction. In the region where the two
gravity waves collide, there is shear and congruence. [Courtesy of J.B. Griffiths (1991).]

Show that the congruence contracts and shears after passing the gravitational
wavefront. Determine the Petrov type and interpret. Describe the focusing effect
and determine the alignment of the shear axes.

SOLUTION 13-2
The components of the metric tensor are given by

guv — gvu — 1
1 1
xx o © Vo
g cos? (av) & cosh? (av) (13.53)
guv = 8vu = 1
e = — 05> (av), gy = — cosh? (av)

Using (4.16), one can show that the nonzero Christoffel symbols are given by

'y = —acosavsinav, TI",, =acoshavsinhav

13.54
'y, = —atanav, I, =atanhay (13.:59)
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We define the null tetrad such that /“ points along v, giving

1“=(0,1,0,0), n%=(1,0,0,0)

1 i ) (13.55)
V2 cosav ’ /2 coshav

m = (O, 0, —

Lowering indices with the metric tensor (i.e., [, = gu!°, etc.), we find

l,=(1,0,0,0), n,=(0,1,0,0)

cosav icoshav> (13.56)
V2 V2

To show that the congruence contracts and shears, we must show that p and
o are nonzero. Now /,., = dpl, — I'°;5l.. The simplicity of /, means that this
expression will take a very simple form. In fact, since /, has only a # component
which is constant (and therefore 95/, = 0 for all a,b), we can write

Mg = (0, 0,

Za;b — _Fuablu = _Fuab

We can calculate the spin coefficient representing contraction using p =
l.;mm", where " is the complex conjugate of m? as given in (13.55). There
are only two nonzero terms in the sum. We calculate each of these individually:

lyx = =Ty = acosavsinav

l,,, = —T",, = acoshavsinhav
and so we have

b

P = Za;b”nam

=[l..m'm + 1, m’'m’
; viy

. 1 1
= (acosavsmav)| — —
( )< ﬁcosav)( \/Ecosav)

i i
+ (—a coshav sinhav (— ) ( )
( ) /2 coshav V2 coshav
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_a (cosav sinav a { coshav sinhav
2 \ cosav cosav 2 \ coshav coshav
_a sinav a ( sinhav
~ 2 \cosav 2 \ coshav
= p= %(tanav — tanhav)

Next we compute the shear. This can be done by computing o = I,,m“m?®.
Again, the only nonzero terms in the sum are those with /.., /,.,. And so we
obtain

o =l,m*m* +1,.,m"m”

1 1
= (acosavsinav) (— ) (— >
ﬁ cosav «/f cosav
i i
+ (—a coshav sinhav) (— ) ( )
V2 coshav V2 coshav
a ( cosav sinav a ( coshav sinhav
= — S — _|_ —
2 \ cosav cosav 2 \ coshav coshav

a
= 0= 3 (tanav + tanhav)

An exercise shows that the remaining spin coefficients vanish. Let’s make a
quick qualitative sketch of the shear.

60
40

20

0.25 0.5 0.75 1 1.25 1.5

Fig. 13-13. The tan function blows up at av = /2.
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As we can see from 0 = 7 (tanav — tanhav) and by looking at the sketch (see
Fig. 13-13), the shear blows up atav = /2. In other words, there is a singularity.

Looking at the Newman-Penrose identities, we see that the only nonzero Weyl
scalar is given by W,.The only nonzero spin coefficients are p, o, and so we
have

V)= —Do + 20p (13.57)

where D is the directional derivative along /“. Since o is a scalar, we need
to compute only /“9,0. Once again, with only one component this becomes
relatively simple. We find

Do =1[0,0 = 0,0

d
= — [f (tanav — tanhav)]
av L2

a

2 cos? av

Therefore we find

Vo= —Do + 20p

a2

=—+ 2[g(tan av + tanh av)] [g(tan av — tanh av)]
2 cos?av 2 2

a? a?

= eosray Ty |’ @ — tania ]

a’ a’sinfav  a®
= — 5 + 5 — — tanh” av
2 cos® av 2 cos® av

a2
= —?(1 + tanh? av)

We can make the following observations of our calculated results. First the
fact that W4 = 0 and W, # O tells us that n“ is aligned with the principal null
direction. Since all other Weyl scalars vanish, the null direction is repeated four
times and therefore the Petrov Type is N.

—E&
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Nonzero Cosmological Constant

An ongoing area of research involves the investigation of gravitational radiation
with a nonzero cosmological constant. Unfortunately, limited space prevents us
from covering this interesting topic in much detail.

Here we will simply examine an example to give the reader a final “how-to”
demonstration on using Newman-Penrose methods.

EXAMPLE 13-3
The Narai spacetime is a solution to the vacuum field equations with positive
cosmological constant; that is, R,, = Ag,s. The line element is given by

1
ds? = —Av? du® +2dudv — o (dx* + dy?)

where @ =1 + %(x2 + %) and A is the cosmological constant that we take to
be positive.

SOLUTION 13-3
The components of the metric tensor are given by

1
Q?
gvv — —AVZ, guv — gvu — 1’ gxx — gyy — _92

guu = —sz, uv = gvu = I, Exx = 8y = —

The nonzero Christoffel symbols are
M =—Av, DIV, =—-A% TV, =—Av
To construct a null tetrad, we begin by taking /, = (1, 0, 0, 0). Then using

Quu = 21,n, we find that n, = —1 Av?. Setting g, = l,n, + l,n, we conclude
that n, = 1. All together this procedure leads to the tetrad

1
I,=(1, 0, 0, 0), ng = <_§AVZ’ 1, 0, o>

i 1 i 1
ma = O’ 07 - ’ - ’ ma = 07 O’ ’ -
( V28 ﬁsz) ( V2Q ﬁsz)

1
I,=(1, 0, 0, 0), Ng = (—Esz, 1, 0, 0)

i 1 i 1
mg = 0’ Os - [ ) ma == 0, 0, s
( V28 ﬁsz) ( V2Q ﬁsz)
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We can raise indices with the metric tensor; i.e., /¢ = g*l,, n® = g*ny,, m* =

2%°my,. This gives
L
1, —=Av-, 0, 0
2

m = (0, 0, %Q %Q) e = (o, 0, — %Q %Q)

I“=(0, 1,0, 0), n°

The only nonzero spin coefficient is y. From (9.15) we have

1
y = E(Ia;bn“nb - ma;bm”nb)

looking at the first term, since /, = (1, 0, 0, 0) the solution is pretty simple. With
only the # component to consider we have

la;b - 8bla - l—‘Cablc = _Fuab

Looking at the Christoffel symbols, the only nonzero term is /,, = —I'%,,, =
Av. And so the first sum gives

Za;bn“nb =l un"n" = Av

Considering the nonzero terms of the other members of the null tetrad, the
second sum can be written as

ma;bﬁ"nb = My, n" + my,m n" + my,m’n" +m,,m’n"
However, all of these terms vanish. For example, consider
C
Myy = 8un’lx - xulMe

All the Christoffel symbols of the form I'“,,, are zero for this spacetime, and

since m, = —— but @ =1+ 2(x? + »?), the derivative with respect to u

vanishes, and so m,.,, vanishes as well. The same argument holds for each term.
Therefore we conclude that

y = (lu;un”n“) = %Av

1
2
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An exercise shows that all the remaining spin coefficients vanish. With only one

nonzero spin coefficient to consider, the Newman-Penrose identities become
rather simple. There are three identities we can use that contain y

Dy —Ae=a(z+m)+BT+nm)—y(e+79)

—|—‘L'7T—VK+1112—ANP+CD]1 (1358)
S — 8B =pu—or+aa+ BB —2aB+y(p —p)
+e(n— ) — Vo + Anp + @1y (13.59)
Ap—68t=—pii—or+t(B—a—T)+p(y +7)+rv— V¥ —2Ax
(13.60)
Here the Newton-Penrose scalar is related to the Ricci scalar via Anp = ﬁR.
Looking at the left side of (13.58), the only nonzero term is
D 19 d d : A : A
= a e v = v — v = —
Y 14 Y 5 5
Putting this together with the nonzero terms on the right side gives
1
W, — Anp + Q11 = EA (13.61)

Moving to the next equation, everything vanishes except the last three unknown
terms. Therefore (13.59) becomes

—W 4+ Anp + P11 =0
(13.62)
= Q=W — Anp
Finally, all terms vanish in (13.60) with the exception of the last two, giving us
W, = —2Anp (13.63)

Using (13.62) and (13.63) in (13.61), we find

1
51\ =W, — Anp + @11 = —2Anp — Anp — 3Anp = —6ANp

| (13.64)
= Anp=——"A

12
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Back substitution of this result into (13.62) and (13.63) gives
1 1
‘I’z = EA and CD“ = ZA (1365)

It can be shown that the other Weyl scalars vanish. Therefore, with W, # 0, we
conclude that this spacetime is Petrov Type D. This means there are two principal
null directions, each doubly repeated. The fact that the spacetime contains W,
and not W4 or W, indicates that this spacetime describes electromagnetic fields
and not gravitational radiation. This spacetime represents a vacuum universe
that contains electromagnetic fields with no matter.

Further Reading

The study of gravitational radiation is an active and exciting area. With LIGO
coming into operation, exciting experimental results will soon complement the
theory. Unfortunately we can scratch only the surface in this brief treatment.
Limited space precluded us from covering experimental detection of gravita-
tional waves, and energy and power carried by the waves. The interested reader
is encouraged to consult Misner et al. (1973) for an in-depth treatment, or Schutz
(1985) for a more elementary but thorough presentation. The Bondi metric is
important for the analysis of radiating sources (see D’Inverno, 1992). Hartle
(2002) has up-to-date information on the detection of gravity waves, and active
area of research in current physics. The section on the collision of gravitational
waves relied on Colliding Plane Waves in General Relativity by J.B. Griffiths
(1991), which, while out of print, is available for free download at http://www-
staff.Iboro.ac.uk/~majbg/jbg/book.html. The reader is encouraged to examine
that text for a thorough discussion of gravitational wave collisions.

In addition, this chapter also relied on Generalized pp-Waves by 1.D. Steele,
which the mathematically advanced reader may find interesting. It is avail-
able at http://web.maths.unsw.edu.au/~jds/Papers/gppwaves.pdf. The reader in-
terested in gravitational waves and the cosmological constant should consult
“Generalized Kundt waves and their physical interpretation,” J.B. Griffiths,
P. Docherty, and J. Podolsky, Class. Quantum Grav., 21, 207-222, 2004 (gr-
qc/0310083), or on which Example 13-3 was based.


http://www.staff.lboro.ac.uk/~majbg/jbg/book.html
http://www.staff.lboro.ac.uk/~majbg/jbg/book.html
http://web.maths.unsw.edu.au/~jds/Papers/gppwaves.pdf
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Quiz

CHAPTER 13 Gravitational Waves

Following the procedure used in Example 9-2, consider the collision of
a gravitational wave with an electromagnetic wave. The line element in
the region v > 0 is given by

ds® = 2du dv — cos’ av (dx* + dy?)

By calculating the nonzero spin coefficients, one finds that
(a) there is pure focusing

(b) the Weyl tensor vanishes

(c) there is twist and shear

Consider the Aichelburg-Sex] metric given in (13.41). The only nonzero
spin coefficient is given by
(@) v=—2v250

(b) v = —242%)

x2+y2

(¢) 7 = V2i522)

x2+y2
Compute the Ricci scalar ®,, for the metric used in Example 9-1. You
will find B
(a) Py =u(8+8) +vr —v(t — 38— @)
(b) Py =8v—Apu—p?> —Ar—pn(8+38)+vr —v(r =38 — )

=—Ap—p =
(c) Py =08v—Ap—pu?
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flat space, As for the following pairs of events £; = (3, —1, 2, 4) and
= (0,4, —1, 1) is given by

1

4

-2

6

ider two events that are simultaneous in some rest frame. The in-
between these events is

celike

elike

(d) cannot be determined

3. A rocket ship with rest, length 20 m, approaches a barn with open ends.
An observer named Sally is at rest with respect to the barn. She sees that
the ship is traveling at v/c = 0.95 and her measurements indicate that
the barn is 13 m long. The ship

—&

Copyright © 2006 by The McGraw-Hill Companies, Inc. Click here for terms of use.
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(a) will not fit in the barn, because it is nearly 64 m long, as measured
by Sally

(b) does not fit in the barn, because the ship is 20 m long according to
all observers

(c) fits in the barn because Sally sees the length of the ship as about
6.2 m

(d) fits in the barn because from Sally’s point of view, the ship is 10 m
long

4. The four force is defined to be K = dp®/dt, where p* = (p°, p) is
the four momentum and 7 is proper time. If u* = dx“/dr is the four
velocity, then

(a) u,K* =0
(b) u K¢ = —1
(©) u K =1

5. Let V¢=(2,1,1,—-1) and W*=(—1,3,0,1). Then if n, =
diag (1, —1,—1,—-1), V, W% is

(a) 2
(b) -6
(c) —4
(d) 0
6. If a metric g, is diagonal then
dg,
_ _ 1 aa
(a) Laba = Tpaa = 1z 9xb
08ab
_ 1 98a
(b) 1—‘aba - 1—‘baa EW
dg,
1 aa
(C) Faba - Fbaa =3 9xb
dg.
_ _ 1 aa
(d) Laba = Tbaa 2795b

Consider the metric given by
ds? = (u2 + vz) (du2 + dvz) + u?v? do?

7. Two nonzero Christoffel symbols for this metric are

\4 qu

T, = ——— Mgy = —
(a) vy U2+V2’ 66 M2+V2
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10.

11.

12.

—E&r

2

(b) " My = LA
vy — 2_ 29 -
v uZ + V2
MVZ
© I'yy = =, = ——
us+v=> u2 + 2

All components of the Riemann tensor are equal and are given by
(a) Rupea = u

(b) Rabcd =V |

Ra cd = 5 5
(©) Raped = —5 Y
(d) Rapea =0

For the next two problems consider the metric
ds? = dy? + sinh? d6? + sinh? ¥ sin® #dg?

If you calculate the Christoffel symbols, you find that

(@) T'Vgy = sinh ¢ coshy, I'¥ 45 = sinh y cosh ¥ sin” 6
(b) I'Vyg = —sinh y cosh 1, F‘/’¢¢ = tanh ¢ sin” @

(c) Ty = sinh y cosh ¢, ['V 45 = — sinh ¢ cosh ¢ sin” 6

The nonzero Ricci rotation coefficients are given by

(@) T r cosh cotd
a Y s = = 5 = =
Voo Voo sinhy = 99¢ sinh
cosh "
®) Tyas = Tygs = Gy Tosé = ~smny
cos ¥ cotf

F""":F""":—i’ """:—.—
© Tyag Voo sinh vy’ 97? sinh

If a space is conformally flat, i.e., g5 (x) = f (x) nap, then
(a) the Weyl tensor cannot be calculated

(b) the Weyl tensor vanishes
(c) the Ricci rotation coefficients vanish

Consider the Reissner-Nordstrom metric

om e 2 2\ 7!
dszz(l——m+ >d12—(——m+ez)
r r

x dr? — r? do* — r? sin® 9dg?
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The only nonzero Weyl scalar is

(a) ‘I’2=62;74mr
(b)\vl:ez;—j’”
(c)w2=ezj—4””
2 _
(@ W= —

Consider the Schwarzschild solution and suppose that the line element
is given by

2 2my\ !
ds? = (1 = ﬂ) dr — (1 = ﬂ) dr? — 2 (d6? + sin® 0 dg?)

r r

The deflection of a light ray in this case is proportional to
(@) my —my

(b) mym;

(c) mi+m3

(d) my +my

The Godel metric, which is a physically unrealistic model that allows for
the possibility of time travel, is given by

1
ds? = (dr + ™ dy)” — dy? — S e dy? — d?

Suppose that the stress-energy tensor be given by

1 0 e 0
0O 0 0 0
Tap=p e 0 e 0
0O 0 0 O

If the cosmological constant is not zero, the Einstein field equations in
this case require that

(@) A =—-0w?/2

(b) A = -w?/2
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(c) A =0’
) A=)

15. Rotating black holes are described by
(a) the Reissner-Nordstrem solution
(b) the Kerr solution
(c) the Schwarzschild metric

16. Consider two fixed observers near a Schwarzschild black hole. One ob-
server at » = 3m emits a pulse of ultraviolet light (wavelength about
400 nm) to a second fixed observer at » = 5m. The second observer
finds that the light is redshifted, with a wavelength such that the light is
(a) green
(b) yellow
(c) blue
(d) orange

17. The best description of the coordinate singularity in the Schwarzschild
metric is that

(a) it has no effect whatsoever; it is just an artifact of our coordinate
choice. Nothing happens here and particles that cross the coordinate
singularity can return to the outside, given enough energy.

(b) itis an artifact of our choice of coordinates; however, it pinpoints the
surface of the event horizon. Once you pass this point you cannot
return.

(c) itis the location where the geometry “blows up.”

18. A space with £ = 1 can be said to have
(a) zero curvature
(b) positive curvature
(c) negative curvature
(d) embedded curvature

19. In a perfect fluid, the diagonal components of the stress-energy tensor
are given by
(a) 7%, = diag(—p, —P,—P,—P)
(b) They all vanish.
(c) T4, = diag(p, —P,—P,—P)
(d) 79 = diag(p, 0,0, 0)
20. For a type N spacetime

(a) the only nonzero Weyl scalar is W, or Wy, and there is only one
principal null direction



(b) the Weyl scalars all vanish
(c) the only nonzero Weyl scalar is W or Wy, and there are two principal
null directions

(d) there is one doubly repeated null direction and the nonzero Weyl
scalars are ¥, , W,, and W4
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Solutions

b~ o)
=

N
o

3.b 4. a 5. ¢

CHAPTER 3
1. b 2. ¢ 3.b 4. ¢ 5.d
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CHAPTER 4

1. ¢ 2. a 3. ¢ 4. d 5.b
6. a 7. d 8. b 9. ¢ 10. b
CHAPTER 5

1. a 2. ¢ 3. a 4. d 5. ¢
6. a 7. d 8. a

CHAPTER 6

1. ¢ 2. b 3. a 4. d 5. a
6. ¢ 7. a 8. a

CHAPTER 7

1. a 2. b 3. a 4. a 5. a
CHAPTER 8

1. d 2.b 3. a

CHAPTER 9

1. ¢ 2. a 3. a 4. d 5.b
CHAPTER 10

1. a 2. b 3.b 4. a 5.d
CHAPTER 11

1. b 2. b 3.a 4. ¢ 5. a
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is impossible to write a math or science book without relying on
lications. Below is a list of the materials used in the preparation
of the:manuscript. Hopefully, we have not forgotten to list anyone. Since those
studying the subject will likely have the desire to purchase additional books,
I'have included my comments.

Adler, R., Bazin, M., and Schiffer, M., Introduction to General Relativity,
2d ed., McGraw-Hill, New York, 1975.

We relied heavily on this book for the development of the manuscript. Unfor-
tunately it is out of print, which is really too bad. Although the presentation
1s a bit old fashioned, it includes some nice discussions on the Schwarzschild

e"

References and
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solution and the Petrov classification. I also enjoy their use of Lagrangian meth-
ods throughout the text.

Carlip, S., Quantum Gravity in 2+ 1 Dimensions, Cambridge University Press,
Cambridge, 1998.

Carroll, S.M., An Introduction to General Relativity Spacetime and Geometry,
Addison-Wesley, San Francisco, 2004.

This is a nice edition to the books in the field that came out recently. Clearly
written.

Chandrasekhar, S., The Mathematical Theory of Black Holes, Clarendon Press,
Oxford, 1992.

A good reference book that includes description of the Newman-Penrose for-
malism. Trying to read it cover to cover might induce a headache.

D’Inverno, R., Introducing Einstein’s Relativity, Oxford University Press,
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Griffiths, I.B., Colliding Plane Waves in General Relativity, Clarendon Press,
Oxford, 1991.

A specialized book that we referenced for discussion of Petrov classification
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you are interested in gravitational waves.

Hartle, J.B., Gravity: An Introduction to Einstein s General Relativity, Addison-
Wesley, San Francisco, 2002.
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the math. Also, some discussion of experimental/observational research like
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mathematical approach, and so you can find what’s missing from our book
here.

Hawking, S.W. and Ellis, G.ER., The Large-Scale Structure of Spacetime,
Cambridge University Press, Cambridge, 1973.
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We also relied on a few papers and Web sites. The papers referenced were
downloaded online, so we are providing the Web references.

Alcubierre, M., The Warp Drive: Hyper-Fast Travel Within General Relativity.

arXiv:gr-qc/0009013 v1 5 Sep 2000. Available at: http://arxiv.org/PS_cache/
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Living Reviews is a nice Web site we used to do research on fluids and the
stress-energy tensor. It has a lot of great information on relativity.
http://relativity.livingreviews.org/

Wikipedia is a great resource but should be used with caution. They allow
anyone to post, so there is no telling what’s true and what’s not. In any case,
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sure to double check what you find.

Two we used were

http://en.wikipedia.org/wiki/Petrov_classification
http://en.wikipedia.org/wiki/Pp-wave_spacetimes


http://panda.unm.edu/courses/finley/p570/handouts/connections.pdf
http://panda.unm.edu/courses/finley/p570/handouts/connections.pdf
http://xxx.lanl.gov/PS_cache/gr-qc/pdf/0012/0012032.pdf
http://lanl.arxiv.org/abs/gr-qc/0506100
http://relativity.livingreviews.org/
http://en.wikipedia.org/wiki/Petrov_classification
http://en.wikipedia.org/wiki/Pp-wave_spacetimes
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absolute derivative
geodesics, 82
active gravitational mass, 123. See also
Newtonian theory
affine connection, 65
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anisotropic space, 256. See also isotropic space
astigmatic, 313
basis
coordinate basis, 29
one forms, 30, 94, 98-99
transformation, 32, 101-102
set
holonomic basis, 94
vectors, 24, 29, 31, 94
differentiation, 64, 65

Bianchi identities, 87
Big Bang, 276
black hole, 224. See also special relativity
classification, 230
coordinate singularities, 233-235
Eddington-Finkelstein coordinates,
236-239
Kruskal coordinates, 242244
event horizon, 241
infinite redshift, 234
Kerr black hole, 233, 234, 244-245, 250
Boyer-Lindquist coordinates, 245
Cauchy horizon, 248, 249
cross terms, 245
ergosphere, 245
frame dragging, 249, 250
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horizons, 245-246
lense-thirring effect, 250
metric, 244
orbital equations, 251, 252
Penrose process, 245
reduced circumference, 251
singularity, 253
solution, 233
Reissner-Nordstrom, 233
Schwarzschild black hole
coordinate singularities, 234
Eddington-Finkelstein coordinates, 236,
239
infinite redshift, 234
Kruskal coordinates, 242, 243
radially infalling particle, 238, 239
solution, 233
tortoise coordinate, 237, 239
Bondi metric, 32. See also metric
Boyer-Lindquist coordinates, 240
Brinkmann metric, 195

Cartan’s structure equation, 93—-121, 139.
See also curvature tensor
bases transformation, 100-103
inverse matrix, 101-102
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curvature tensor, 139-146
first structure equation, 104, 207
holonomic bases, 94-95
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Cartan’s structure equation (contd.)
nonholonomic bases, 95-96
second structure equation, 209211
Christoffel symbols, 65, 72, 84, 111, 198, 280,
281
correction terms, 68
for polar coordinates, 69
geodesic, 84
Kahn-Penrose metric, 75
Ricci rotation coefficients, 104
Riemann tensor, 113
transformation law, 68
clock synchronization, 5—-6. See also special
relativity
commutation coefficients, 72, 96-98. See also
Cartan’s structure equations
commutator, 96
nonholonomic basis, 98
computing curvature, 112-119
conformal metrics, 85. See also tensor
calculus
congruence, 130. See also geodesic deviation
connecting vector, 131. See also geodesic
deviation
conservation equations, 155. See also
energy-momentum tensor
coordinate basis. See holonomic bases
coordinate patches, 47. See also manifolds
coordinate singularities, 233-235. See also
black hole
Kruskal coordinates, 242244
Schwarzschild black hole
Eddington-Finkelstein coordinates,
236-239
coordinate system, 5. See also frame of
reference
coordinate transformations, 33. See also
special relativity
correction terms
Christoffel symbols, 68
cosmology, 256278
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closed universe, 266
constant, 137-138
cosmological principle, 257
critical density, 267
deceleration parameter, 266
density parameter, 267

Index

different models of universe, 271-276
dust-filled universe, 276
flat universe, 267
Friedmann equations, 267-271
Gaussian normal coordinates, 257
Ricci tensor, 259, 260
homogeneous concept, 253
Hubble parameter, 265, 266
megaparsecs, 266
Hubble time, 266
Hubble’s law, 266
isotropic space, 256
matter density, 264
dust, 265
matter-dominated universes, 262
negative curvature, 262
open universe, 266
positive curvature, 262
radiation density, 265
radiation-dominated universes, 265
Robertson-Walker metric, 264-267
scale factor, 264
Schur’s theorem, 257
spatial homogeneity and isotropy, 257
vacuum density, 265
zero curvature, 262
curvature constant, 261
curvature one forms, 104, 204-206. See also
Schwarzschild solution
Ricci rotation coefficients, 110
symmetry relations, 105
curvature singularities, 235
curvature tensor, 85. See also Riemann tensor
in noncoordinate basis, 143
curvature two forms, 113, 118
curvature, computing, 112-119

d’ Alembertian operator, 287

de Sitter universe, 272, 273, 274

differentiable manifold, 47. See also manifold

dot product, 42, 43

dummy index, 28

dust, 155-159. See also energy-momentum
tensor

Eddington-Finkelstein coordinates, 233-234,
236-239. See also black hole
tortoise coordinate, 237, 239
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eigenbivectors, 194. See also Weyl tensor
multiplicity, 194
Einstein field equations, 28-29,
122-152
and Newtonian gravity, 136-139
constraint, 137
Einstein lift experiments, 126—-130
energy conditions, 152
equivalence of mass, 123-126
geodesic deviation, 131-136
in 2+1 dimensional space, 139-152
principle of general covariance, 131
strong equivalence principle, 130
tensor, 89, 113
Cartan’s methods, 140
test particles, 126
weak equivalence principle, 129
with cosmological constant, 138—139
energy density, 155. See also
energy-momentum tensor
energy flux, 155. See also energy-momentum
tensor
energy-momentum tensor, 155-166. See also
special relativity
and number density, 163—164
conservation equations, 157-158
dust, 158-159
energy density, 158
energy flux, 156
equivalence of mass, 123-126
principle of general covariance, 131
strong equivalence principle, 130
test particles, 126
weak equivalence principle, 129
with cosmological constant, 138—139
events, 7
four vectors, 19-20
frame of reference, 5
inertial frames, 67
Galilean transformations, 7
killing vector, 81, 167-179, 219, 220
and Ricci tensor, 177
constructing conserved current with,
178
contravariant components, 176
derivatives of, 177
for 2 sphere, 170
isometry, 168

light cones, 17-19

Lorentz transformations, 13—17
manifolds, 47, 48
coordinate patches, 48
differentiable manifold, 48
Maxwell’s equations, 2
metric, 23, 32-45
arguments passing, 43, 44, 45
as tensor, 37
Bondi metric, 35
cylindrical coordinates, 34, 35
determinant, 45
dot product, 42, 43
flat space metric, 37
index gymnastics, 41, 42
index raising and lowering, 38—41
inverse of, 37
Kronecker delta function, 37
null vectors, 45
ordinary cartesian coordinates, 34
second rank tensor, 34
signature of, 36
spherical coordinates, 34, 35
Michelson-Morley experiment, 4
Lorentz transformations, 4
luminiferous ether, 4
momentum density, 156
nonperfect fluid, 164—166
null tetrads, 180-202
null vectors, 182184
one forms, 23
parameterized curves, 49, 50
one forms, 50-53
tangent vectors, 50-53
perfect fluids, 160-162
Petrov classification, 180-202
posits of, 9-13
relativistic mass and energy, 2021
Schwarzschild solution, 203
spacetime diagrams, 8, 17-19
spacelike, 19
timelike, 19
stress, 155, 156
tensors, 47-59
algebraic operations, 54-58
as functions, 53-54
Levi-Cevita tensor, 59
with mixed indices, 54
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energy-momentum tensor (contd.)
tensor calculus, 60-92
commutation coefficients, 72
conformal metrics, 90
covariant derivative, 62, 63, 65
exterior derivative, 7981
Lie derivative, 81-85
metric and Christoffel symbols,
72-79
Riemann tensor, 85-88
tensor equations, 61-62
testing tensor character, 60—61
torsion tensor, 72
Weyl tensor, 90
vectors, 23, 25
basis vectors, 24
components of, 26
coordinate basis, 29-31
Einstein summation convention,
28-29
four vectors, 27, 28
one forms, 29-31
tangent vectors, 29-31
equivalence principle
Einstein lift experiments, 126129
ergosphere, 245
event horizon, 241
events, 8. See also special relativity
exterior derivative, 79-81

flat space metric, 37. See also metric
four vector, 19-20, 27. See also special
relativity
four acceleration, 19
four velocity, 19
in Schwarzschild metric, 215
frame dragging, 244-245, 249. See also Kerr
black hole
lense-thirring effect, 250
frame of reference, 5. See also special relativity
inertial frame, 6
free index, 28
Friedmann equations, 161-162

Galilean transformations, 7. See also special
relativity
gauge transformation, 286

Index

geodesic, 84, 216-218. See also Schwarzschild
solution
absolute derivative, 82
Christoffel symbols, 84
congruence, 131, 132
connecting vector, 132, 133
Euler-Lagrange equations, 216
for cylindrical coordinates, 83
geodesic deviation, 131-132
gravitational field
Einstein tensor, 113
energy-momentum tensor, 155
vacuum equations, 138
gravitational potential, 137
gravitational waves, 279318
Aichelburg-Sexl solution, 300
Brinkmann metric, 280, 300
canonical form, 290
colliding gravity waves, 304
Dirac delta, 304, 311, 312
effects of collision, 311
general collisions, 312
gravitational wave passes, 291
linearized metric, 280284
Narai spacetime, 318
Newton-Penrose scalar, 320
nonzero cosmological constant, 318
optical scalars, 293, 295
Petrov types, 295
Petrov type D, 295, 321
Petrov type 11, 295
Petrov type 111, 295
Petrov type N, 295
pp gravity waves, 297
Brinkmann metric, 300, 303
covariantly constant, 297, 301
plane waves, 287, 288, 298, 301
shock wave, 304
traveling wave solutions, 284
trace reverse, 284
Weyl scalars, 294
Newman-Penrose identities, 294
guess method, 109

hatted index, 105

heaviside step function, 304

holonomic bases, 29, 72, 93-94, 105. See also
Cartan’s structure equations
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basis set, 94
basis vectors, 93
Einstein tensor
components of, 147-150
for spherical polar coordinates, 96
Weyl tensor, 191

inertial frame, 6-7, 9
inertial mass, 123. See also Newtonian theory
infinite redshift, 234, 236
inverse matrix
spherical polar coordinates, 103
isometry, 167. See also killing vector
isotropic space, 256. See also anisotropic space

Kahn-Penrose metric
Christoffel symbols, 75

Kerr black hole, 233, 244-245, 250. See also

black holes

Boyer-Lindquist coordinates, 245
Cauchy horizon, 248, 249
cross terms, 245
ergosphere, 245
frame dragging, 249, 250
horizons, 245-246
Kerr metric, 244
lense-thirring effect, 250
orbital equations, 251, 252
Penrose process, 245
reduced circumference, 251
singularity, 253

killing vector, 81, 167-179, 219, 220
and Ricci tensor, 177
constructing conserved current with, 178
contravariant components, 176
derivatives of, 177
for 2 sphere, 170
in Schwarzschild metric, 219
isometry, 168

Kronecker delta function, 30, 37
tensor, 56
trace, 285

Kruskal coordinates, 242244

last line, 71

lense-thirring effect, 249, 250. See also frame
dragging

Levi-Cevita tensor, 59. See also tensors
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Lie derivative. See also tensor calculus
killing vectors, 81
light cone, 180, 181
Schwarzschild coordinates, 238
lightlike vector, 183
line element, 33, 34, 35, 37, 103
Lorentz transformation, 12—15
length contraction, 14
time dilation, 13
velocity composition law, 14—17
luminiferous ether, 4

manifolds, 47, 48. See also special relativity
mass, active gravitational, 123. See also
Newtonian theory
Maxwell’s equations, 2
metric, 23, 32-45, 72
arguments passing, 43—45
as tensor, 37
basis one forms, 102
Bondi metric, 35
Brinkmann metric, 195
conformal metrics, 85
cylindrical coordinates, 34, 35
determinant, 45
dot product, 42, 43
flat space metric, 37
for Rindler space, 84
index, 38-42
inverse of, 37
Kahn-Penrose metric
Christoffel symbols, 75
Kronecker delta function, 37
Lie derivative, 168
Minkowski metric
in spherical coordinates, 204
null vectors, 45
ordinary cartesian coordinates, 34
second rank tensor, 34
signature of, 36
spherical coordinates, 34, 35
Michelson-Morley experiment, 4
Lorentz transformations, 4
luminiferous ether, 4
Minkowski metric
flat space metric, 37
in spherical coordinates, 204
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momentum density, 155. See also
energy-momentum tensor
momentum four vector, 156

Newman-Penrose equations, 192, 280, 312.
See also null vector
Ricci scalar, 193
Weyl scalar, 191, 193
Newtonian theory, 122-125, 136-138.
See also Einstein field equations
equivalence of mass
active gravitational mass, 123
gravitational field, 123-126
inertial mass, 123
passive gravitational mass, 123
noncoordinate basis vectors, 94-95. See also
nonholonomic bases
basis vectors, 95, 97
commutator, 96
definition of, 100
spherical polar coordinates, 96
nonperfect fluid, 164. See also
energy-momentum tensor
null tetrad, 180, 182. See also special relativity
augmenting, 183
for Minkowski metric, 184
frame metric augmentation, 190
null vector, 45, 182-184. See also metric
Newman-Penrose formalism, 190
Petrov classification, 190
spin coefficients, 191
number density, 163. See also
energy-momentum tensor

one form transformation, 29, 32, 50-53.
See also parameterized curves
one forms curvature, 104, 204-206. See also
Schwarzschild solution
Ricci rotation coefficients, 110
symmetry relations, 105
orthogonal vectors, 95
orthonormal basis, 95, 104
hatted index, 105
orthonormal tetrad, 95, 103, 185, 186
curvature one forms, 206

parameterized curves, 49, 50. See also special
relativity
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one forms, 50-53
tangent vectors, 5053
passive gravitational mass, 123. See also
Newtonian theory
perfect fluid, 157, 160-162. See also special
relativity
Petrov classification, 190, 193-202. See also
null vector; Weyl tensor
principal null directions, 193
plain index, 105
pp-wave spacetimes (plane fronted waves)
Brinkmann metric, 300, 303
principal null directions, 193
principle of equivalence, 122
principle of general covariance, 136. See also
Einstein field equations
Pythagorean theorem, 32

rapidity, 11
relativistic velocity composition law. See
velocity composition law
rest mass, 20
Ricci rotation coefficients, 104, 106, 140, 141
Christoffel symbols, 104
inorthonormal basis, 105
Ricci scalar, 88-90, 116, 148. See also tensor
calculus
Ricci tensor, 61, 88-90, 192, 201, 259, 260,
261. See also tensor calculus
vacuum equations, 211
Riemann tensor, 85-88, 211, 257, 280, 282,
287. See also tensor calculus
Bianchi identities, 87
Christoffel symbols, 113
Ricci scalar, 88-90
Ricci tensor, 88-90
symmetries, 86
Robertson-Walker metric, 116, 264, 267

scale factor, 258,261,264
Schwarzschild black hole, 231, 234-241.
See also black holes
Schwarzschild solution, 203-230. See also
special relativity
curvature one forms, 206-208
curvature tensor
Cartan’s second structure equation,
209-211
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integration constant, 214-215
Kruskal coordinates, 242, 243
radially infalling particle, 238, 239
Schwarzschild metric, 215, 231, 234, 235
deflection of light rays, 224-229
four velocity, 219
geodesics, 216
killing vectors, 219, 220
particle orbits in, 218-224
Schwarzschild radius, 213-216
time coordinate, 215
time delay, 229-230
spherically symmetric spacetime, 204-206
vacuum equations, 203, 210-214
second rank tensor, 34
shear tensor, 165
signature, 36. See also metric
singularities, 236. See also black hole
coordinate, 233-236
Eddington-Finkelstein, 236239
Kruskal, 242-244
curvature, 235
space metric, flat, 37. See also metric
spacelike vector, 185
spacetime diagram, 180
special relativity, 1-22
black holes, 233-254
Cartan’s structure equations, 93—119
clock synchronization, 5—6
coordinate transformations, 31-32

cartesian coordinates to polar coordinates,

31,32
cosmology, 257-278
Einstein field equations, 122—-152
and Newtonian gravity, 136-139
Einstein lift experiments, 126—130
energy conditions, 152
geodesic deviation, 131-136
in 2+1 dimensional space, 139-152
gravitational waves, 279-321
spin coefficients, 199
null tetrad, 190
Ricci rotation coefficients, 191
static limit, 247, 249
stress, 155. See also energy-momentum
tensor
stress-energy tensor, 137, 155. See
energy-momentum tensor
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symmetry
killing vector, 167
synchronization, clock, 5-6. See also special
relativity

tangent vectors, 50-53. See also parameterized
curves
tensor calculus, 60-92
Christoffel symbols, 65, 67-70
commutation coefficients, 72
conformal metrics, 90
covariant derivative, 62, 63, 65
curvature tensor, 85
in noncoordinate basis, 143
exterior derivative, 79-81
of one form, 81
wedge product, 80
Levi-Cevita tensor, 59
Lie derivative, 81-85
absolute derivative, 82
metric, 72-79
Riemann tensor, 85—-88
Bianchi identities, 87
Ricci scalar, 88-90
Ricci tensor, 8890
tensor equations, 61-62
testing tensor character, 6061
torsion tensor, 72
Weyl tensor, 90
tensors, 47-59. See also special relativity
algebraic operations, 54-58
addition, 54
antisymmetric, 55, 56, 57
contraction, 55
Kronecker delta, 56
scalar multiplication, 55
subtraction, 55
symmetric, 55, 56, 58
as functions, 53-54
Levi-Cevita tensor, 59
metric as, 37
with mixed indices, 54
tetrad, 100, 104
Riemann tensor, 115
timelike vector, 185
torsion tensor, 72
tortoise coordinate, 237, 239. See also
Eddington-Finkelstein coordinates
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transformation matrix, 31, 112
two forms curvature, 113, 118

vacuum energy density, 271
vacuum equations, 138, 203, 211-214.
See also Schwarzschild solution
vector, 23, 25
basis vectors, 24
components of, 26
connecting, 131
contravariant, 32
coordinate basis, 29-31
covariant derivative, 133
Einstein summation convention,
28-29
four vectors, 19-20, 27
four acceleration, 19
four velocity, 19
in Schwarzschild metric, 215
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killing, 81, 167-179
in Schwarzschild metric, 219
one forms, 29-31
tangent vectors, 29-31
velocity composition law
derivation of, 14—17

wave vector, 288
weak equivalence principle, 129
wedge product, 80. See also exterior derivative
antisymmetry, 99
Weyl scalar, 90, 190, 192, 197, 199, 294, 295,
305. See also Newman-Penrose
formalism; tensor calculus
eigenbivectors, 193
in coordinate basis, 191
Petrov classification, 193-201
Weyl scalars, 190
worldline, 18
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